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1. ���:::õõõ>>>///

K 1 (1939c). e�:²1o>/�SÜ½>þ�k,	��:, Kù�

²1o>/�¡È�u 1.

))){{{JJJ««« òù��:�²1o>/� 4 �º:ë�å5, KòT²1o

>/��y©�n��ðz��:n�/, ,�`²z���ðz��:n�

/�¡ÈØ�u 1
2
B�.

:::µµµ T(Ø�_·K�´¤á�: XJ�:²1o>/SÜ½>.þØ
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2¹Ù§�:, K§�¡È�u 1. ùÏ~Lã�: ��Ä���:²1o>/

�¡È�u 1. ù®´|ÜAÛ¥�Ä�(Ø. §��ê�d/ª´e¡�K 2.

K 2 (1942c). � a, b, c, d´�ê�¦��§|

ax+ by = m, cx+ dy = n

é¤k��êm, nÑk�ê). y²: ad− bc = ±1.

K 3 (1955c). y²: XJ���:n�/�n>þØ2¹kÙ§��:,

�3n�/Sk������:, Kù�n�/�%Úù�SÜ��:Ü.

))){{{JJJ««« 5¿�e¡ü�Ä�(Ø�á��K�Øä:

1��Ä�(Ø´ Kürschák ¿m 1936c�¯K: e4ABC SÜ��: S

¦�4ABS, 4BCS, 4ACS �¡È��, K S ´4ABC �%;

1��Ä�(Ø´: Ä��:n�/�¡È�u 1
2
. ù��þÒ´þ¡üK

�(Ø.

:::µµµ (1).�K(Øk��k���d£ã: e�:²1o>/�>.þ

vk,	��:, �3SÜkü��:, Kùü��:3²1o>/�é��

þ�r§©¤���nÜ©.

(2).�õê'un�/%�(Jq�ÑUuÐ��m, ��¦·��

É�´, �K�äó��ma'´Ø¤á�. =�3ù���:o¡NÙ>

.¡Ø¹kÙ§��:, �3§�SÜ�k���:, �§¿Ø´%. ~f:

A(0, 0, 0), B(1, 0, 0), C(0, 1, 0), D(2, 2, 5)�º:�o¡N, §�SÜ�k��

�: R(1, 1, 2), �§w,Ø´ù�o¡N�%.

(3).e¡·�?Ø�K�{X (Farey)S��'X. ¤¢{XS��±ù�

½Â: é?¿�½���ê n, ·�r¤k©1�u½�u n�ý©êUO\^

Sü�, �31��©ê�c¡\þê 0
1
, 3����©ê��¡\þê 1

1
,

ù�����|êÏ~¡� n?{XS�.

~X, F7Ò´:
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1
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3
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1

1
.

Äk·�5ïÄ{XS� Fn¥ý©ê��ê´õ�? � Fn¥ý©ê��

ê� ϕ(n), 5¿� ϕ(n)' ϕ(n− 1)O\��ê´©1´ n, ©f' n��� n

p��ê��ê, ù�´î.¼ê φ(n), Ïd

ϕ(n) = ϕ(n− 1) + φ(n).
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dù�48'X´�

ϕ(n) = 1 +
n∑

k=1

φ(k).

y3·�ïÄ{XS���:L«: é Fn ¥�z��ý©ê
h
k

(0 < h ≤

k ≤ n), 4ÙéAX�: (k, h). ©ê h
k
�Ø��5¿�X3ë��: (k, h)Ú

�I�: O��ãþ2vkÙ§�:. 'uù�:�±/�/`, l�I�:

O�±w�§, Ïd~¡§���:.

�{XS� Fn¥��ü�
h
k
Ú h′

k′
éA��:©O� P Ú P ′, K�±y²

e¡��¯¢:

n�/ OPP ′ ´��Ä��:n�/, l¡È�u 1
2
.

lù�AÛ¯¢Ñu, ·��±y²{XS��ü�~^5�:

5� 1. é Fn¥��ü�
a
b
Ú c

d
k:

bc− ad = 1.

5� 2. é Fn¥��n�
a
b
, c

d
, e

f
k:

c

d
=
a+ e

b+ f
.

5� 2 �^AÛ�ó£ãXe: XJ���:n�/�¹Ú§�º:ØÓ

��:, �ù
�:©Ù3ÏLn�/���º:���þ, Kù^��Ún

�/�¥�Ü.

dù�AÛ¯¢B�á��K�(Ø. Ïd, �K´þã{XS�5� 2 �

��íØ.

{XS�´?n�:¯K�rkåóä. k,�ö��ïÄN�^{XS

�¦) 2011c¥II[èÀo�Á:

���I²¡þ���:� (A0, A1, · · · , An) ¡�/k��0, XJz

� Ai �î�I�p�IÑ´��ê, �� OA0, OA1, · · · , An ��Çî�4

O (O ´�:), ¿�n�/ OAiAi+1 (0 ≤ i ≤ n − 1) �¡Èþ� 1
2
. y3

��:� (A0, A1, · · · , An) �,��ü: Ai, Ai+1 �m�\��: A, ÷v
−→
OA =

−−→
OAi +

−−−−→
OAi+1, K¡#:� (A0, · · · , Ai, A,Ai+1, · · · , An)��:���g

/*Ü0. � (A0, A1, · · · , An)� (B0, B1, · · · , Bm)´?¿ü�k�:�. y²:

e A0 = B0, An = Bm, K�éü�:�©O�k�g*Ü���Ó�:�.

