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1�K. � a1, . . . , an ∈ [0, 1]. y²:

nX
i=1

264
�Y

j 6=i

aj

�n
2

·
√
1− ai

375 ≤ 1.

(úô�É²�¥ ëR øK)

y{� (�âÜ���N¥ÜôhÓÆ�)��n):

Äk5¿�e¡�Ún:

ÚÚÚnnn é?¿ x1, x2, . . . , xn ∈ [0, 1],

1 + (n− 1)x1x2 . . . xn ≥
nX

i=1

Y
j 6=i

xj.

Ún�y²é{ü, ���Äz� xi � 0 ½ 1 ���¹=�.

£��K, ^�ÜØ�ª9Ún�2
4 nX
i=1

(
Y
j 6=i

aj)
n
2 ·
√
1− ai

3
52

=

2
4 nX
i=1

(
Y
j 6=i

aj)
n−1
2 ·

s
(1− ai)

Y
j 6=i

aj

3
52

≤

2
4 nX
i=1

(
Y
j 6=i

aj)
n−1

3
5 ·
2
4 nX
i=1

(1− ai)
Y
j 6=i

aj

3
5

≤
�
1 + (n− 1)(a1 · · · an)n−1

�
· [1− a1 · · · an] .

(1)

- t = a1 · · · an, K��y²

(1 + (n− 1)tn−1)(1− t) ≤ 1.

ù´éw,�, Ï� 1
1−t > 1 + t+ · · ·+ tn−1 > 1 + (n− 1)tn−1. dd��±wÑ

�·K¥ n
2
ù��g���±U?� n+2

4
. �

y{� (�â�H��N¥Æ©ÓÆ�)��n):
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(i) e�3 ai = 0, K(Øw,¤á.

(ii) Ø��¤k ai þáu (0, 1].

- ai =
1
ti
, i = 1, 2, · · · , n, K ti ≥ 1. ¤yØ�ª�du

nX
i=1

È
tni − tn−1i ≤

 
nY

i=1

ti

!n
2

. (1)

d CauchyØ�ª�

nX
i=1

È
tni − tn−1i =

nX
i=1

t
n−1
2

i

√
ti − 1 ≤

Ì 
nX

i=1

tn−1i

! 
nX

i=1

(ti − 1)

!
.

�y (1) ª, �Ly  
nX

i=1

tn−1i

! 
nX

i=1

(ti − 1)

!
≤

nY
i=1

tni . (2)

Ù¥ ti ≥ 1, i = 1, 2, · · · , n.

- bi = ti − 1, K bi ≥ 0, i = 1, 2, · · · , n. ù� (2) ª�du

nX
i=1

(bi + 1)n−1 ·
nX

i=1

bi ≤
nY

i=1

(bi + 1)n. (3)

ey (3) ª. d�ã|Ø�ª,

nY
i=1

(bi + 1)n =
nY

i=1

(bi + 1)n−1 ·
nY

i=1

(bi + 1)

≥
nY

i=1

(bi + 1)n−1
 
1 +

nX
i=1

bi

!

=
nY

i=1

(bi + 1)n−1 +
nY

i=1

(bi + 1)n−1 ·
nX

i=1

bi. (4)

qd2Â�ã|Ø�ª,

nY
i=1

(bi + 1)n−1 ≥
nX

i=1

(bi + 1)n−1 − n+ 1. (5)

,��¡,

nY
i=1

(bi + 1)n−1 ≥
nY

i=1

(1 + (n− 1)bi) ≥ 1 + (n− 1)
nX

i=1

bi. (6)

d (4),(5),(6) ��

nY
i=1

(bi + 1)n ≥ 1 + (n− 1)
nX

i=1

bi +

 
nX

i=1

(bi + 1)n−1 − n+ 1

!
nX

i=1

bi

=
nX

i=1

bi ·
nX

i=1

(bi + 1)n−1 + 1

>
nX

i=1

bi ·
nX

i=1

(bi + 1)n−1,
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= (3) ª¤á, y.. �

µ5 (1).�H��N¥±Â�ÓÆ��Ñ
�K��()�.

(2).é n ?18B���8B (aquAM-GM) ��±y²�K.

1�K. Xã,n�/ABC �p©O�AD,BE,

CF . K � 4DEF �R%, L ��� KF � DE �

�:. G,H, I ©O� F,D,E 3 BC,CA,AB þ�R

v. M,N �4GHI �	���4ABC �	���

�:. y²: KM = KN =
√
KF ·KL.

