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K 1.1 y²: S� an = 33 · · · 3| {z }
n �

1, n = 1, 2, · · · ¥�½�¹Ã¡õ�Üê.

y{� d an = 33 · · · 3| {z }
n �

1� an = 10n+1−7
3

(n ∈ N∗).

- n = 30t+ 1 (t ∈ N∗), 5¿� 31 ´�ê, � (10, 31) = 1, d Fermat �½

n, k

10n+1 − 7 = 1030t+2 − 7 = (1030)t · 102 − 7

≡ 102 − 7 ≡ 0 (mod 31).

q an = 10n+1−7
3
∈ N∗, � (3, 31) = 1, ¤± 31 | an.

q5¿� {an}´üN4Oê�, ¤± an ≥ a31 > 31. l
 an�Üê.

d t�?¿5� {an}¥�¹Ã¡õ�Üê. �

y{� dK¿� an = 10n+1−7
3

(n ∈ N∗). 5¿�

109 = 10 · (102)4 ≡ 10× (−2)4 ≡ 10× (−1) ≡ 7 (mod 17),

d (10, 17) = 1, ±9 Fermat �½n, ��

1016 ≡ 1 (mod 17).

Ïd, � n = 16k + 8 (k ∈ N), K

10n+1 − 7 = 1016k+9 − 7 ≡ 109 − 7 ≡ 0 (mod 17).

ÂvFÏ: 2017-06-05.
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q (3, 17) = 1, � 10n+1 − 7 ≥ 109 − 7 > 17. Ïd, éu n = 16k + 8 (k ∈ N), k

an�Üê.

� {an}¥kÃ¡õ��Üê. �

µ5 ¯¢þ,~Xê�54íê�3�m(m ∈ N∗)¿Âe´±Ïê�,�

d an+1 = 10an + 21� {an}´ mod p�±Ïê�, u´�I^¤ê�½né�

�Ð©�� p��ê=�.

K 1.2 � a1, a2, · · · , an´�¢ê¦� a1 + a2 + · · ·+ an = 1. P

bk =
ak

a2k + akak+1 + a2k+1

, k = 1, 2, · · · , n,

Ù¥ an+1 = a1. y²:  
nX

k=1

a4k

! 
nX

k=1

b2k

!
≥ 1

9
.

y² ky��ÛÜ. é?¿ 1 ≤ k ≤ n, dþ�9�ÜØ�ª��
a2k + akak+1 + a2k+1

�2 ≤ 9

4

�
a2k + a2k+1

�2 ≤ 9

2

�
a4k + a4k+1

�
.

l
, d�ÜØ�ª, k 
nX

k=1

a4k

! 
nX

k=1

b2k

!
≥
 

nX
k=1

a4k

!
·

�
nP

k=1
ak

�2

nP
k=1

�
a2k + akak+1 + a2k+1

�2
≥ 1

9

 
nX

k=1

(a4k + a4k+1)

!�
1

nP
k=1

(a4k + a4k+1)

�
≥ 1

9
.

y.. �

µ5 |^þ�9�ÜØ�ªò b2k z�
9
2

�
a4k + a4k+1

�
,,�2g|^�ÜØ

�ª��(J.

K 1.3 34ABC ¥, ®� AB = AC. B1, C1©O´> AB,AC þ�:¦

� BB1 = AC1. : S � B,C  u�� B1C1�Ó�ý�¦�

∠SB1C1 = ∠SC1B1 = ∠BAC.

y²: B,C, S ���¿�^�´4ABC ´�>n�/.

y{� Xã 3-1 ¤«. L: B1� AC �²1�� BC u: P , ë� PC1.
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ã 3-1

Kd B1P � AC, �

BP

PC
=
BB1

B1A
=
AC1

C1C
.

l
C1P �AB,=o>/AB1PC1�²1o>/. �

∠C1PC = ∠ABC = ∠ACB = ∠B1PB.