2. ééé¡¡¡:::888

K 4 (1935c). XJ8 H �?¿�:'u: O�é¡:E,áu H, K
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¡ O´ H �é¡¥%. y²: k�:8Ø�Ukü�ØÓ�é¡¥%.

))) �:8H kü�é¡¥% O1Ú O2. ?� P1 ∈ H, � P ′1´ P1'u O1

�é¡:, P2´ P ′1'u O2�é¡:, P ′2´ P2'u O1�é¡:, P3´ P ′2'u

O2�é¡:.

5¿� O1O2 ©O´ 4P1P
′
1P2 Ú 4P2P

′
2P3 �¥ �, Ïd P1P2 � P2P3 �

O1O2, � P1P2 = P2P3 = 2O1O2. ��ã P2P3´�ã P1P2���ò�.

y3l: P3m©, �Ñ§'u O1�é¡:, ,�2�¤���:'u O2

�é¡:, Xd��, Ã�Ee�, ·�Ò¬���� P1P2 þ�Ã¡õ��

ã, Ù�ÝÑ�u�ã P1P2��, �´���X��/ò�. ù� H �k�

:8gñ! ù`²k�:8 H �k��é¡¥%. �

:::µµµ (1).lþ¡�y²·�����:

(a) ?Û:8ekü�é¡¥%, K§´Ã¡8Ü;

(b) XJ��:8�é¡¥%õu��, Kù�:8´Ã.�, ½=: k.

:8�õ�k��é¡¥%;

(c) XJ��:8kü�é¡¥%, @o§kÃ¡õ�é¡¥%.

(2).y3·�2ïÄäké¡¥%�k�:8�A�. kÚ?k�:8�

%�½Â: � Γ = {P1, P2, · · · , Pn}´��k�:8. À�?¿��©: O, �

¥»
−−→
OPi = pi, i = 1, 2, · · · , n. e: S �¥»

−→
OS = s÷v'Xª

s =
p1 + p2 + · · ·+ pn

n
,

K: S ��:8 Γ��%.

e¡y²�% S �½Â�©: O�À�Ã'. ¯¢þ, ò½Â¥�'Xª

�¤/ª

(p1 − s) + (p2 − s) + · · ·+ (pn − s) =
−→
0 ,
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?�Ú, �â¥þ�~{��¤/ª

−−→
SP1 +

−−→
SP2 + · · ·+

−−→
SPn =

−→
0 . (∗)

dª`²: S �½Â�©: O�À�Ã'.

y3·�5y²: ek�:8 Γäké¡¥% O, K OÚ Γ��% SÜ.

¯¢þ, ��5¿�?Û'u Oé¡�ü�: AÚ B þk
−→
OA +

−−→
OB =

−→
0 , �

r Γ�¤k:©¤'ué¡¥% Oé¡�:é�, B� O¦� (∗)¤á, Ïd

OÚ�% S Ü.

Ï�k�:8�k���%, þ¡�(Ø�`²��k�:8�õk��

é¡¥%.

3. ������ããã¯̄̄KKK

K 5 (1947c). y²: 3?Û 6<¥o�3 3<*d@£½ 3<*dØ@

£.

))){{{JJJ««« �Äl�:Ñu 5 ^�ãü/Ú�, ÓÚ�n^�ã�à:n

�/B�.

:::µµµ (a).ù�äó�^ãØ�óQã�: � G´?¿��k 6�º:�

ã, K�o´ã G, �o´§�Öã G�¹����fãK3.

(b).ù�(Ø�^ãØ�ó�Qã�Ø�é¡�/ª: XJ3 6�º:�

ã¥, ?Û 3�º:�mk 2�º:k>�ë, K§�¹����fãK3.

(c).?�Ú, ·��JÑ� (b)����¯K: ´Äéz���ê kÑ�3

ê n(k), ¦�3��k n(k)�º:�ã¥, e?Ûn�º:¥kü�º:k>

�ë, Kù��ã�¹����fãKk? XJù�� n(k)�3, Ù����´

õ�?

|^þ¡K 5�(Ø, �é (c)¥¯K���ÐÚ�£�: n(k)����Ø

U�u 3k − 3. kwe¡�:

K 6 (1952c). � n > 1, n ∈ N∗, X = {1, 2, · · · , 3n}. y²: e A´ X �

n+ 2�f8, K�3 a, b ∈ A¦� n < b− a < 2n.

))) Ø�� A¥���ê� 3n, ÄK��²£C�¦ A¥��êC� 3n,

ØK�¯K�(Ø.

e©ü«�¹:

1) e n+ 1, n+ 2, · · · , 2n− 1¥�,��áu A, K 3n�ù�ê÷v�¦.
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2) e AØ�¹ n+ 1, n+ 2, · · · , 2n− 1¥�?Û��, ù`² A¥Ø 3n�

,	 n+ 1��5gêé:

(1, 2n), (2, 2n+ 1), · · · , (n, 3n− 1).

Ïþ¡�êéo��k né, ¤±dÄT�n� A¥7küê5gÓ��

êé, lùü�ê÷v�¦. �

:::µµµ d�K·��íÑXe�(Ø:

é?¿��ê n ≥ 2, �3�� 3n�º:�ã¦�Ù¥?Û 3 �º:¥k

2�º:k>�ë, �Ø�¹��fãKn+2.