(�®�ÆÆ) Mº, u¥���N¥Æ) �H øK)

){� (�âär¥Æ (�ÓÆ�)��n):

ky²��Ún.

ÚÚÚnnn �4ABC n> BC,CA,AB >þp�Rv©O� HA, HB, HC . HA

3 AB,AC þ��K©O� HAC , HAB. Ón½Â HBA, HBC ; HCA, HCB. �

4HAHBHC �R%� H1. K HAC , HAB, HBA, HBC , HCA, HCB ��, �Ù�%

� OH1¥:.

Úny² du ∠CHBHA = ∠CHHA = ∠CHCHCA = ∠CHCBHCA, �

HBHA �HCBHCA,
CHB

CHA

=
CHCB

CHCA

.

q HB, HAB, HBA, HA��, � CHB · CHAB = CHA · CHBA. K

CHAB · CHCB = CHBA · CHCA.

ù`² HAB, HCB, HBA, HCA��.

Ón, HAB, HCB, HAC , HBC ; HBA, HCA, HAC , HBC ©O��.
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d Davis ½n� HAC , HAB, HBA, HBC , HCA, HCB ��.

� 4CHBHA, 4BHCHA �R%©O� H2, H3. du T 3 HCAHBA 9

HBCHAC �¥R�þ. � T � HBH3¥:.

Ón, T � HCH2¥:.

ù`² H2H3HCHB �²1o>/. H2H3� HBHC ²1���. q HAHB

_²1u AB. � OH2 ⊥ HAHB, (Ü H1HC ⊥ HAHB � OH2 �H1HC .

ÓnOH3 �H1HB. �4OH2H3
∼= 4H1HCHB, OH3�H1HB²1���.

� T � OH1¥:. Ún�y!

£££������KKK. P4ABC �	���»� R. 4GHI �	���»� RT . �

4GHI �	%� T , � E 3 BC þ��K J .

dÚn, J 3 �T þ, � T � OK ¥:.

duK 3 OT þ, �KM = KN .

34OMK ¥, d¥��úªMT 2 = 1
2
KM2 + 1

2
MO2 −OT 2, =

KM2 = 2MT 2 + 2OT 2 −MO2

= 2R2
T + 2OT 2 −R2.

34OKD¥, d¥��úª DT 2 = 1
2
KO2 + 1

2
OD2 −OT 2, =

OT 2 =
1

2
KD2 +

1

2
OD2 −DT 2.

3 �T ¥, d��½n� TD2 = R2
T − JD ·DG. �

OT 2 =
1

2
KD2 +

1

2
OD2 −R2

T + JD ·DG,

KM2 =KD2 +OD2 + 2JD ·DG−R2

=KD2 + 2JD ·DG− CD ·DB (��½n).
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� EF �KDu S,

KD2 + 2JD ·DG− CD ·DB −KF ·KL

=KD2 + 2JD ·DG− CD ·DB −KS ·KD

= DS ·DK + 2JD ·DG− CD ·DB

= DL ·DE + 2JD ·DG− CD ·DB

= DF ·DE · cos∠FDE + 2DF ·DE · cos∠FDB · cos∠EDC − CD ·DB.

q ∠FDB = ∠EDC = ∠BAC. �

KD2 + 2JD ·DG− CD ·DB −KF ·KL

= DF ·DE · (− cos 2∠BAC) + 2DF ·DE · cos2∠BAC − CD ·DB

= DF ·DE − CD ·DB = 0 (4BDF v 4EDC).

�KM2 −KF ·KL = 0.

�KM = KN =
√
KF ·KL, �y! �

){� (�âøKöJø�)��n):

duùp�O�L§Ø´AO�, ·�rO�L§����Ún.

ÚÚÚnnn 34ABC ¥,

1 + 2 cos 2A cos 2B cos 2C

= cos2A+ cos2(B − C) cos2 2A+
1

2
(1− cos 2A)2 sin2(B − C)

+ 2 sin2A cos2A cos2(B − C).

Úny² 5¿�

cos 2A cos 2B cos 2C = cos 2A · 1
2
[cos(2B − 2C) + cos(2B + 2C)]

=
1

2
cos2 2A+ cos2(B − C) cos 2A− 1

2
cos 2A.