¤± BC � ∠B1PC1�	�²©�.

l
 BC ²L4B1PC1 	��üB1PC1 �¥:M . ¯¢þ, � ∠B1PC1 �

S�²©�� �B1PC1 u: D. K ∠DPC = 90◦, �B1PC1 � BC uM , l


DM ��», =M �üB1PC1¥:.

�

∠BAC = 60◦ ⇔ ∠BAC = 180◦ − 2∠BAC

⇔ ∠B1PC1 = ∠B1SC1

(Ï� ∠B1PC1 = ∠BAC,∠SB1C1 = ∠SC1B1 = ∠BAC)

⇔ ∠B1MC1 = ∠B1SC1

⇔M � S ­Ü (Ï� S,M þ3 B1C1¥R�þ)

⇔ S 3 BC þ.

(Ü AB = AC, �4ABC ��>n�/⇔ S,B,C n:��. �

ã 3-2

y{� ky¿©5: � 4ABC ��n�/�, d

∠SB1C1 = ∠SC1B1 = ∠BAC = 60◦, �4B1C1S ���

n�/. l
d B1S = B1C1, BB1 = AC1, ±9

∠BB1S = 180◦ − ∠SB1C1 − ∠AB1C1

= 120◦ − ∠AB1C1

= 180◦ − ∠BAC − ∠AB1C1

= ∠AC1B1,

�4AB1C1
∼= 4BSB1. l
 ∠B1BS = ∠B1AC1 = 60◦ = ∠ABC.

� S 3�� BC þ, l
 S,B,C n:��.¿©5�y.

2y7�5: � B, S,C n:���,

∠BB1S = 180◦ − ∠AB1C1 − ∠SB1C1

= 180◦ − ∠AB1C1 − ∠BAC = ∠AC1B1.
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Ón, ∠SC1C = ∠AB1C1.

d AB = AC, � ∠ABC = ∠ACB. d�u½n, k

sin∠BB1S

BS
=

sin∠ABC
B1S

=
sin∠ACB

C1S
=

sin∠SC1C

SC
.

u´
BS

CS
=

sin∠BB1S

sin∠CC1S
=

sin∠AC1B1

sin∠AB1C1

=
AB1

AC1

=
AB1

BB1

.

3> ABþ�: T , ¦� AT = BB1, ë� TC1, TS. K

BT

TA
=
AB1

BB1

=
BS

CS
, ⇒ TS ‖ AC.

l
 ∠B1TS = ∠BAC = ∠SC1B1, � B1, S, C1, T o:��. u´ ∠SB1C1 =

∠STC1.

5¿� AT = BB1 = AC1, � TC1 � BC. ¤± ∠BAC = ∠SB1C1 =

∠STC1 = ∠ACB. nÜ AB = AC, �4ABC ��>n�/. �

y{n �y²7�5:

ã 3-3

d ∠SB1C1 = ∠SC1B1 = ∠BAC, � B1S,C1S �

�AB1C1���. �4AB1C1�	���»� R.

d B1S = C1S, ∠B = ∠C, �4BSB1�4C1SC �

	�����. �	���»� R′.

d�u½n,

BS = 2R′ · sin∠BB1S = 2R′ · sin∠AC1B1 =
R′

R
· AB1.

Ón, SC = R′

R
AC1.

Ï� AC1 = BB1, �

BC = BS + SC =
R′

R
AB1 +

R′

R
AC1 =

R′

R
· AB.

qd�u½n, k

sinA =
R′

R
sinC. (1)

qÏ� B1S = 2R′ · sinB, � B1S = B1C1

2 cosA
= 2R sinA

2 cosA
= R · tanA. �

R′

R
=

tanA

2 sinB
. (2)

d (1), (2)��
tanA

2 sinB
=

sinA

sinC
.

5¿� B = C, k cosA = 1
2
. � A = 60◦.
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(Ü AB = AC, �4ABC ��>n�/. �

µ5 ¿©5´uy²,�Iy² 4AB1C1
∼= 4BSB1;7�5�±ÏLÓ

�{½ö�u½nO��Ý��.

