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3,
���ê)�'�¯K¥, ¬�3Ã¡õ|)��¹, ù��ÿ, X

J�Ä¤k), é)û¢S¯Kvk����Ï. du´��ê), ¤±�½k

�|���). d�, ù|���)  ¤�)K�|A.

�©ò�ÑA�~K, þ´'�J�K8. �´|^��), °[/?n�

e, ^Ð¥��£ÒU)û.

~ 1. (Pell���§§§)®� d´���²�ê���ê,��§ x2−dy2 = 1k�

|��ê| (x0, y0)¦� x0 +
√
dy0��. y²: x2− dy2 = 1�?¿�|��ê

) (x, y),þ�3��ê n,¦� x+
√
dy = (x0+

√
dy0)

n, x−
√
dy = (x0−

√
dy0)

n.

y² éu x2 − dy2 = 1�?¿�|��ê) (x, y), �3��ê n, ¦�

(x0 +
√
dy0)

n ≤ x +
√
dy < (x0 +

√
dy0)

n+1.

-

x′ +
√
dy′ = (x +

√
dy)/(x0 +

√
dy0)

n = (x +
√
dy)(x0 −

√
dy0)

n,

x′ −
√
dy′ = (x−

√
dy)/(x0 −

√
dy0)

n = (x−
√
dy)(x0 +

√
dy0)

n,

�

x′ =
(x +

√
dy)(x0 −

√
dy0)

n + (x−
√
dy)(x0 +

√
dy0)

n

2
,

y′ =
(x +

√
dy)(x0 −

√
dy0)

n − (x−
√
dy)(x0 +

√
dy0)

n

2
√
d

.

´� x′2 − dy′2 = 1, � x′´��ê, y′��ê,

1 ≤ x′ +
√
dy′ < x0 +

√
dy0.

¤±�� x′ −
√
dy′ ≤ 1, ¤± y′ ≥ 0. d x0 +

√
dy0 ���5� y′ ØU�u 0.
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¤± y′ = 0, x′ = 1.

= x +
√
dy = (x0 +

√
dy0)

n, x−
√
dy = (x0 −

√
dy0)

n. y.. �

~ 2. (111 29 333 IMO ÁÁÁKKK)®� x, y, x2+y2

xy+1
þ���ê. y²: x2+y2

xy+1
�½

´��²�ê.

y² � x2+y2

xy+1
= n´��ê. l'u x, y��§

x2 + y2 − nxy − n = 0,

k��ê) (x, y), � (x0, y0)´¤kÎÜ^�� (x, y)¥÷v x0 + y0���),

Ø���5, � x0 ≤ y0. ·��e5y² n = x2
0.

¯¢þ, 'u y��§

y2 − nx0y + x2
0 − n = 0, (∗)

k� y = y0, d��½n,�� y′ = nx0 − y0�´�ê, ¿�

y′ =
x2
0 − n

y0
<

x2
0

y0
≤ y0,

d x0 + y0���5� y′�½Ø´��ê, ¤± y′ ≤ 0, l x2
0 − n ≤ 0.

5¿� (∗)��Oª

4 = (nx0)
2 − 4(x2

0 − n) = m2,

m´�K�ê, Ï�

(nx0 + 2)2 −m2 = 4(1 + nx0 + x2
0 − n) > 0,

¤±

(nx0)
2 ≤ m2 < (nx0 + 2)2, nx0 ≤ m < nx0 + 2.

w,m� nx0ÓÛó, ¤±m = nx0, u´ n = x2
0. y.. �

5 |^Ó��?n�ª, Öö�±}Á)ûeãK8:

(1).¦¤k���ê n, ¦��3��ê x, y, ÷v x2+y2

xy−1 = n;

�Y� n = 5.

(2).¦¤k���ê n, ¦��3��ê x, y, ÷v x2+y2

xy−2 = n;

�Y� n = 4Ú 10.

(3).��/: ¦¤k���ê n, ¦��3��ê x, y. ÷v x2+y2

xy+k
= n, Ù

¥ k��½��ê.

~ 3. ¦¤k��ê n, ¦��3��ê x, y, z÷v (x+y+z)2

xyz
= n.
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) nU
����� 1,2,3,4,5,6,8,9.

Äk, 5¿�bX (x+y+z)2

xyz
= n, ©O^ kx, ky, kz (k´��ê)�� x, y, z.

K (kx+ky+kz)
k3xyz

= n
k
, dª`², XJ n�±��, K n�¤kÏf�U��.

(x, y, z) = (1, 1, 1)�, n = 9, `² n�±�� 1,3,9;

(x, y, z) = (1, 2, 3)�, n = 6;

(x, y, z) = (1, 4, 5)�, n = 5;

(x, y, z) = (1, 1, 2)�, n = 8; n��±�� 2,4. ¤± n�½U
����

k 1,2,3,4,5,6,8,9.

Ùg, ·�5y² n = 7½ö n ≥ 10�, Ø�3 x, y, z÷v (x+y+z)2

xyz
= n.

b��3 x, y, zÎÜ. �½ n, K'u x, y, z��§

(x + y + z)2 = nxyz,

�½k��ê) (x, y, z). b� (x0, y0, z0)´÷v x0 + y0 + z0����|, Ø�

� x0 ≤ y0 ≤ z0. �e5y² z0 ≤ x0 + y0.

