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¾�¸

8c�Ip¥êÆém\ÁKJÝ·¥, �©�ÑJÝ�����üK)

��g´©Û.

1 3 K. eò 33× 33���¥z����/ 3 «ôÚ��, ¦�z«ôÚ

�����ê��. e��ü�����ôÚØÓ, K¡§��ú�>�/©

�>0. Á¦©�>^ê����.

=KKKaaa>l8Iw, �KáuOê4�¯K, g,��~^�Oê�

ª—–©aOê: ©OO�z1z�¥©�>�^ê. ���OêIÚ\�õë

ê, )K��(J, l
��k�E÷v^��/Ú, ¦©�>¦�U�, dd

ßÑ���.

�
¦©�>¦�U�, 7LÓÚ��¦�U��, g,��òÚ�y©

� 3 ¬, z¬��´üÚ�. ù�æ^±{ÿ�üÑ, lþ!©¬���/[é

�0m©, ,�U?.

=±±±{{{ÿÿÿ���>òÚ�©�� 3 ���� 11× 33�Ú� (ã 1), z�¬©O

/ù!7!�Ú. d�©�>�^ê S = 33 + 33 = 66.

ã 1 ã 2

=UUU???>N´uyùØ´���. 'X, UCÙ¥�^©����ª (ã

2), ò 22× 33Ú�Up�©��©�����ü¬ (�Ø´Ý/), K©�>�

^ê S = 33 + 11 + 1 + 11 = 56.
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·�ß� S = 56´���, ey S ≥ 56.

=©©©aaaOOOêêê>U �©a, �©�>©Ù3 33 1� 33 �¥. ·�k�Ä

�o�¹e�N´�) S ≥ 56.

=¿¿¿©©©^̂̂���©©©aaa>��¿©^�´: ¹k©�>�1��Ø�u 56. du

1ê��ê�Ú� 66, l�¡�Ä�{ü: =üÚ�1��Øõu 10.

=)))ûûû¢¢¢333>e�üÚ�1��õu 10, �k p�üÚ1, q �üÚ�,

p+ q ≥ 11.

�
y² S ≥ 56, ·�I�é�eZ¹k 2 ^©�>�1½�.

=¿¿¿©©©^̂̂���>Ó1½�¹k 2 ^©�>���¿©^�´: T1½�¹k

3 «ôÚ.

�Ä�N´�)��¹ 3 «ôÚ��/: Ú�¹k 2 «ôÚ�üÚ1, d

�N´é�¹1 3 Ú��.

XJù7�nÚ�üÚ1Ñ�3, Kz�Ñk 2 ^©�>, S ≥ 66, (Ø¤

á.

XJ�3ù7Ú�üÚ1Ñ�3, KÃ�Ú1. d� p < 33, ÄKÃ�Ú�.

d	, w,ÃüÚ�, u´ q = 0, 11 ≤ p < 33.

Ï��k p�üÚ1, Ù¦1�����^©�>, �� 66− p^©�>.

duz��õ¹k 33− p���, ¤±¹k����Ø�u 11×33
(33−p) , ù��

�ÑO\�^©�>. ¤±

S ≥ (66− p) +
11× 33

(33− p)
= 33 + (33− p) +

11× 33

(33− p)

≥ 33 + 2

√
(33− p) · 11× 33

33− p
≥ 33 + 2

√
225 = 65,

(Ø¤á.

e�¤küÚ1ÑÓÚ, ¤küÚ�ÑÓÚ, d� p, q ≤ 11.

=lllNNN´́́\\\ÃÃÃ>k�Ä�«N´��/: pq = 0, Ø�� q = 0, K p ≥ 11.

q p ≤ 11, ¤± p = 11.

�üÚ1Ñ�ùÚ�3c 11 1 (ÄKN��
1, ©�>ØO\), K�e

� 11× 33Ý/�¹k7� 2 Ú.

d�, z��ÑdùÚ©.�)
�^©�>, ØU2kÙ¦�©�>, ¤

±�e�z1��^©�>��, �üýÑ´üÚ�, l
z1���²þ©

�üÜ©, � 33 ´Ûêgñ.

=)))ûûû¢¢¢333>2�Ä¢3��/: pq 6= 0, d�, üÚ1�üÚ�kú��,
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u´¤küÚ�1�ÑÓÚ, Ø��´ùÚ. KùÚ�Ø�u

33(p+ q)− pq ≥ 33(p+ q)− (p+ q)2

4
.

Ï� f(x) = 33x − x2

4
3 [11, 66]þ´O¼ê, XJ p + q ≥ 13, KùÚ�Ø

�u f(13) ≥ 429− 43 = 386 > 11× 33, gñ. ¤± p+ q ≤ 12.