¯¢þ, ·��Xd�E 3n�º:�÷v�¦�ã: ÷Xü �±*d�

ål�� 3n�:��ã�º:, ¿^ 1� 3n�g,ê5?Ò, �z��º

:Ú n�c¡�º:9 n��¡�º:^>ë�. ù�, ü�º:�mvkë

>��=�§��?Ò���u n�u 2n. Ïdd�K�(Ø�, 3ù 3n�

:¥�?Û n+ 2�:¥o�é�ü�vk>�ë�º:. ,��¡, 3?Ûn

�º:¥o�3ü�º:k>�ë, ù´Ï�XJn�º:�?Ò a < b < c�

c− a < 2n, @o� b− aÚ c− b¥ok���u n. ù�Ò�¤
þã(Ø�

y².

|^ù�(Ø, ·��á�K 5¥¯K (c)�¦� n(k)���� ≥ 3k − 3.

4. lll���������MMM������îîîããã

K 7 (1964c). ,ó�)�d8«ØÓôÚ�ã�¤�VÚÙ. 3ù�ó

�¤)��VÚÙ¥, z�«ôÚ��Ún«Ù§�ôÚ��. y²: �±]Ñ

n«ØÓ�VÚÙ, §�¹k¤k8«ôÚ.

kr¯K�È¤ãØ�ó. rz�«ôÚÚã�º:�éA, ë��éº

:�m�>L«ó�¤)��Ù�sÚ. ù��K�^ãØ�óQãXe:

e 6�º:�{üã G�z��º:�ÝØ�u 3, @olã�>¥�±

]ÀÑn^à:ÑØ�Ó�>.

ù�(Ø�����z, =ke¡�½n:

½n A. XJ��{üã G��k 2n�º:, �z��º:�ÝØ�u

n, @olã�>¥�±]ÀÑ n^à:pØ�Ó�>.

yyy²²² ·�òã�>�����/ÀÑ5, �¦�¡ÀÑ5�>Ú¤kc

¡ÀÑ�>vkú�à:. ù���?1e�, ��2ÀØÑù��>��. b
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�·�UÀÑ k ^>. XJ k ≥ n, @o(ØÒy²
. ÏdØ�� k < n, �

3ÀÑ
> P1P2, P3P4, · · · , P2k−1P2k ��, 3Ù§�>¥, z�^>��k�

�à:Ú: P1, P2, · · · , P2k ¥�,��Ü. ù�º: P2k+1� P2k+2þ��Ú

P1, P2, · · · , P2k ¥� n�º:�ë (ù�7k 2k ≥ n¤á).

y3·�5y²äó: 3�ÀÑ�>¥kù�)^>, §���à:Úº

: P2k+1 �ë, ,��à:Úº: P2k+2 �ë. ¯¢þ, duÀÑ�>�k k

^, l P2k+1Ú P2k+2uÑ�>o�Ø�u 2n^. u´3ù
 2n^±þ�>

¥, ��k 3^>�à:ÚÓ�^ÀÑ�>�à:Ü, ÄK, l P2k+1Ú P2k+2

uÑ�>Ø�õu 2k < 2n^, gñ! u´, 3¤À��>¥k�^>, §��

�à:Ú P2k+1�ë, ,��à:Ú P2k+2�ë.

2£=5y²½nÒC��©N´
. ù´Ï�el�ÀÑ�>¥�Kf

â`�ù^>, Ö¿ü^#�>: �^´¤�K�ù^>���à:Ú P2k+1

ë¤�>, ,�^´¤�K�ù^>�,��à:Ú P2k+2ë¤�>, ù�¤À

��>��êO\
 1, ���¤À��>��êØ�u n, ·�Ò���±?

1e�, ��½n�(Ø¤á��. �

)�ã G�����´dÙ�|vkú�à:�>�¤�8Ü. ½n A`

²: e��{üã�º:ê�u½�u 2n, ���Ý�u½�u n, Kù�ãk

���¹�� n^>���.

y����Ý5w�K¥�¯K. e��ã�3�¹z�º:TÐ�g�

�´, K·�r§��M��îã. �Kþ¡�ãØ����dQã�:

äk 6�º:�z��º:�ÝØ�u 3�{üã´M��îã.

'ù�äó����´Í¶� Dirac ½n, �QãXe:

½n B. XJ{üã Gk n� (n ≥ 3)º:, �z��º:�ÝØ�u n
2
,

@oã G´M��îã.

e¡0� Pósa (��´� ¥Æ))�|©y{. ¦y²�´½n B ��

d·K:

XJ{üã Gk n� (n ≥ 3)º:, ¿�Ø´M��îã, @o G�3�

�º:�Ý�u n
2
.

yyy²²² � GØ´M��îã, K G��kü�º:vk>�ë (Ï��ã

´M��îã), ·�rùü�º:^>ëå5. XJù^>ë�±�, ¤��

ãEØ´M��îã, ÒìdE�e�, Ï� G´��k�ã, ù�·�²L

k�Ú�, o��Ñ��M��îã. y3·��K��¤ë��^>, �ù^
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>´ P1Pn. ¿^ G1L«�Kù^>��ã.

5¿�ã G1Ú�5�ã GkÓ�õ�º:, �lã GC�ã G1�, ?

