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1�K. �½��ê n ≥ 4,�¢ê x1, x2, . . . , xn ∈ [0, 1]. ¦
nP
i=1

xi|xi−xi+1|

����, �½ xn+1 = x1.

(�Här¥ÆÆ) )U� øK)

y² (�âøKö�)��n):

·�òy²� n �óê�, ���� n
2
; 
� n�Ûê�, ���� n

2
− 1

4
.

ØJ�Ñ������~f:

� n�óê�, - x1 = x3 = · · · = xn−1 = 1, 
 x2 = x4 = · · · = xn = 0;

� n�Ûê�, - x1 = x3 = · · · = xn−2 = 1, x2 = x4 = · · · = xn−1 = 0,

xn = 1
2
.

e¡y²ÚªØ�U��. ·�é n^8B{, ± n = 2�8BÄ:.

n = 2��y (x1 + x2)|x1 − x2| ≤ 1, w,¤á.

b�·K3 n− 1�¤á, �Ä n��¹.

XJ�3 i¦� xi ≥ xi+1 ≥ xi+2, K

xi|xi − xi+1|+ xi+1|xi+1 − xi+2| ≤ xi (|xi − xi+1|+ |xi+1 − xi+2|)

= xi|xi − xi+2|.

d��K xi+1�A^8Bb�=�.

aq/, XJ xi ≤ xi+1 ≤ xi+2, K

xi|xi − xi+1|+ xi+1|xi+1 − xi+2| ≤ xi|xi − xi+2|+
1

4
.

A^8Bb�Ó���·K.

XJ n´Ûê,@o7½�3 i¦� xi ≥ xi+1 ≥ xi+2½ö xi ≤ xi+1 ≤ xi+2.

ù�·�Ò��
. Ïd��e n´óê� x2i ≤ x2i−1, x2i+1,∀i��¹. d�

nX
i=1

xi|xi − xi+1| = x1(x1 − x2) + x2(x3 − x2) + x3(x3 − x4) + · · ·+ xn(x1 − xn).
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�Òm>´'u x1 ��gª, �Ä�Xê� 1, ÏdÙ���3 x1 = 1 ½

ö x1 = x2½ö x1 = xn���. �ü«�¹þ�y8��c�?Ø, ¤±Ø�

b� x1 = 1. Ó�/, ·��±b� x3 = x5 = · · · = xn−1 = 1. �

nX
i=1

xi|xi − xi+1| =
n

2
− x22 − x24 − · · · − x2n ≤

n

2
.

·K�y! �

µ5 �â½�g¥Æ$[jÓÆ��Ñ
�K��()�.

1�K. Xã, o>/ ABCD S�u� Γ.

I, I1, I2 ©O´ 4ABD,4ABC,4ADC �S%.

L C, I1, I2 ���� Γ �uØ C 	�,�:

E, L E � EI �R���� BD u F . y²:

IF ⊥ AI.

(�H��N¥ �� øK)

y² (�â¤Ñ�¿¥Æ©�#ÓÆ�)��n):

� AI,BI, CI �� Γ�u L,M,N . ML ∩BN = R,NL ∩DM = S.

ÏL�Ý´�4EI1M ∼ 4EI2N . � ME
NE

= MI1
NI2

= MA
NA

.

q MA
NA

= MI
NI

= MR
NS

, ¤± ME
NE

= MR
NS

. �Ñ4ERM ∼ 4ESN .

l
 ∠LRE = ∠LSE, � E,L,R, S ��, ¿�ù��²L: I.

u´4IEL = π
2
, íÑ F 3 LE �ò��þ.

�e55¿�� Γ�� ELRIS �u L,E, � Γ�� BID �u B,D, Ï

d F �� LE � BD��:�½´n����%. 
� ELRIS �� BID (�

ö�%� L )��u: I, ¤± IF ⊥ AI. �

µ5 W�M�¥Æ�aÂ, XÀp?¥ÆÜ�¤, �ì{1n¥Æ�f®,
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À��âÆ�Û�Ð, �â½�g¥ÆQ�J!$[j±9É²�¥�º¤!

4Ó��ÓÆ��Ñ
�K��()�.

1nK. �Äê� x1 = 1, xn+1 = 1 + n
xn

, ∀n ≥ 1. y²ù�ê�¥�kc

n�´�ê.