(1) � p + q = 11�, �üÚ�1�k 55 �, ���) 55 ^©�>. XJ

S = 55, KØUk1�¹k 2 ^©�>, u´Ù{ 66− 11 = 55�1�Ñ�õk

2 «ôÚ.

�K¤k�ùÚ�, KÙ¦� 55 �1�Ñ�¹7�¥��«ôÚ, 7k�

«ôÚ¤3�1�Øõu [55
2
] = 27, �TÚ©Ù3 s1 t�, s+ t = 27, KTÚ

�fêØõu st ≤ (s+t)2

4
< 183, gñ.

(2) � p + q = 12�, �üÚ�1�k 54 �, ���) 54 ^©�>. XJ

S ≤ 55, K¹k 2 ^©�>�1��õ��, u´�õk��1�¹k 3 «ô

Ú, Ù{ 66− 12− 1 = 53�1�Ñ�õk 2 «ôÚ.

�K¤k�ùÚ�, KÙ¦� 53 �1�Ñ�¹7�¥��«ôÚ, 7k

�«ôÚ¤3�1�Øõu [53
2
] = 26, �TÚ3ù
1�¥©Ù3 s1 t�,

s+ t = 26, Kù
1�¥TÚ�fêØõu st ≤ (s+t)2

4
= 169. ëÓ¹k 3 «ô

Ú�@�1��õ¹k 31 �TÚ�, ¤±TÚ�Øõu 169 + 31 = 200, gñ.

=###���>Xã 2, òÚ�©�� 3 ¬, z�¬©O/ù!7!�Ú. d�©

�>�^ê S = 33 + 11 + 1 + 11 = 56. ey S ≥ 56.

XJüÚ�1��Øõu 10, K¹k©�>�1��Ø�u 66− 10 = 56,

¤± S ≥ 56.

e�üÚ�1��õu 10, �k p�üÚ1, q�üÚ�, p+ q ≥ 11.

XJù7�nÚ�üÚ1Ñ�3, Kz�Ñk 2 ^©�>, S ≥ 66, (Ø¤

á.

XJ�3ù7Ú�üÚ1Ñ�3, KÃ�Ú1. d� p < 33, ÄKÃ�Ú�.

d	, w,ÃüÚ�, u´ q = 0, 11 ≤ p < 33.

Ï��k p�üÚ1, Ù¦1�����^©�>, �� 66− p^©�>.

duz��õ¹k 33− p���, ¤±¹k����Ø�u 11×33
(33−p) , ù��

�ÑO\�^©�>. ¤±

S ≥ (66− p) +
11× 33

(33− p)
= 33 + (33− p) +

11× 33

(33− p)

≥ 33 + 2

√
(33− p) · 11× 33

33− p
≥ 33 + 2

√
225 = 65,

3 êÆ#(�



(Ø¤á.

e�¤küÚ1ÑÓÚ, ¤küÚ�ÑÓÚ, d� p, q ≤ 11.

XJ pq = 0, Ø�� q = 0, K p ≥ 11. q p ≤ 11, ¤± p = 11.

�üÚ1Ñ�ùÚ�3c 11 1 (ÄKN��
1, ©�>ØO\), K�e

� 11× 33Ý/�¹k7� 2 Ú.

d�, z��ÑdùÚ©.�)
�^©�>, ØU2kÙ¦�©�>, ¤

±�e�z1��^©�>��, �üýÑ´üÚ�, l
z1���²þ©

�üÜ©, � 33 ´Ûêgñ.

XJ pq 6= 0, d�, üÚ1�üÚ�kú��, u´¤küÚ�1�ÑÓÚ,

Ø��´ùÚ. KùÚ�Ø�u

33(p+ q)− pq ≥ 33(p+ q)− (p+ q)2

4
.

Ï� f(x) = 33x − x2

4
3 [11, 66]þ´O¼ê, XJ p + q ≥ 13, KùÚ�Ø

�u f(13) ≥ 429− 43 = 386 > 11× 33, gñ. ¤± p+ q ≤ 12.

(1) � p + q = 11�, �üÚ�1�k 55 �, ���) 55 ^©�>. ��

S ≤ 55, Kvk¹ 2 ^©�>�1��, u´Ù{ 66− 11 = 55�1�Ñ�õk

2 «ôÚ.

�K¤k�ùÚ�, KÙ¦� 55 �1�Ñ�¹7�¥��«ôÚ, 7k�

«ôÚ¤3�1�Øõu [55
2
] = 27. �TÚ©Ù3 s1 t�, s+ t = 27, KTÚ

�fêØõu st ≤ (s+t)2

4
< 183, gñ.

(2) � p + q = 12�, �üÚ�1�k 54 �, ���) 54 ^©�>. ��

S ≤ 55, K¹k 2 ^©�>�1��õ��, u´�õk��1�¹k 3 «ô

Ú, Ù{ 66− 12− 1 = 53�1�Ñ�õk 2 «ôÚ.