K 1.4 � m ´��ê, m ≥ 2, �ê s > m(m+1)
2

. y²: �3��ê

x1, x2, · · · , xs, y1, y2, · · · , ys¦� {xi}Ø´ {yi}�ü�,�é ∀ k ∈ {1, 2, · · · ,m}

k
sX

j=1

xkj =
sX

j=1

ykj .

y² Ø�� x1, x2, · · · , xspØ��.

éu�½�¿©����ê N , �Ä8Ü

A = {{x1, x2, · · · , xs} | 1 ≤ xi ≤ N, 1 ≤ i ≤ s} ,

K

|A| = N(N − 1) · · · (N − s+ 1)

s!
.

P Tk =
sP

j=1
xkj (k = 1, 2, · · · ,m). �Ä8Ü

B = {(T1, T2, · · · , Tm) | {x1, x2, · · · , xs ∈ A}} .

du Tk =
sP

j=1
xkj ≤ s ·Nk, �

|B| ≤ sm ·N
m(m+1)

2 .

5¿� N(N−1)···(N−s+1)
s!

´'u N � sgõ�ª, � s > m(m+1)
2

. ���¿

©����ê N , ¦�

N(N − 1) · · · (N − s+ 1)

s!
> sm ·N

m(m+1)
2 .

l
�3 {x1, x2, · · · , xs}� {y1, y2, · · · , ys}ØÓ,¦�é?¿ k ∈ {1, 2, · · · ,m},

k
sX

j=1

xkj =
sX

j=1

ykj .

�

µ5 k
ÓÆæ^8B{y²dK,�vk��.ù´Ï�8By²I�

é k½ s8B,é s8BCÄ(J,é k8B48(J;dK�æ^Oê�{(Ä

T�ny²),�
UOê,g,�� xi \þ��.,dK�±� xi � [1, N ]¥

��ê.
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K 2.1 � z1, z2, z3, z4´ 4 ��� 1 �Eê, �÷v z1 + z2 + z3 + z4 = 0.

y²: z1, z2, z3, z4¥7kü��Ú�".

y{� 5¿�E²¡S�n�/ z1, z2, z3�­% z1 + z2 + z3 = −z43ü

 �þ,
b�n�/�­%3	��S,ð�n�/�­%3	��	,�n

�/ z1, z2, z3�¤��n�/,l
 z1 + z2, z2 + z3, z3 + z1��� 0. �

y{� e z1, z2, z3, z4��,KdK��, z1+ z2, z2+ z3, z3+ z1��� 0.e

z1, z2, z3, z4Ø��,�−→z1 �å:�A,ª:�B;−→z2 �å:�B,ª:� C;−→z3 �

å:� C,ª:� D; −→z4 �å:� D,ª:� A.Kd |z1| = |z2| = |z3| = |z4| = 1

�o>/ ABCD´!/,� z1 + z4 = 0. �

y{n 5¿�

(z1 + z2)(z1 + z3)(z1 + z4)

= z31 + z21(z2 + z3 + z4) + z1(z2z3 + z3z4 + z2z4) + z2z3z4

= z21(z1 + z2 + z3 + z4) + z1z2z3z4(z1 + z2 + z3 + z4) = 0

l
 z1 + z2, z1 + z3, z1 + z4¥7k��� 0. �

y{o - u1 =
z1
z4
, u2 =

z2
z4
, u3 =

z3
z4
. K

u1 + u2 + u3 = −1, (1)

� |u1| = |u2| = |u3| = 1. l


u1 + u2 + u3 = −1,

= u1 + u2 + u3 = −1. qÏ� uiui = 1, i = 1, 2, 3, u´

1

u1
+

1

u2
+

1

u3
= −1.

= u1u2 + u2u3 + u3u1 = −u1u2u3. -

u1u2 + u2u3 + u3u1 = k = −u1u2u3. (2)

d (1), (2)�� u1, u2, u3��§

x3 + x2 + kx+ k = 0

��. 
 −1�´T�§��.

