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1. éz��ê a0 > 1, ½Âê� a0, a1, a2, · · · Xe: éu?¿� n ≥ 0,

an+1 =


√
an, e

√
an´�ê,

an + 3, Ù§�¹.

Á¦÷veã^��¤k a0 : �3��ê A, ¦�éÃ¡õ� n, k an = A.

(H� øK)

) ÷v^�� a0´¤k 3 ��ê.

du an+1 =d an (½, �S� {an}¥kÃ¡õ���, ��=�S��

ª±Ï, ���=�S�k..

5¿���²�ê� 3 Ó{ 0 ½ 1. ek,� ak ≡ 2 (mod 3), K ak Ø´

²�ê, ak+1 = ak + 3, ¿� ak+1 ≡ 2 (mod 3), d8B{��, é m ≥ k, Ñ

k am+1 = am +3,S�l akåî�4O,u´Ãþ.. AO,e a0 ≡ 2 (mod 3),

ù�� a0Ø÷v^�.

e 3 | ak, KØØ ak+1 =
√
ak ½ ak+1 = ak + 3, E,k 3 | ak+1, d8B{,

ém ≥ k, amÑ´ 3 ��ê. AO, e 3 | a0, KS�¥z��Ñ� 3 �Ø.

b� 3 | a0, �½����²�ê N2 > a0, � 3 | N . ·�`²éz� n,

k an ≤ N2. �y{, b��3�u N2 �, ���� k, ¦� ak > N2. d

u 3 | ak, � ak ≥ N2 + 3.  ak−1 ≤ N2, ak − ak−1 ≤ 3, � ak−1 = N2, ù�U

½Â ak = N , gñ. �Ø�3 ak > N2, ÏdS�k., ù�� a0÷v�¦.
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���Ä a0 ≡ 1 (mod 3)��¹. ´�, e 3 - ak, � ak > 1, K 3 - ak+1,

� ak+1 > 1. ÏdS� {an}¥z��ÑØ� 3 �Ø, ��u 1. b� {an}k

., =�ª±Ï, Kz��Ñ� 3 { 1. ��ª±Ï¥����� ak, K ak ´�

�²�ê, ÄK ak+1 = ak + 3 > ak. � ak = N2, u´ ak+1 = N , l N ≡ 1

(mod 3),�N > 1,=kN ≥ 4. du�3 j > k,¦� aj = ak = N2 > (N−2)2,

 ak+1 = N ≤ (N − 2)2 (5¿ N ≥ 4 ), ���� l > k + 1, ¦� al > (N − 2)2,

l al−1 ≤ (N − 2)2 < al, u´ al = al−1 + 3. 2d al ≡ al−1 ≡ 1 (mod 3), �

� al−1 = (N − 2)2 ≡ 1 (mod 3), ù�d½Â al = N − 2, gñ. Ïd, a0 ≡ 1

(mod 3)�Ø÷v�¦. (Ø¼y. �

2. � R´�N¢ê�¤�8Ü. ¦¤k�¼ê f : R → R, ¦�éu?¿

¢ê xÚ y, Ñk

f(f(x)f(y)) + f(x + y) = f(xy).

(C�nZæ øK)

) òK¥¤��ªP� P (x, y). Kd P (0, 0)��

f(f(0)2) = 0. (1)

é?¿¢ê x 6= 1, �3¢ê y, ÷v x + y = xy, ¯¢þ, y = x
x−1 . d P (x, x

x−1)

��

f

(
f(x) · f

(
x

x− 1

))
= 0, x 6= 1. (2)

±eé f(0)©ü«�¹?Ø.

�/�: f(0) = 0. Kd P (x, 0)�� f(x) = 0.

�/�: f(0) 6= 0.

(Ø�: f(a) = 0��=� a = 1.