�K¤k�ùÚ�, KÙ¦� 53 �1�Ñ�¹7�¥��«ôÚ, 7k

�«ôÚ¤3�1�Øõu [53
2
] = 26, �TÚ3ù
1�¥©Ù3 s1 t�,

s+ t = 26, Kù
1�¥TÚ�fêØõu st ≤ (s+t)2

4
= 169. ëÓ¹k 3 «ô

Ú�@�1��õ¹k 31 �TÚ�, ¤±TÚ�Øõu 169 + 31 = 200, gñ.

nþ¤ã, ©�>^ê����� 56. �

1 4 K. � m, nþ´�u 1 ��ê, m ≥ n, a1, a2, · · · , an ´ n�Ø�L

m�pØ�Ó��ê, � (a1, a2, · · · , an) = 1. Áy: é?¿¢ê x, þ�3 ai

(1 ≤ i ≤ n), ¦� ‖aix‖ ≥ 2‖x‖
m(m+1)

, ùp ‖y‖L«¢ê y��§�C��ê�å

l.
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=KKKaaa>l8Iw, áu/3õ�ê a1, a2, · · · , an¥é��ê ai, ¦ ‖aix‖

äkK�5�0�¯K, ùÏ~�^�Ng�: �Ä¤k� ‖aix‖ (1 ≤ i ≤ n),

,��E�N¼êW = f(‖a1x‖, · · · , ‖anx‖), ÏLïÄW �5�é��A�

‖aix‖.

XÛ�E�N¼êW (~��´Ú½È)? ù�,�|^K�^�, Ù¥�

Ì��^�´ (a1, a2, · · · , an) = 1, §��N¼ê���'.

dd���Þ½n: p1a1 + p2a2 + · · · + pnan = 1. ¤±ÀJ�N¼ê�

/Ú0�/ª, ù�I3þª¥n� ‖aix‖.

=(((���ééé���>Ï� (a1, a2, · · · , an) = 1,d�Þ½n,�3~ê p1, p2, · · · , pn,

¦
n∑

i=1

piai = 1.

=���EEE���ÓÓÓ>u´, é?¿¢ê x, k
n∑

i=1

piaix = x, ¤±

‖
n∑

i=1

piaix‖ = ‖x‖. (∗)

=¤¤¤OOO888III>·��y²:

‖x‖ ≤ [m(m+ 1)‖aix‖]
2

. (∗∗)

�
�E ‖aix‖, �� (∗)ª�à�ålÎÒ�\¦Ú$��z��¥, ù

Ò�ïÄé u, v ∈ R, ‖u+ v‖� ‖u‖!‖v‖�'X. ØJuyXe�

ÚÚÚnnn 1. é u, v ∈ R, ‖u+ v‖ ≤ ‖u‖+ ‖v‖.

y² Ï�é?Û�ê k9¢ê x, k ‖x + k‖ = ‖x‖, ¤±Ø�� −1
2
≤ u,

v ≤ 1
2
.

qd½Â ‖ − x‖ = ‖x‖, ¤±Ø�� 0 ≤ u, v ≤ 1
2
, d�� u!v�C��ê

Ñ´ 0, ¤± ‖u‖ = u, ‖v‖ = v.

=¿¿¿©©© ^̂̂���©©©aaa>XJ 0 ≤ u + v ≤ 1
2
, Kò u + v w���ê, k

‖u+ v‖ = |u+ v| = u+ v = ‖u‖+ ‖v‖, (Ø¤á.

=)))ûûû¢¢¢333>XJ u + v > 1
2
, d½Â (ò u + vw���ê), ‖u + v‖ ≤ 1

2
,

¤± ‖u+ v‖ ≤ 1
2
< u+ v = ‖u‖+ ‖v‖, (Ø¤á, Ún 1 ¼y.

dÚn 1 ��, ‖
n∑

i=1

ui‖ ≤
n∑

i=1

‖ui‖.

2(Ü ‖ − x‖ = ‖x‖, é?Û k ∈ Z, x ∈ R, k ‖kx‖ ≤ |x| · ‖x‖.

u´, d (∗)ª, k

‖x‖ = ‖
n∑

i=1

piaix‖ ≤
n∑

i=1

‖piaix‖ ≤
n∑

i=1

|pi| · ‖aix‖.
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5¿8Iª¹kXê m, ¤O8I, Ï" |pi| ≤ m, dd���Þ½n�(

J�±`z: �½ |pi| ≤ a = max {ai, a2, · · · , an} ≤ m (1 ≤ i ≤ n).

ÚÚÚnnn 2. XJ (a1, a2, · · · , an) = 1,K�3~ê p1, p2, · · · , pn,¦
n∑

i=1

piai = 1,

� |pi| ≤ a = max {a1, a2, · · · , an}.

y² Ï� (a1, a2, · · · , an) = 1, d�Þ½n, �3~ê p1, p2, · · · , pn, ¦
n∑

i=1

piai = 1.