Û��º:�Ývk~�. Ïd, ��y²ã G1¥�±é���Ý�u
n
2
�º

:B�.

dã G1��E´�, 3ã G1¥�3�^l P1� Pn�´»²Lù�ã�

¤kº:�z�º:=²L�g. � P1, P2, · · · , Pn´ò G1�º:U3ù^

´»Ñy�k�^S���ü�, Ïdã G1�¹> PiPi+1, i = 1, 2, · · · , n− 1.

�º: P1 �Ý� k, º: Pn �Ý� l. ·�^ Pi1 , Pi2 , · · · , Pik L«Ú

º: P1 k>�ë�º:, Ù¥ i1 = 2 < i2 < · · · < ik ≤ n − 1. ù�º:

Pij−1, j = 2, 3, · · · , kþØUÚº: Pn k>�ë, ÄK, ã G1 �¹M��î�

´

P1P2 · · ·Pij−1PnPn−1 · · ·PijP1,

gñ! �º: Pn��Úº: P1, P2, · · · , Pn−1¥� k�º:vk>�ë. Ïd,

l ≤ n− 1− k,

½= l + k ≤ n− 1. � kÚ l¥��k���u n
2
. �

²~k�
|Ü¯K�=z�Ïé��½M��î´�¯K. k,�ö�

ïÄ 2014c CMO�ÁK:

�8Ü X = {1, 2, · · · , 100}, ¼ê f : X → X Ó�÷v:

(1) é?¿ x ∈ X, Ñk f(x) 6= x;

(2) é X �?¿�� 40�f8 A, Ñk A ∩ f(A) 6= ∅.

¦�����ê k, ¦�é?¿÷vþã^��¼ê f , Ñ�3X � k�f

8 B, ¦� B ∪ f(B) = X.

5. ÄÄÄTTT���nnn

K 8 (1948c). n��½���ê¥�3eZ�êÙÚU� n�Ø.

ù�y3~^�¤�(J Erdösr§8õu Andrew Vazsonyi Marta Sved.

e¡´¦��c��y² (À�Martin Aigner�Í�5êÆUÖ¥�y²6,

¥È�, p���Ñ��, 2011):

))) � N = {0, 1, · · · , n}9 R = {0, 1, · · · , n− 1}. �ÄN� f : N → R, Ù

¥ f(m)´ a1 + · · ·+ am� nØ�{ê. d |N | = n+ 1 > n = |R|, dÄT�n

��½�3ü�Ú a1 + · · · + ak, a1 + · · · + al (k < l)k�Ó�{ê. ±þ1 1
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�Ú�U´��, d��� 0. u´

l∑
i=k+1

ai =
l∑

i=1

ai −
k∑

i=1

ai

{ê� 0. �(Ø¤á. �

K 9 (1927c). � a´?¿��ê, A = { a, 2a, · · · , (n − 1)a}, y²: �

3 A¥����¦�§Ú�§�C��ê��Ø�L 1
n
.

))) � {x} = x− bxc, Ù¥ bxcL«Ø�L x����ê, K {x} ∈ [0, 1).

yò«m [0, 1)y©� n�f«m Ai = [ i−1
n
, i

n
), i = 1, 2, · · · , n.

e�3 i ∈ {1, 2, · · · , n− 1}¦� {ia} ∈ A1½ {ia} ∈ An, ù� ia ∈ A÷v

�¦.

e�¤k {a}, {2a}, · · · , {(n− 1)a}þØáu A1Ú An, K§�þáu8Ü

A2, A3, · · · , An−1. dÄT�n, Ù¥7kü�, �� {ka}, {ja} (1 ≤ k < j ≤

n− 1), á3Ó�� Ai¥, K ∣∣{ja} − {ka}∣∣ ≤ 1

n
.

5¿� (j − k)a = m+ {ja} − {ka}, Ù¥m´�ê. Ïd∣∣(j − k)a−m
∣∣ ≤ 1

n
.

q (j − k)a ∈ A, �(Ø¤á. �

:::µµµ �K�EÄT��{´�©~^�. X^aq��{�)1 673Ê

AH�Æ)êÆ¿m¥�XeÁK: éz� n�¢ê8 X, y²: �3 X ��

���f8 S Ú���êm¦�∣∣∣∣m+
∑
s∈S

s

∣∣∣∣ ≤ 1

n+ 1
.

6. ¤¤¤���êêêêêê

K 10 (1940c). �m,n´ü�ØÓ���ê. y²:

22m + 1, 22n + 1

Ø�Uk�u 1�úÏf.

:::µµµ Ï~r Fk = 22k−1
+ 1¡�¤�êê. ¤�êQßÿ Fk Ñ´�ê, ¿

�y
� k = 0, 1, 2, 3, 4 �, §�(¢´�ê. �î.y²
 F5´Üê, l

Ä½
¤�ê�ßÿ. �� k > 5�´Äk��¤�êê, �´êØ¥��Í¶
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��)û¯K.

'u�K, ·��ãü�k��¯¢:

(1) |^e¡�ð�ª (ù�´Óc Kürschák'm¥�ÁK):

k−1∏
i=0

(1 + x2
i

) =
2k−1∑
i=0

xi.

��Ñ�K�,��y{. ¯¢þ, 3ð�ª¥- x = 2�ü>Ó�\ 2��

F1F2 · · ·Fk + 2 = Fk+1.