� u1, u2, u3¥k��� −1.

l
 z1, z2, z3, z4¥kü�Eê�Ú� 0. �
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µ5 �K´��{üK.lAÛ�*:�w,Ù�,dn�/ z1, z2, z3 �

­% z1 + z2 + z3 = −z4 3ü �þ,�Ñn�/ z1, z2, z3 ´��n�/;Ù�,

d z1 + z2 + z3 + z4 = 0���Eo>/,\þ>�'X��To>/�!/.l

�ê�*:w,e z1, z2, z3, z4 ¥kü��Ú�",Kd z1 + z2 + z3 + z4 = 0�

z1 + z2, z1 + z3, z1 + z4¥7k��� 0.

K 2.2 � ABCD´����F/ (AD � BC), : K Ú N ©O´> AB

Ú CDþ�:�¦� AK = CN . �ãKN �é�� AC Ú BD©O�u SÚ

T . y²: 4AKS, 4BKT , 4CNS Ú4DNT ùo�n�/�	���:.

y² �o>/ ABCD�	����% O, ë� OB,OC,OK,ON .

ã 1-1

5¿� ABCD´����F/, K O3 BC �¥

R�þ, l
 ∠KBO = ∠OCD = ∠ODC.

q OB = OD, KB = DN , ¤±

4KBO ∼= 4NDO.

l
 OK = ON , ∠KOB = ∠DON . u´ ∠BOD = ∠KON .

5¿�4BOD�4KON þ���n�/, ¤±

∠OKN = ∠ONK = ∠OBD = ∠ODB.

�K,B,O, T ; D,N,O, T ©Oo:��.

Ón, K,A, S,O; C,N, S,O�©Oo:��.

� 4AKS,4BKT,4CNS Ú 4DNT ùo�n�/�	���: (=�

��F/ ABCD	����%). �

µ5 �K�±lü�¡n):Ù�,eP AC Ú BD�uM ,dK��þ

�du��o>/ AKBTSM,DMTSCN �Miquel:�:;Ù�,lAÛC�

5w,du�ã AKB ��u�ã CND,�3: O,¦�± O�¥%�^=C

�,�±¦ AKB^=� CND,: O=�K¥o�¤��:.

K 2.3 �¼ê L(n) : N∗ → N∗½ÂXe: L(n)´m�ëY��ê�¦È

o� n�Ø�����êm. ~X L(2) = 2, L(6) = 3, L(100) = 10. ém ∈ N∗,

- A(m) = {n | L(n) = m}.

(a)XJ p´�ê, ¦ A(p);

(b)¦ |A(14)|, ¿(½ A(14)¥����Ú���.
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y² 5¿�, ?¿ëY m���ê�¦ÈÑU� m!�Ø. � L(n)´¦

n |m!�����êm. l


A(m) = {n | L(n) = m} = {n | n | m!, n - (m− 1)!} .

(a) � p��ê�, d A(p) = {n | n | p!, n - (p− 1)!}�é?¿ n ∈ A(p),

k p | n.

¯¢þ, e p - n, Kd n | p! � n | (p− 1)!ù� n ∈ A(p)gñ. �

A(p) = {pn | n | (p− 1)! } .

(b) d A(14) = {n | n | 14!, n - 13!}, =� A(14)´d 14!���ê�K

13!���ê�¤. 5¿�

13! = 210 × 35 × 52 × 7× 11× 13,

14! = 211 × 35 × 52 × 72 × 11× 13.

� |A(14)| = τ(14!)− τ(13!) = 1008.

A(14)¥����w,� 14!.

A(14)¥����� 49. �

µ5 dKI�5¿�?¿ëYm���ê�¦ÈÑU�m!�Ø.

K 2.4 � A = {1, 2, · · · , 9}. ¦÷ve¡^��V� f : A→ A��ê: �

3���� i ∈ A¦� |f(i)− f−1(i)| > 1.

) ÷v^��V� f ��ê� 359108.