=ÅÅÅÚÚÚNNN���>XJ�3 pi (1 ≤ i ≤ n), ¦� |pi| > a, Ø�� |p1| > a, �

p1 > 0.

�
n∑

i=1

piai = 1, ¤±7�3 pj (1 ≤ j ≤ n), ¦� pj < 0, Ø�� p2 < 0.

3�ª¥V\ (−a1a2 + a1a2), k

1 = p1a1 + (−a1a2 + a1a2) + p2a2 +
n∑

i=3

piai

= (p1 − a2)a1 + (p2 + a1)a2 +
n∑

i=3

piai =
n∑

i=1

p′iai,

Ù¥ p′1 = p1 − a2, p
′
2 = p2 + a1, p

′
i = pi (3 ≤ i ≤ n).

²L�gN�, p1 ��~� 1, �õ~� a, ¤±N�� p1 E�u 0, � p2

O\�ê a1, Ùýé��u a�N��ØO\, Ø�u a�N��EØ�u a.

u´, eZgN��7½¦ p1�ýé�Ø�u a, Ù¦Xê�ýé��u a

�N��Ø�, Ø�u a�N��EØ�u a.

Xde�, �¦¤kXê�ýé�Ø�u a, Ún 2 ¼y.

|^Ún 2, dc¡�(J, �

‖x‖ ≤
n∑

i=1

|pi| · ‖aix‖ ≤
n∑

i=1

a · ‖aix‖ ≤ m
n∑

i=1

‖aix‖.

u´, �½�3 ai (1 ≤ i ≤ n), ¦� ‖aix‖ ≥ ‖x‖
mn

.

=¿¿¿©©©^̂̂���©©©aaa>XJ n ≤ (m+1)
2

, K ‖aix‖ ≥ ‖x‖
mn
≥ 2‖x‖

[m(m+1)]
, (Ø¤á.

=)))ûûû¢¢¢333>XJ n > (m+1)
2

, d� a1, a2, · · · , anäkN��5�?

5¿d�êéõ, �Ñ3«m [1,m]¥, ê��êõu«m�Ý���, ò

ÑyN��y�?

d� a1, a2, · · · , an ¥7½k 2 ���g,ê, �� a2 − a1 = 1, d��I

�Ä�����N¼ê ‖a1x‖+ ‖a2x‖=�!

¢Sþ, dÚn 1, k ‖a1x‖+ ‖a2x‖ ≥ ‖a2x− a1x‖ = ‖x‖.

Ø�� ‖a1x‖ ≥ ‖a2x‖, K ‖a1x‖ ≥ ‖x‖
2
≥ 2‖x‖

m(m+1)
, (Ø¤á.

=###���>ky²Xeü�Ún.
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ÚÚÚnnn 1. é u!v ∈ R, ‖u+ v‖ ≤ ‖u‖+ ‖v‖. (y²Óþ, Ñ)

dÚn 1 ��, ‖
n∑

i=1

ui‖ ≤
n∑

i=1

‖ui‖.

2(Ü ‖ − x‖ = ‖x‖, é?Û k ∈ Z, x ∈ R, k ‖kx‖ ≤ |k| · ‖x‖.

ÚÚÚnnn 2. XJ (a1, a2, · · · , an) = 1,K�3~ê p1, p2, · · · , pn,¦
n∑

i=1

piai = 1,

� |pi| ≤ a = max {a1, a2, · · · , an}. (y²Óþ, Ñ)

£££������KKK. XJ n > (m+1)
2

, � a1, a2, · · · , an ∈ [1,m]¥, 7½k 2 ���g

,ê, �� a2 − a1 = 1. dÚn 1, k ‖a1x‖+ ‖a2x‖ ≥ ‖a2x− a1x‖ = ‖x‖,

Ø�� ‖a1x‖ ≥ ‖a2x‖, K ‖a1x‖ ≥ ‖x‖
2
≥ 2‖x‖

m(m+1)
, (Ø¤á.

XJ n ≤ (m+1)
2

, Ï� (a1, a2, · · · , an) = 1, �3~ê p1, p2, · · · , pn, ¦
n∑

i=1

piai = 1, � |pi| ≤ a = max {a1, a2, · · · , an}.

u´, é?¿¢ê x, k
n∑

i=1

piaix = x, ¤±(ÜÚn 1, k

‖x‖ ≤
n∑

i=1

|pi| · ‖aix‖ ≤
n∑

i=1

a · ‖aix‖ ≤ m
n∑

i=1

‖aix‖.

Ïd�½�3 ai (1 ≤ i ≤ n), ¦� ‖aix‖ ≥ ‖x‖
mn
≥ 2‖x‖

m(m+1)
, (Ø¤á. �
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