Ïd� j ≤ k�, ê Fj Ú Fk+1���ú�êAT´ 2��ê, � Fj Ú Fk+1Ñ

´Ûê, ¤±§����ú�ê�U�u 1. y..

(2) ·��|^�K�(Ø5y²: 3g,ê¥�3Ã¡õ��ê. ¯¢

þ, ?Ûü�äkØÓeI�¤�êêvkúÏê, Ïd§��IO©)ª¹

kØÓ��ê. ù`²�¡�¤�êê��ÏfÑ´ØÓ�, Ïd�êkÃ¡

õ�. y..

7. ���þþþ���CCC���:::

K 11 (1973c). � δ(r)L«�%3�:!�»� r���ål§�C�

�:�ål. y²: � r →∞�, δ(r)→ 0.

k)º�e²¡þ:���ål�½Â: ÏL�½:Ú�%�����k

ü��:, K�½:�Ù¥�C�:�ål��T:���ål. d	, ^ O(r)

L«�%3�:!�»� r��.

))) ·��Ly²: é?¿�ê ε, �3���ê R, ¦�é?¿ r > R, Ñ

k δ(r) < ε.

ylÚ y ¶²1���¥À�@����, §Ú� O(r)kú�:, �Ú y

¶�ål�����ê. XJ u´ù^��Ú y¶�m�ål, K

u ≤ r < u+ 1,

Ù¥ u´�ê.

Ïdù^��Ú� O(r)��: u±ü��: (u, v)Ú (u, v + 1)�à:

��ãþ, �÷vØ�ª:

u2 + v2 ≤ r2 < u2 + (v + 1)2,

Ù¥ v´�ê.
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y�Ä�	��: A = (u, v + 1), K

δ(r) ≤ OA− r =
√
u2 + (v + 1)2 − r

=
2v + 1− (r2 − u2 − v2)√

u2 + (v + 1)2 + r
<

2v + 1

2r
.

5¿� v ≤
√
r2 − u2 =

√
(r − u)(r + u) <

√
1 · (r + r) =

√
2r.

Ïd, XJ r > 1, K

δ(r) <
2
√

2r + 1

2r
<

2√
r
.

ù�, ��� R = max{ 4
ε2
, 1}, K� r > R�Bk δ(r) < ε. �

:::µµµ �K���k���*�AÛ£ã´: ���»¿©���þ (A

�)�3�:. d	, d�K�íÑe¡êØ(J:

é?¿��ê n, �3«m [n, n +
√

8 4
√
n]þ��ê, §�±L«¤ü��

ê�²�Ú.

¯¢þ, �ì�Kþ¡�y{, ����» r �u
√
n (=� r2 = n). �

m = u2 + (v + 1)2´� n��C��L«¤ü��ê�²�Ú/ª��ê, K

m− n = u2 + (v + 1)2 − r2 < 2v + 1,

qÏm− n´�ê, ¤±

m− n ≤ 2v < 2
√

2r =
√

8 4
√
n.

�3 nÚ n+
√

8 4
√
n�mo�¹÷v�¦��ê. y..

8. ���888

K 12 (1966c). � A´���ê8, Ù¥Q�¹��ê, ��¹kK�

ê, �é?¿ a, b ∈ A, k 2a ∈ AÚ a+ b ∈ A. y²: A− A ⊆ A.

ù´���|k��|Ü¯K.

))) k5¿���{ü�¯¢: e c ∈ A, Ké?¿��ê nk ncáu A.
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¯¢þ, 5¿� 2c ∈ A9 (n+ 1)c = nc+ c, é n^8B{B�(Ø¤á.

� a´8ÜA¥�����ê, b´A¥ýé����K�ê,K a+ b ∈ A

� b < a + b < a. � A¥Ø�U¹k�u a��êÚ�u b�Kê. Ïd,

a + b = 0. ½=k b = −a. qdþã®y(Ø�é¤k���ê n, na, nbþá

u A, �é?¿�êm, maþáu A.

e¡·�?�Úy²: Ø
 a��ê�±	, AØ�¹Ù§��. eØ,,

� x ∈ A, � qa < x < (q + 1)a, Ù¥ q´�ê. q x��¤e¡�/ª

x = qa+ r (0 < r < a).

Ïd

r = x+ (−q)a ∈ A.

ù� a���5gñ!

nÜþ¡�(Ø� A = {ma | m ∈ Z}, � A− A ⊆ A. �

9. ²²²111ooo>>>///���AAA���

K 13 (1967c). y²: eào>/ ABCD�?¿��º:�ØÏL§�

ü>�ål�Úþ��, K ABCD´²1o>/.

e¡0���{'��þ��{.

))) w,, ^�/?¿��º:�ØÏL§�ü>�ål�Úþ��0�

�/?¿��º:�o>�ål�Úþ��0, ¯K´���d�.

� n´�^�� l�ü {¥þ, ����± l�>.��²¡ (Xþã),

AÚ B´áu�²¡�:, aÚ b©O´: AÚ B��� l�ål, K b− a�

L«¤êþÈ

b− a = v · n. (∗)

� n1, n2, n3, n4´o>/ ABCD�>�ü {¥þ (¤k�{¥þ��

o>/SÜ), Xþã,  aÚ b´o>/�ü����>¥þ. d^��, ¥þ

www.nsmath.cn 12



a�©:�ª:�o>/�>�ål���Ú�u 0. A^ (∗), ù��¤e¡

�/ª

a · n1 + a · n2 + a · n3 + a · n4 = 0,

½=

a · (n1 + n2 + n3 + n4) = 0.