(MÃ�Æ+¡) øK)

y² (�âÉ²�¥4Ó�ÓÆ�)��n):

·�^8B{y²� n ≥ 4�k

1 +
√

4n− 3

2
< xn <

1 +
√

4n+ 1

2
.

du x4 = 5
2
, 8Bb�¤á.

b�(Øé n¤á, @o3 n+ 1�,

xn+1 = 1 +
n

xn
> 1 +

2n

1 +
√

4n+ 1
=

1 +
√

4n+ 1

2
.

ùÒ´·�¤Ï¦�e.. ,��¡·�k

xn+1 < 1 +
2n

1 +
√

4n− 3
.

Ïd��y² 2n
1+
√
4n−3 <

√
4n+5−1

2
.

- t =
√

4k − 3, K��y t2 + t + 4 < (t + 1)
√
t2 + 8. ²�Ðm��d

u t > 1, = k > 1, w,¤á. u´þ¡�(Ø¤á.

ù�·�k n − 3
4
< (xn − 1

2
)2 < n + 1

4
, = n − 1 < x2n − xn < n. Ïd xn

3 n ≥ 4�Ø�U´�ê. �

µ5 (1).XÀp?¥ÆÜ�¤±9�â½�g¥ÆQ�J!$[j�Ó

Æ��Ñ
�K��()�.

(2).ù�Kwq´êØK, �þ¡�)�%A��^
�ê. @o´Äk

 êØ�
�)�Q? �Y´�½�. Äk- xn = an
an−1

, Kk4íª

an+1 = an + nan−1, a0 = a1 = 1.

�Ä�ê.1¼ê f(x) =
P
n≥0

an
n!
xn. Kdù�4íª�� f ′(x) = (1 + x)f(x).

(Ü f(0) = 1�� f(x) = exp{x+ x2

2
}. Ðm���

an =
bn/2cX
k=0

 
n

2k

!
(2k)!!.
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·�5y² an� an+1���ú�ê�U´ 2��g.

¯¢þ, b�Û�ê p | an, an+1� p - an−1, Kd4íúª� p | n. ,
3

þ¡ an���L�ª¥e p | n, K
�
n
2k

�
3 p - k�´ p��ê, 
 (2k)!!3 p | k

� k > 0�´ p��ê. Ïd� p | n� an ≡ 1 (mod p), �Ñgñ!

�e5·�5¿�d8B{, an� an+1���ú�ê�Ø n!. duù��

�ú�ê´ 2��g, =� (an, an+1) | 2n−1,∀n ≥ 1. ,
 an ≥ (2bn/2c)!!��

' 2n−1�, ù�·�Òy²
é��� n, an - an+1, = xn+1Ø´�ê.

¯¢þ·�y²
r�õ�(Ø, = xn+1��{©1
an

(an,an+1)
�X nªu

Ã¡, �ÙO��Ý'�ê�¯. ù
�r�(Ø´Ã{^�5|©��ê�

O�Ñ�.

1oK. - F (n; a1, a2, . . . , ak)� 1 ∼ n¥U�,� ai�Ø½U�Ø,�

ai�ê��ê. y²e 1 < a1, . . . , ak ≤ n, K

F (n; a1, . . . , ak) ≤ F (n; p1, . . . , pk),

Ù¥ p1, p2, . . . , pk ´c k��ê.

(MÃ�Æ+¡) øK)

y² (�âøKö�)��n):

- M(n; a1, . . . , ak)L« 1 ∼ n¥U�,� ai �Ø½U�Ø,� ai �ê

�8Ü. ·�� 1 < a1, . . . , ak ≤ n¦� |M |��, �3 |M |����¹e¦

� a1 · · · ak ��Ïf�ê(O­ê)��. ·�òy²3ù«�¹ez� ai Ñ´

�ê. w,, ·��±b� a1, . . . , ak pØ��. ky²±e¯¢:

1.b� ai = pα, p´�ê, K α = 1. ù´Ï��±ò aiN�� p, ¦�M

¥��Ø~, �o��Ïf�êC�.

2.b� ai = p��ê,K p - aj, ∀j 6= i. ¯¢þ,XJ aj = pαa′j, α > 0, p - a′j.