¯¢þ, d (1) ���3��¢ê a, ¦� f(a) = 0. e a 6= 1, K3 (2) ¥

- x = a, =� f(0) = 0, ù� f(0) 6= 0�b�gñ.

d(Ø�±9 (1) �, f(0)2 = 1, f(0) = ±1. kb� f(0) = −1, Ï

� f(0) = 1��¹�Ié g(x) = −f(x)5?Ø, g(x)�÷vÓ��¼ê�§.

d P (x, 1)�

f(0) + f(x + 1) = f(x),

= f(x + 1) = f(x) + 1.
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d8B{´�é?¿�ê n, k

f(x + n) = f(x) + n. (3)

(Ø�: f ´ü�.

�y{, b��3 a 6= b, ÷v f(a) = f(b). d (3) ��, é?¿�ê N , Ñ

k

f(a + N + 1) = f(b + N) + 1.

À��ê N > −b, K�3¢ê x0, y0, ÷v x0 + y0 = a + N + 1, x0y0 = b + N .

du a 6= b, � x0 6= 1, y0 6= 1. d P (x0, y0)�

f(f(x0)f(y0)) + f(a + N + 1) = f(b + N),

l f(f(x0)f(y0))+1 = f(f(x0)f(y0)+1) = 0. d(Ø�� f(x0)f(y0)+1 = 1,

= f(x0)f(y0) = 0. �´ x0 6= 1, y0 6= 1, d(Ø�, f(x0) 6= 0, f(y0) 6= 0, gñ.

é?¿¢ê t, d P (t,−t)�

f(f(t)f(−t)) + f(0) = f(−t2).

l f(f(t)f(−t)) = f(−t2) + 1 = f(−t2 + 1). du f ü�, �

f(t)f(−t) = −t2 + 1. (4)

2d P (t, 1− t)�

f(f(t)f(1− t)) + f(1) = f(t(1− t)).

l f(f(t)f(1− t)) = f(t(1− t)). du f ü�, �

f(t)f(1− t) = t(1− t). (5)

du f(1 − t) = 1 + f(−t), '� (4), (5) =� f(t) = t − 1. e f(0) = 1,

K f(t) = 1− t.

N´�y f1(x) = 0, f2(x) = x− 1, f3(x) = 1− xÑ´÷v�¦�. �

3. ���<Ú��Û/�êf3î¼²¡þ��iZ. ®�êf�å

© � A0 Ú�<�å© � B0 Ü. 3iZ� n − 1 £Ü��, êf u

: An−1, �< u: Bn−1. 31 n�£Ü¥, ±en�¯��gu).

(i) êf±Û/��ª£Ä��: An, ¦� An−1Ú An�m�ålT� 1.

(ii) ��½ ����<�"��: Pn. ù�����U
��<�y�
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¯�´, : PnÚ: An�m�ål�õ� 1.

(iii) �<±����ª£Ä��: Bn, ¦�: BnÚ: Bn−1�m�ålT

� 1.

Á¯, ´ÄÃØêfXÛ£Ä, �ÃØ½ ���"
=
:, �<oU


·�/ÀJ¨�£Ä�ª, ¦�3 109�£Ü��, ¨U
(�Úêf�m�å

l�õ´ 100?

(c/| øK)

) �<Ã{(�U3 109�£Ü��êf�ålØ�L 100.

� dn = AnBn. XJé,� n ≤ 109, ®k dn ≥ 100, @o��êf�Iz

g��<����a�=�. yb� dn < 100, ·�`²êfk·��£Ä�

ª, ¿�½ ����":éêf/k|0�, ÃØ�<æ�Û«£Ä�ª, 3

200 £Ü��, �<Ã{(� d2n+200 < d2n + 1
2
, =ok�U d2n+200 ≥ d2n + 1

2
.

b�1 n£Ü(å�êf3 A = An, �<3 B = Bn, ·�Ø�4êf

��<²( A� �, ù¦��c½ ���"�&EÑ��Ñ. ��� BA

(� B = A�, ?��^��), bX� 200 g½ ���"�:T´÷���

�l Am©zgc?ål 1, =

AnPn+1 = Pn+1Pn+2 = · · · = Pn+199Pn+200 = 1.