Ón

b · (n1 + n2 + n3 + n4) = 0.

ù`²¥þ n1 + n2 + n3 + n4Úü�Ø²1�¥þ aÚ bÑR�, Ïd

n1 + n2 + n3 + n4 = 0.

ù¿�Xr¥þ n1, n2, n3, n4 ²£�Ä����, ·���
��µ4

�o>/. Ï�§�¤k>��Ñ�u 1, Ïd¤���o>/´!/, u´§

�é>²1. 25¿�o>/ ABCD�>Ú¥þ n1, n2, n3, n4éAR�, ¤

±�´��²1o>/. �

:::µµµ �±y², �K¥�à5�¦´õ{�, Ï�éu�à�o>/, K

¥�^�´Ø�U¢y�. ¯¢þ, b�o>/ ABCDÙº� ∠C �u²�.

L: C ����Ú ∠DAB �²©�R�. Ï� ∠DCB ´�à�, ¤±ù^�

���òo>/���º: (~Xº: B, Xeã)Úº: A©lm5.

ù�

(C, ∠DAB) < (B, ∠DAB) (∗)

Ù¥ (C, ∠DAB)L« C � ∠DAB �ü>�ål�Ú. q5¿� (∗)�m>�

u B �> AD�ål, §�u: B �> AD,CD�ål, �º: B,C Ø÷v

^�.

�K��k���d£ã´ 2003 cÜÜ¿m�ÁK: y²: eào>

/ ABCD S?¿�: P �o^> AB, BC, CD, DA�ål�Ú�½�, K

ABCD´²1o>/.
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10. CCCXXX

K 14 (1947c). ¯���»� r�������^õ���»� r
2
��

��âUòÙX4?

))) �Y´ 7�. ò 7�����Xe©Ù: r 6������%Ú���

�S��8>/�>�¥:Ü, % 7������%Ú�����%Ü.

e¡y²ù���� 7����(¢X4
���. ¯¢þ, � AB ´�

��S��8>/��^>, C ´§�¥:. w,, �IïÄ����Ü©, =

3 ∠BOC S�3± O��%, r
2
��»��	�@�Ü©.

ù�, ·�I�y²: XJ: P 3 ∠BOC S½>.þ, � r
2
< OP ≤ r, @

o CP ≤ r
2
. y3�» OB þ��ã OQ = OP , ù�: Qá3�ã BDþ, Ù

¥D´�»OB�¥:. y�	4COP Ú4COQ,§��ü|>éA��,�

§��Y�÷v: ∠COP ≤ ∠COQ, ¤± CP ≤ CQ. ù�, ��y²: CQ ≤ r
2

Ò1
. 5¿�4BCD´>��u r
2
��>n�/, B��yØ�ªw,¤

á.

�,�Iy²^�u 7 ����, ØUX4��. ù��5¿��»� r
2

���¥ü:�m���ål� r, ��l���±� 1
6
�ü:�m���

ål�Ð�u r, ¤±�����UX4��±Ø�L���±�� 1
6
��Ü

©. Ïd, �
X4����±, ��7L^ 6���. �ù 6���ØUX4

����%, Ïe,���X4
�%, @où����õÚ����±k�

�ú�:. ù`²^ 6���´ØUX4���. �

K 15 (1974c). �½>�� 1, 1
2
, 1

3
, · · · , 1

n
, · · · ���/�Ã¡S�. y

²: �3ù�����/, �±rS�¥¤k���/pØU/�3§�S

Ü, ¿¦UòS�¥¤k��/NBe�����/�>�.

))) kQã��Ún:

www.nsmath.cn 14



Ún �¹�½��/�¤k��n�/¥, ±��º:Ú��/���

º:Ü, ��>þ�¥����/�é��Ü���n�/�¡È��,

����u�½��/¡È�ü�.

TÚn�^AÛ�{��y², ��w���Í¶(Ø:/?Ûn�/�

S¹²1o>/�¡ÈØ�LTn�/¡È���0�íØ (5¿§��¯

K:/?Û²1o>/�S¹n�/�¡ÈØ�LT²1o>/¡È���0,

�´��²;(Ø, �´ Kürschák¿m 1918c�ÁK).

£��K. ·�òy²Ú½©¤üÚ:

(a) y²>�� 1, 1
2
, 1

3
, · · · , 1

n
, · · · �¤k��/�±pØU/�3>�

� 3
2
���/S;

(b) ØUr>�� 1Ú 1
2
���/pØU�?>�' 3

2
�����/S.

ky (a): 3>�� 1���/��>�>�� 1
2
���/, 3§�¤�¤

��áþ�>�� 1
3
���/ (Xeã).

Ï�
1

4
+

1

5
+

1

6
+

1

7
< 1,

·�U3ü ��/þ¡�>�� 1
4
, 1

5
, 1

6
, 1

7
���/. qÏ

1

2k
+

1

2k + 1
<

1

k
,

·�U3>�� 1
k

(k = 4, 5, 6, 7)���/þ¡¿ü�>�� 1
2k
Ú 1

2k+1
��

�/. Ï�Ð
>�� 1
8
, · · · , 1

15
���/. Xde�, e�ü��´>��

1
16
, · · · , 1

31
���/, ��.