@oÄkdþ�Ú�� a′j > 1. d�r aj N�� a′j �±�y�5 M ¥�

��E3 M ¥, ��`5gñ (XJ x | aj, x - a′j, K d ´ p ��ê. d

� ai|x =⇒ x ∈M).

3.b� ai = pαd, α ≥ 1, d > 1, p - d, K d - aj, ∀j 6= i. ÄK� d | aj, K�

ò aiN�� p
�yM ¥��Ø~.

y3� a1, . . . , ar �Üê, ar+1, . . . , ak ��ê. dþ¡�1�:, ·��

� (aµ, aν) = 1,∀µ ≤ r < ν. �ØÓ�ê q1, q2, . . . , qk ¦�: � q1 ´ a1 · · · ar �
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���Ïf; �z� aiþ�,� qj �Ø; � qv = av,∀r < ν.

·���y²:

|M ′| = |M(n; q1, . . . , qk)| ≥ |M(n; a1, . . . , ak)| = |M |.

é ν = 1, · · · , k, - mν � aν ��ê¥� q1 · · · qk p�����@�. ~X

3 ν > r� mν 7,� 1. 5¿�z�3M ¥�Ø3M ′ ¥�ê7½´,� aν

�Ïf, �Ø�?Û qj �Ø, Ïd

M −M ′ ⊂ {d > 1 : ∃ν ≤ r, d | mν}.

�e5, ·�òéz�ù�� d�E��3M ′ ¥�Ø3M ¥�ê. ��ù


êpØ�ÓÒy²
 |M ′| ≥ |M |.

Äk�Ä d | mν � 1 < d < mν . - α������ê¦�A(d) = qα1 d ≤ n.

du q1d ≤ mν ≤ n, α´�3�,¿�w,kA(d) ∈M ′. 4·�y²A(d) /∈M .

¯¢þ, XJ A(d) | aj K A(d) = aj, ÄK j ≤ r 
 α �±��. ¤±b

� aj | A(d), = aj = qβ1 d1, Ù¥ d1 | d | aν . dþ¡y²�1n:, �o d1 = 1,

�o β = 0. cö�� aj = qβ1 = q1, �b� a1 ∼ ar �Üêgñ. �ö�

� aj = d1|mν , �b� aj �,� qµ�Ø
mν �z� qµp�gñ. ù�·�Ò

�y
 A(d) = qα1 d ∈M ′ −M .

Ùg�Ä d = mν > 1, � ν ≤ r. � S �ù�� ν ��ê. é 1 ≤ i ≤ r,

- γi �����ê¦� Ai = qγi1 qi ≤ n. w,, ù r � Ai pØ�Ó, �þØÓ

uþ¡½Â� A(d). §�ÑáuM ′, 
·�ò�y²§�¥�õk r − S �

áuM . ¯¢þ, XJ Ai|aj K Ai = aj. ¤±·��I�Ä aj|Ai, j ≤ r ��

¹. ù�du mj|aj 
 mj � q1 · · · qk p�, ·��� mj = 1. ù��ØÓ� j

Tk r − S �, ¤±��y²Ó�� aj ØU�Øü� AiÒ1
. d Ai�½Â,

@�¬�� aj � q1��, �
 aj = q1, �b� aj �Üêgñ.

Ïd, r � Ai ¥��k S �áu M ′ − M , �·�y²
 |M ′ − M | ≥

|M −M ′| �= |M ′| ≥ |M |. u´·��Òy²
�Ð�Øä: � |M | ��

� a1 · · · ak ��Ïf�ê���z� ai Ñ´�ê. w,, 3ù«�¹e |M |�

���3 ai = pi���, ¤±·K�y! �
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±þ¤��)

�d George Szekeres �Ñ. ���J�´, George Szekeres Ú¦�Å< Esther

Klein y²
²¡þ�� ��Ê�:¥7ko�:�¤ào>/, ¿�ò(

5 êÆ#(�



Øí2�v
õ�:¥7kà n>/, mé
îª.0l¯K�ïÄ. duù

�¯Kr¤
 Szekeres Ú Klein �´Ó, Erdös òÙ¡�/The Happy Ending

Problem0.

www.nsmath.cn 6