P P = Pn+200. ·�Ø�Jcò�� 200 g�"�:Ñw��<, ù�¬O

\�<�&E. �<w�ù 200 g�":¬XÛû½? w,± P ��%, 1 �
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�»�� ω1, êf3 ω1 S(¹>.). ± A��%, 200 ��»�� ω2, êf�

3 ω2 S(¹>.). � ω1 Ú ω2 �u: X Ú Y , Kêf3 X ½ Y Ñ´�U�,

êf÷ AX l Aa� X, ½÷ AY l Aa� Y , zÚa�ål�u 1, ùü«

a��ª±9½ ����":Ñ´Ü{�. bX�<÷ BPn+200 l B £Ä

� C, BC = 200, Kk�U d2n+200 = CX2. bX�<U?¿�«üÑ£Ä�,

? Z, K Z 3 C ��ý. e Z 3 BC þ�, K ZY 2 ≥ CY 2, e Z 3 BC e�,

KZX2 ≥ CX2,o�ØØ�<NoÀJ¦�£Ä�ª,Ñk�U d2n+200 ≥ CX2.

e¡5O� CX2. d Stewart ½n,

CX2 =
AX2 · CP + PX2 · AC

AP
− AC · CP

=
2002 · dn + 12(200− dn)

200
− (200− dn)dn

= d2n −
dn
200

+ 1 ≥ d2n +
1

2
.

Ð©� d0 = 0, �3 n0 = 4 · 106 + 200 < 109�£Ü�, ok�U d2n0
≥ 104 + 1

2
,

=�<Ã{�y dn0 ≤ 100, l3 109 �£Ü�, �<Ã{(�UÚêf�å

l�õ´ 100. �

1�U

7 � 19 F 9:00 – 13:30

4. � RÚ S ´� ΩþpÉü:, � RS Ø´�». � `´� Ω3: R?

���. ²¡þ�: T ÷v, : S´�ã RT �¥:. J ´� Ω��l RS
_
þ�

:, ¦�n�/ JST �	�� Γ� `uü�ØÓ:. P Γ� `��:¥�C R

�@�� A. �� AJ �� Ωu,�:K. y², ��KT Ú� Γ��.

(©Ü� øK)
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y² d R,K, S, J ��, S, J,A, T ��, ��

∠KRS = ∠KJS = ∠STA.

q AR� Ω��, ∠RKS = ∠TRA. u´n�/ RKS � TRA�q, l

RK

RS
=

TR

TA
.

d^� S ´ RT �¥:, Ïd RS = ST , u´

RK

TS
=

RT

TA
,

2(Ü ∠KRT = ∠STA, =�n�/ KRT � STA �q, l ∠SAT =

∠STK, ùL²��KT �� Γ��. �

5. �½�ê N ≥ 2. N(N + 1)��püüØÓ�v¥è
Õ¤�ü. ¥

è�öF"lù
¥
¥£r N(N − 1)<, ¦�ù�üþ�e� 2N ¶¥
÷

vXe N �^�:

(1) ¦��¥�p�p�ü¶¥
�mvkO�¥
,

(2) ¦��¥�p1nÚ1o�ü¶¥
�mvkO�¥
,
...

(N) ¦��¥�p�L�ü¶¥
�mvkO�¥
.

y², ùo´�±���.

(�Ûd øK)

y² ò¤kN(N + 1)�è
U�p©¤N |, �p�N + 1�<1 1 |,

�e5� N + 1�<1 2 |, · · · , �L� N + 1�<1 N |. �ölù�ü¥

l� m�g*	ù
è
, ��1�guykü�<Ó|, b� A1 Ú A2 Ó

|, A13 A2��>, A1Ú A2Ñ31 t1|, @o�ö4 A1, A23e, 4 A2�

>�Ù¦<Ñlm, ¿�1 t1 |¥�Ù¦<�Ñlm. A2 m>�<ÑáuÙ

{ N − 1|, z|�õk�<lm, Ïdz|���k N <. �Xl A2m© 

mUY*	�e�è
, ��2guyü<Ó|, b� A3, A4Ó|, A33 A4�

�>, A3Ú A4Ñ31 t2|, �ö4 A3, A43e, A2� A4�m�Ù¦<Ñl

m, ¿�1 t2|�Ù¦<�Ñlm.