5¿�
1

k
+

1

2k
+

1

4k
+ · · · = 2

k
<

1

2
,

��3ü ��/þ¡���/�/p0�ÚØ�L 1
2
.
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�±�½�Ã¡S��>��¤k��/�±pØU/�3>�� 3
2
�

��/S.

2y (b): �r>�� 1���/ N1Ú>��
1
2
���/ N2�3,��

��/ N S¦ N1Ú N2vkú�S:. ù��3��� e©l N1Ú N2. e©

ü«�¹:

1) e�� e²1u��/ N ��^>, ù�´� N Ø�u N1Ú N2�>

��Ú, (Ø¤á.

2) e�� eØ²1u��/ N �>, =Ú N �>½§�ò����. ù�

lN �ü�º: C1Ú C2÷XN �>uÑ���Ú e�¤ü���n�/H1

Ú H2 (Xþã), §�©O�¹
��/ N1 Ú N2. y3A^Ún���/ N1

Ú N2�é��þ�©O�¹§������n�/ H1Ú H2��>þ�¥�

Ü, ÙÚ�u��/ N �é�� C1C2, ù`²��¹ N1Ú N2, ��/ N �

é��������u N1Ú N2�é����Ú, l§�>������u

N1Ú N2�>��Ú, Ïd(Ø¤á.

d (a)Ú (b)á�÷v�¦�����/�>��u 3
2
. �

11. õõõ���ªªªØØØ���ªªª

K 16 (1974c). y²: é¤k��ê k ≥ 1Ú¢ê x, kØ�ª

P2k(x) = 1− x+
x2

2!
− x3

3!
+
x4

4!
+ · · ·+ x2k

(2k)!
> 0.

))) 1 5¿���²w�¯¢: � x ≤ 0�, P2k(x) ≥ 0. Ïd·�=Iy

²: � x ≥ 0�, �k P2k(x) ≥ 0. ù�, ·��=y²:

P2k(x)P2k(−x) > 0, ∀x ∈ R.

e¡O�¦È P2k(x)P2k(−x)¥ xj �Xê, ©ü«�¹:

1) � 1 ≤ j ≤ 2k�, xj �Xê�u

1 · 1

j!
− 1 · 1

(j − 1)!
+

1

2!
· 1

(j − 2)!
+ · · ·+ (−1)j

1

j!
· 1
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=
1

j!

j∑
i=0

(−1)iCi
j = 0;

2) � 2k + 1 ≤ j ≤ 4k�, xj �Xê�u

(−1)j−2k
1

(j − 2k)!
· 1

(2k)!
+ (−1)j−2k+1 1

(j − 2k + 1)!
· 1

(2k − 1)!

+ · · ·+ (−1)2k
1

(2k)!
· 1

(j − 2k)!

=
1

j!

2k∑
i=j−2k

(−1)iCi
j

5¿�þ¡|ÜÚª¥�üà����Ùýé���. Ïd, qkü«�

¹:

a) � j ´«m [2k + 1, 4k]þ�Ûê�,

2k∑
i=j−2k

(−1)iCi
j = 0.

ù� xj �Xê�u 0.

b) � j´«m [2k+ 1, 4k]þ�óê�, 5¿�e¡ü�~^�|Üð�ª:

j∑
i=0

(−1)iCi
j = 0,

m∑
i=0

(−1)iCi
j = (−1)mCm

j−1,

·�k

2k∑
i=j−2k

(−1)iCi
j =

j∑
i=0

(−1)iCi
j − 2

j−2k−1∑
i=0

(−1)iCi
j = 2Cj−2k−1

j−1 .

ù� xj �Xê�u

2
1

j!
· Cj−2k−1

j−1 =
2

j
· 1

(2k)! (j − 2k − 1)!
.

nþ, ·�k

P2k(x)P2k(−x) = 1 +
x2k+2

(2k)! (k + 1)
+

x2k+4

(2k)! 3! (k + 2)
+ · · ·+ x4k

(2k)!2
> 0.

�

))) 2 Ï x < 0�(Øw,¤á, ·�=L�Ä x ≥ 0��¹.

1) � x ≥ 2k�, P2k ���±|Ü��

P2k(x) = 1 +
k∑

i=1

x2i−1

(2i)!
(x− 2i) ≥ 1.
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2) � 0 ≤ x ≤ 2k�, K P2k ´4«m [0, 2k]þ�ëY¼ê, l3T«m

þ7k���. e3«mà: 0½ 2k?�����, (Øw,¤á. e�Ä P2k

3«m [0, 2k]�,��S: x0?�����, ù�3: x0�,���¥�?

ÛÉu x0� xk P2k(x) > P2k(x0), l P ′2k(x0) = 0, =

0 = P ′2k(x0) =
2k∑
i=1

(−1)i
xi−10

(i− 1)!
=

x2k0
(2k)!

− P2k(x0),

Ïd

P2k(x0) =
x2k0

(2k)!
> 0.

ù`² P2k(x)3 [0, 2k]þ�����u 0, � P2k(x)3 [0, 2k]þð�u 0. �

:::µµµ �K´��k�pJÝ�©ÛØ�ª. þ¡) 1�|©�?3uò

¯K=z�ïÄ P2k(x)Ú P2k(−x)�/Í0 P2k(x)P2k(−x)��K5. ){

2 �©?3uuy
 P ′2k(x0)Ú P2k(x0)�'X

P ′2k(x0) =
x2k0

(2k)!
− P2k(x0),

Ø,r���¦Ñ5
!