·�¡��êê| (i1, i2, · · · , ik)�/k−�0, XJé?¿ 1 ≤ t ≤ k, k

f(it) = it+1, � ik+1 = i1©

e¡, ·��Ä÷v(∗): ∀ 1 ≤ i ≤ 9, |f(i)− f−1(i)| ≤ 1�V� f ��ê.

ò 1, 2, · · · , 9©¤eZ�pØ���ã�¿, ·�y²��3/1−�0,

/2− �0, /4−�0.

¯¢þ, é÷v (∗)���/k−�0, k

i1 i2 · · · ik−1 ik

↓ ↓ ↓ ↓

i2 i3 · · · ik i1

.

(1) e k = 3, K

|i1 − i3| = 1, |i2 − i1| = 1, |i2 − i3| = 1,
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Ù¥ i1, i2, i3pØ�Ó.

Ø�� i1��, K i2 = i1 − 1, i3 = i1 − 1, = i2 = i3, ù´gñ�.

� k 6= 3.

(2) e k ≥ 5, KØ�� i1��. d

|i1 − i3| = 1, |ik−1 − i1| = 1,

k i3 = i1 − 1, ik−1 = i1 − 1, � i3 = ik−1.

�� k ≥ 5�, ik−1 6= i3, ù´gñ�!

� k ≤ 4.

���3/1−�0, /2−�0Ú/4−�0.

qé?��/4−�0, (i1, i2, i3, i4)÷v |i1−i3| = |i2−i4| = 1. =/4−�0

¥´/X i, i + 1, j, j + 1 (1 ≤ i < j ≤ 8� j 6= i + 1)ù��o�ê (ü�Ûê,

ü�óê).

e¡©n«�¹Oê:

(i) �3ü�/4−�0. d�k 4 |���ê, {e�ê7�Ûê. l

1, 3, 5, 7, 9¥?���. k 5 «�ª. d� 4 |���ê��(½.

Ù|Ü�ª, òù 4 |��ê©�ü�/4−�0. k 3 «�ª, 
z��S

Ñkü«�U, �÷v^� (∗)�V���ê�

5× 3× 22 = 60 («).

(ii)Tk��/4−�0,�¹�ê� i, i+1, j, j+1. 1 ≤ i < j ≤ 8, j 6= i+1.

d�k 2C2
7 = 42«. (�SÑkü«�U).

�e� 5 �ê�©¤eZ�/1−�0�/2−�0�¿. du

5 = 1 + 1 + 1 + 1 + 1→ 1«

= 1 + 1 + 1 + 2→ C2
5 = 10«

= 1 + 2 + 2→ C2
5 · C2

3

2!
= 15«,

d�, ÷v^� (∗)�V� f ��ê�

42× (1 + 10 + 15) = 1092 («).

(iii) vk/4−�0, 5¿�

9 = 1 + 1 + · · ·+ 1| {z }
9 �

→ 1«

= 1 + 1 + · · ·+ 1| {z }
7 �

+2→ C2
9«
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= 1 + 1 + · · ·+ 1| {z }
5 �

+2 + 2→ C2
9 · C2

7

2!

= 1 + 1 + 1 + 2 + 2 + 2→ C2
9 · C2

7 · C2
5

3!

= 1 + 2 + 2 + 2 + 2→ C2
9 · C2

7 · C2
5 · C2

3

4!
,

d�, ÷v^� (∗)�V� f ��ê�

1 + C2
9 +

C2
9C

2
7

2!
+

C2
9C

2
7C

2
5

3!
+

C2
9C

2
7 · C2

5 · C2
3

4!
= 2620 («).

nþ, ÷v�K��¦� f �k

9!− (60 + 1092 + 2620) = 359108 (�).

�

µ5 Äk,g,��Äù�¯K��¡;eò 1, 2, 3, 4, 5, 6, 7, 8, 9éA�

�ã 9�:,e f(i) = j Kë�^l i� j �>,5¿���:�ÑÝÚ\Ýþ

� 1,�ù�ãdeZ��|¤,�Ä����U5,2©a?Ø.
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