XdUY?1e�. �®²(½
 A1, A2, · · · , A2k−1, A2k �, ¦��g

l��mü�, A1, A2 3 t1 |, A3, A4 3 t2 |, · · · , A2k−1, A2k 3 tk |, ¿

� A2km>�<Ñ´�e� N − k|¥�<, �z|��k N − k + 1�<. X
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J k ≤ N − 1, l A2k m©UY m*	�e�è
, �½kü<´Ó�|�,

1�guyÓ|�ü�<P� A2k+1, A2k+2, A2k+1 3 A2k+2 ��>, �¦�´

1 tk+1|�, 3eùü�<, 4 A2k, A2k+2�m�Ù¦<lm, 41 tk+1|�Ù

¦<�Ñlm.

��·�3e
 2N �<, A1, A2, · · · , A2N , 3è�¥�gl��m, �z

|ÑTÐ3eü�<, z|3e�ü�<�mvkÙ¦<, Ïd(Ø¤á. �

6. �����������:::´��kS�êé (x, y), Ù¥ xÚ y���ú�ê´ 1.

�½��k�����:8 S, y², �3����ê nÚ�ê a0, a1, · · · , an,

¦�éu S ¥�z�� (x, y), Ñ¤á:

a0x
n + a1x

n−1y + a2x
n−2y2 + · · ·+ an−1xy

n−1 + any
n = 1.

({I øK)

y² é S ����ê8B. e |S| = 1, � S = {(x0, y0)}. d Bezout ½n,

�3�ê a, b, ¦� ax0 + by0 = 1, �àg�Xêõ�ª P (X, Y ) = aX + bY , K

é?¿ (x, y) ∈ S, k P (x, y) = 1.

e¡b� |S| = k ≥ 2, ¿�(Ø3 k − 1 �¤á. ?� (x0, y0) ∈ S, d

Bezout ½n, �3�ê a, b, ¦� ax0 + by0 = 1. �²¡þ�ü��C�

T : R2 → R2, T (X, Y ) = (aX + bY,−y0X + x0Y ),

T òZ2�Z2���éA,¿�ò���:�N����:. XJé T (S),�3

àg�Xêõ�ª P (X, Y ), ¦�é?¿ (x, y) ∈ T (S), P (x, y) = 1, @oàg

�Xêõ�ªP (T (X, Y )) = P (aX+bY,−y0X+x0Y ),Ò÷vé?¿ (x, y) ∈ S,

P (T (x, y)) = 1. ·��Ié W = T (S)5y². 5¿ T (x0, y0) = (1, 0) ∈ W .

PW ′ = W\{(1, 0)}. d8Bb�, �3àg�Xêõ�ª F (X, Y ), ¦�é?

¿ (x, y) ∈ W ′, Ñk F (x, y) = 1. �W ′ = {(x1, y1), · · · , (xk−1, yk−1)}, -

G(X, Y ) =
k−1∏
i=1

(−xiY + yiX),

u´é 1 ≤ i ≤ k − 1, Ñk G(xi, yi) = 0,  G(1, 0) = y1y2 · · · yk−1 =: a. �

F (X, Y ) = a0X
n + a1X

n−1Y + · · ·+ anY
n.

du F (xi, yi) = a0x
n
i + yi(a1x

n−1
i + · · · + any

n−1
i ) = 1, � (a0, yi) = 1, 1 ≤

i ≤ n − 1. l (a0, a) = 1. ���ê d, ¦� ad0 ≡ 1 (mod a), � d > degG.
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-M =
ad0−1
a
∈ Z, �

P (X, Y ) = F (X, Y )d −MXd degF−degGG(X, Y ).

u´ P (X, Y )´ d degF gàg�Xêõ�ª. é 1 ≤ i ≤ 1,

P (xi, yi) = F (xi, yi)
d −MxddegF−degG

i G(xi, yi) = 1− 0 = 1,



P (1, 0) = F (1, 0)d −MG(1, 0) = ad0 −
ad0 − 1

a
· a = 1.

�
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