12. ¥¥¥���ØØØ���ªªª¯̄̄KKK——������ïïïÄÄÄ���~~~

K 17 (1963c). y²: XJn�/Ø´ð�n�/, @o§�¥�ÚØ�

u	���»�o�.

))) XJ4ABC Ø´ð�n�/, @o§�	% Oáu4SAB, 4SBC,

4SCA¥���, Ù¥ S ´4ABC �%. Ø�� Oáu4SAB. Xeã¤

«:

Ï�4SAB�¹4OAB, ¤±

SA+ SB ≥ OA+OB,
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��Ò=�: OÚ: S Ü�¤á. ½=

ma +mb ≥ 3R. (1)

d	, XJ: OÚ: C1Ü, Kk CO = CC1. ÄK��ã OC1�¥R�

e, K e©l ABÚº: C. Ïd

mc = CC1 ≥ CO = R, (2)

��Ò=�: OÚ: C1Ü�¤á.

ò (1)Ú (2)�\�

ma +mb +mc ≥ 4R. (3)

�þ¡�Ò´Ø�U���, Ï�	%Ø�UÓ�Úü�ØÓ�: S ±9 C1

ÑÜ, ¤± (3)ª�î�Ø�ª. �

�K�le¡ØÓ��Ý?1ïÄ:

(1) ^�´Ä7�, =�ð�n�/�^�´Ä�±�K?

(2) Ø�ª��`5?Ø, =Xê 4 ´�`�í?

(3) ��Ø�ªïÄ, =´Ä�^n�/�	»Ú�ÑÙ¥�Ú�þ.�

O?

(4) d(J´Ä�í2��m¥�?

e¡Å�£�ù
¯K:

(1) �ð�n�/�^�ØU�K.

e¡`²�3ð�n�/4ABC ¦�

ma +mb +mc < 4R.

é?��ð� ∠ABC > 90◦, �½ A:¿P AB = c. b� O1 ´L AB �

¥: C1�� ABR����ÚL: B�� BC R������:.

3 BC þÀ��: C, ¦�ã BC = a÷vØ�ª

a+ c < 2 ·BO1, (1.1)
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ù�·�Ò�EÑ
��ð�n�/4ABC. � R´ù�n�/�	���

», O�Ù	%, K

R = BO > A1O > BO1, (1.2)

Ù¥ A1� BC �¥:. þ¡Ø�ª�����Ø�ª^
 ∠ABC �ð��^

�. q5¿�34ABA1, 4BC1B1, 4CBC1¥©Ok

ma <
a

2
+ c, mb <

a

2
+
c

2
, mc < a+

c

2
,

ò§��\¿|^ (1.1)Ú (1.2)��

ma +mb +mc < 2(a+ c) < 4BO1 < 4R.

�

(2) 4´¦�ù�Ø�ª¤á��`~ê.

� 2d´����4ABC �.> AB ��, h´.>þ�p. ¿� AA1 ´

4ABC �¥�, D´d A1� AB¤�R��Rv. 34AA1D¥´�

ma = mb <
h

2
+

3

2
d,

q5¿�mc = h, Ïd

ma +mb +mc < 2h+ 3d. (2.1)

q34ABC ¥w,k

2R > h. (2.2)

ù�d (2.1)Ú (2.2)��

ma +mb +mc <

(
4 + 6

d

h

)
R. (2.3)

b� λ = 4 + ε (Ù¥ ε´�u 0 �,��ê), òp h�½, ¿À� d¦�

d < min

{
h,
εh

6

}
,
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ù�4ABC E�b�n�/�k

4 + 6
d

h
< λ. (2.4)

ù�d (2.3)Ú (2.4)�

ma +mb +mc < λR.

ù`²' 4 ��~ê λ, o�±é���b�n�/, �(ØØ2¤á, Ï

d 4 ´�`�~ê. �

(3) é?¿4ABC kþ.�O:

ma +mb +mc ≤ 4.5R.

¯¢þ, � P ´ 4ABC �²¡þ�?¿�:, S!O©O´ 4ABC �

%Ú	%. ¿P a(P ) = PA+PB+PC
3

, q(P ) =
√

PA2+PB2+PC2

3
, K a(P ) ≤ q(P ).

yÚ?�þ

−→
SA = a,

−→
SB = b,

−→
SC = c,

−→
SP = p,

5¿� a + b + c = 0, K

3q2(S) = a2 + b2 + c2,

q2(P ) =
1

3

[
(a− p)2 + (b− p)2 + (c− p)2

]
=

1

3

(
a2 + b2 + c2

)
− 2

3
p (a + b + c) + p2

= q2(S) + p2 ≥ q2(S).

Ïdk

ma +mb +mc =
9

2
a(S) ≤ 9

2
q(S) ≤ 9

2
q(O) =

9

2
R.

�

(4) �¹	%�o¡N�¥��Ú�uÙ	�¥�»� 4 �, �Xê 4 ´�

`�.

ùp·�Ø\y²/Qã(J.

þ¡AÛØ�ª�ïÄ´Ð�êÆïÄ����~, ��·�c[N¬.
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