� α = 2A, β = B − C, 3¦yªf¥� (� −m)¿�\þª, ��:

1 +
1

2
cos2 α + cos2 β cosα− 1

2
cosα− 1

2
(1 + cosα)

− cos2 β cos2 α− 1

2
(1− cosα)2 sin2 β − 1

2
sin2 α cos2 β

= 1 +
1

2
cos2 α + cos2 β cosα− 1

2
− cosα− (

1

2
cos2 β cos2 α +

1

2
cos2 β cos2 α)

− (
1

2
sin2 β +

1

2
cos2 α sin2 β − cosα sin2 β)− 1

2
sin2 α cos2 β
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=
1

2
+ (cos2 β cosα + sin2 β cosα− cosα)

− 1

2
(cos2 β cos2 α + cos2 α sin2 β − cos2 α)

− 1

2
(cos2 β cos2 α + sin2 α cos2 β + sin2 β)

= 0.

£££������KKK. ·�`ü�(Ø.

(1) Xã, ·�r,	n�Rv�Ñ5, @o I,Q, J,G, P,H 8�:��.

y²Xe:

du ∠AJH = ∠ADH = ∠ACB = ∠AQI, @o·�Òk I, J,Q,H ��.

Ónk I, J,G, P ±9 E,H,G, P ��.

XJù8�:Ø��@oùp��n��üü��¶©O´ AB,BC,CA

¿Ø´n��:, gñ. @où8:��.

Pù���%´ R, ·�2gy²��(Ø:

(2) R´ OK ¥:, Ù¥ O´n�/ ABC 	%.

·�ky², R3 BC þÝK´K, O3 BC þÝK�¥:, XJù�y²

�., @o R3 CAþ�LyÑ�Ó�5�, U�±æ^��IP{y² R

´ O,K ¥:.

·�ïá²¡���IX,±D��:. @o·��Iy 2XR = XO+XK ,
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ùp� T ´ BC ¥:�´ O BC �R��Rv, S ´K  BC �ÝK, U ´

IQ¥:.

·��� IQ �BC, ¿��Ý'´ IQ
BC

= AQ
AC

= AQ
AE
· AE
AC

= cos2A.

@odu A,U, T ��±9 IQ¥R�L R·�k

XR = XU =
IQ

BC
XT = cos2AXT = cos2AXO.

dÙ�(Ø, KDÚ AO²1�

KD = 2R1 · cos∠FDE = −R0 · cos 2A.

ùpªf� R0´4ABC 	���», R1 ´4DEF �	���».

@o
−−→
KD = − cos 2A

−→
AO, = XK = cos 2AXO, du cos 2A + 1 = 2 cos2A.

·�Òk 2XR = XO +XK . � R´ OK ¥:.

y3·�5y²�K.

5¿�1��(Øp¡%¹
ü��%Ú K ��, @o KM = KN ´w

,�
.

� S, T ´K,O3 BC þÝK, du·�����Ä�¯¢: �ü:ål�

²�Ú´��½� (ù�½�I��½��)�;,´���.

@o±K ��%,
√
KF ·KL��»����LM,N �¿©7�^�´

KF ·KL+R2
0 = KX2 +OX2.

Ù¥ X ´� Rþ¡�?Û�:.

d1��(Ø·���±��, SG = PT (Ï� GP ¥R��L R).

©O� X � P Ú G·���

KX2 +OX2 =
KG2 +OG2 +KP 2 +OP 2

2

=KS2 +OT 2 +
1

2
(PG2 + ST 2).

¤±·��Iy

KF ·KL+R2
0 = KS2 +OT 2 +

1

2
(PG2 + ST 2).

y3·��ª�I�ù�ã
§·���5w:

KF = 2R1 · cos 2C = R0 · cos 2C,

KL =KE cos∠EKL = 2R1 · cos(π − 2B) · cos(π − 2A) = R0 · cos 2B cos 2A,

KS =KD · cos∠OAD = − cos 2A · AO · cos(B − C)

= −R0 · cos 2A cos(B − C)OT = R0 · cosA,
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PG = EF · cos∠(EF,BC) = BC · cosA · cos(B − C)

= R0 · 2 sinA cosA cos(B − C),

ST = (AO +KD) · sin∠OAD = AO(1− cos 2A) · sin(B − C)

= R0 · (1− cos 2A) sin(B − C).

@o·�du�Iy:

KF ·KL+R2 = KS2 +OT 2 +
1

2
(PG2 + ST 2).

=y²

R · cos 2C ·R · cos 2B cos 2A+R2

= (−R · cos 2A cos(B − C))2 + (R · cosA)2 + 1

2
((R · 2 sinA cosA cos(B − C))2

+ (R · (1− cos 2A) sin(B − C))2).

ü>�� R�²�, =�Ún^�, y.. �

µ5 úô�è²�¥fðÀ, �H��N¥Æ©, ÛîÄÓÆ��Ñ


�K��()�.

1nK. 3 2n × 2n ���L¥W\ ±1, ÷v¤kê�Ú�". y²�±

é� n 1 n �, §���� n× n f��L¥¤kê�Ú��´ n.

(MÃ�Æ+¡) øK)

y² (�âúôÉ²�¥4Ó�ÓÆ�)��n):

ky² n �óê���¹. duL¥¤kê�Ú�K, �½�3�1�Ú

�K. u´ù�1k n �/10, Ø��§�3c n �. - A (B) ©O�c (�)

n ��¤�fL, � A1 � A ¥1Ú��� n 1, Ù{�� A2. XJ A1 ¥ê�
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Ú��´ n, ·K�y. ÄKdu A1 ¥k�1Ú� n, �7k�1Ú�Kê. d

ÀJ, A2 ¥z�1�Úþ�Kê. du n �óê, A2 ¥z�1�Ú�õ´ −2.

u´ A �¤kê�Ú�u n+ n× (−2) = −n.

¤± B ¥¤kê�Ú�u n. d�- B1 � B ¥1Ú��� n 1, Ù{�

� B2. XJ B2 ¥¤kê�Ú�K, K B1 ¥¤kê�Ú�u n, ·K½¤á. Ä

K B2 ¥7k�1�Ú�u", u´ B1 ¥z�1�Ú�u". ù� B1 ¥¤k

ê�Ú���´ n, n �óê�·K�y!

�e5�Ä n �Ûê. - P �Ú��� n× n fL, Ø��Ù3c n 1c

n �. ·��±g,/ò�ÜLy©�o� n× n fL P,Q,R, S, Ù¥ Q 3 P

�m> R 3 P �e>. b� P �Ú�u n, K P ¥7k���Ú�õ´".

d P ���5, Q ¥z���ÚÑ�õ´". , n �Ûê, ¤± Q ¥z��

�ÚÑ�õ´ −1. � Q �Ú�õ´ −n, Ó�/ R �Ú�õ´ −n. u´ P ½

ö S �Ú��´ n, ·K�y! �

µ5 (1).är¥Æ���, Ü���N¥ÜôhÓÆ��Ñ
�()�.

(2).·¤���)�Ñ�Ó�É, �Uy²�3�� n × n fL�ÚØ�

u n. k,��ÓÆ�±ïÄù�(Ø´ÄU
\r. �ó�, ´Ä�3÷v

K8^������L, ¦�z� n× n fL�ÚÑØ�u n?

1oK. �½�ê p ±9��ê k. ¦�����ê d, ¦��3 d g��

õ�ª f , ÷v p|f(n) ��=� pk|n.

(MÃ�Æ+¡) øK)

) (�âÀ���N¥M�ÓÆ�)��n):

�Y´ 2pk−1 − 1.

��¡, �E f(x) =
�
x+2pk−1−1
2pk−1−1

�
− 1. - x+ 2pk−1 − 1 3 p ?�e��� k

 � tk−1, . . . , t1, t0, Kd©kd½n,

f(x) ≡
 
tk−1
1

!
·
k−2Y
j=0

 
tj

p− 1

!
− 1 (mod p).

dd´� p | f(x) ��=� tk−1 = 1 ±9 tk−2 = · · · = t0 = p − 1. �Ò´

p | f(x) ��=� pk | x.

,��¡, b� f(x) �gê�u 2pk−1 − 1. du f(x) ´��õ�ª, �ò
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§��

f(x) =
2pk−1−1X
m=0

am

 
x

m

!
,

Ù¥ am ��ê, db� a2pk−1−1 = 0. du p | f(0), ·�k p | a0. 

p - f(pk−1), ¤± p - apk−1 .

é 1 ≤ u ≤ pk−1 − 1, 0 ≤ v ≤ p− 1, d©kd½n�

f(u+ v · pk−1) ≡
uX

i=1

ai

 
u

i

!
+ v ·

2
4 uX
j=0

apk−1+j

 
u

j

!35 .
d^�, ù
ÑØ´ p ��ê. �½ u, - v Cz, K�

p |
uX

j=0

apk−1+j

 
u

j

!
, ∀1 ≤ u ≤ pk−1 − 1.

dd±9{ü8B�±y² p | apk−1+u + apk−1+u−1,∀1 ≤ u ≤ pk−1 − 1. (

Ü a2pk−1−1 = 0 �� apk−1 , . . . , a2pk−1−1 Ñ´ p ��ê. ù�Ò��c���

p - apk−1 �gñ
! �

µ5 �Här¥Æ���ÓÆ��Ñ
�K��()�.

www.nsmath.cn 10