¯¢þ, �Ä'u z��§ (x0 + y0 + z)2 = nx0y0z, =

z2 + (2(x0 + y0)− nx0y0) + (x0 + y0)
2, (∗)

�½k� z = z0, d��½n, ,�� z′ = nx0y0 − 2(x0 + y0)w,´�ê, �

z′ = (x0+y0)2

z0
´��ê.

l (x0, y0, z
′)�´ÎÜ (x+y+z)2 = nxyz��|��ê),d x0+y0+z0

���5, � z′ = (x0+y0)2

z0
≥ z0, ¤± z0 ≤ x0 + y0. u´

7 ≤ n =
(x0 + y0 + z0)

2

x0y0z0

=
1

x0y0

�
(x0 + y0)

2

z0
+ 2(x0 + y0) + z0

�

≤ 1

x0y0
(2(x0 + y0) + 2(x0 + y0) + (x0 + y0))

≤ 10

x0

.



x0 ≤ y0 ≤ z0 ≤ x0 + y0,

¤± x0 = 1, z0 ≤ 1 + y0, z0 = y0½ö 1 + y0.

� z0 = y0�, n = (1+2y0)2

y20
= ( 1

y0
+ 2)2´��ê, ¤± y0 = 1, d� n = 9.

� z0 = y0 + 1�, n = 4(1+y0)
y0

= 4 + 4
y0

, y0 = 1, 2, 4, n = 5, 6, 8, �Ø�u 7.

nþ: n = 1, 2, 3, 4, 5, 6, 8, 9. �
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~ 4. n ´�½�u 1 ���ê, ¦�����ê k, ¦��3��ê

x1, · · · , xn, ÷v x2
1 + · · ·+ x2

n = kx1 · · ·xn.

) k����� n.

w, x1, · · · , xnþ� 1 �, k = n.

� n = 2 �, � (x1, x2) = d, x1 = ad, x2 = bd, (a, b) = 1, ?��

a = b = 1. ¤± k = 2.

�e5y² k > n > 2�, x2
1 + · · ·+ x2

n = kx1 · · · xnÃ��ê).

¯¢þ, �½ k, bX x2
1 + · · ·+ x2

n = kx1 · · ·xnk��ê) (x1, · · · , xn), @

o3¤k�)¥, �½k�| (y1, · · · , yn), ¦� y1 + · · ·+ yn��.

Ø�� y1 ≥ · · · ≥ yn. �Ä'u y��§

y2 − kyy2 · · · yn + y22 + · · ·+ y2n = 0,

�½k) y = y1. d��½n,	��� y′÷v

y′ = ky2 · · · yn − y1, y′ =
y22 + · · ·+ y2n

y1
> 0.

¤± y′�´��ê, du y1 + · · ·+ yn���5, �

y′ =
y22 + · · ·+ y2n

y1
≥ y1,

u´

y21 ≤ y22 + · · ·+ y2n ≤ (n− 1)y22,

l

ny1y2 · · · yn < ky1y2 · · · yn = y21 + y22 + · · ·+ y2n ≤ 2(n− 1)y22 < 2ny22.

Ï� n > 2, K y3 · · · yn < 2, `² y3 = · · · = yn = 1, l

y2 − kyy2 + y22 + n− 2 = 0.

� y = y2�, k k = 2 + n−2
y2
≤ n, � k > ngñ.

� y 6= y2�, Ï� y1 ≥ y2, ¤± y1 > y2, ?

(y2 + 1)2 ≤ y21 ≤ y22 + n− 2.

¤± n ≥ 2y2 + 3. �§ y2 − kyy2 + y22 + n − 2 = 0��Oª� (ky2)
2 −

4(y22 + n− 2) = m2´��²�ê, �m < ky2, �m� ky2ÓÛó, ¤±

(ky2)
2 − 4(y22 + n− 2) = m2 ≤ (ky2 − 2)2.

l ny2 < ky2 ≤ y22 +n−1,Ïd n(y2−1) < (y2−1)(y2 +1),?k n < y2 +1,

� y2 6= 1, � n ≥ 2y2 + 3gñ.
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nþ, k����� n. �

5 Öö�±}Á)ûe¡¯K: ®� k´�½�u 3 ���ê, ¦���

n (n > k), ¦��3��ê x1, · · · , xn, ÷v x2
1 + · · ·+ x2

n = kx1 · · ·xn.

~ 5. (111 48333 IMOÁÁÁKKK)m,n´��ê,y²: XJ 4mn−1 | (4m2−1)2,

Km = n.

y² Ï� 4mn − 1 | (4m2 − 1)2, ¤± 4mn − 1 | (16(mn)2 − 4m2)2. u´

4mn− 1 | (4n2 − 1)2.

¤± (4mn−1)2 | (4n2−1)2(4m2−1)2,l 4mn−1 | (4n2−1)(4m2−1). =

4mn−1 | (4nm−1)2−4(m−n)2, 4mn−1 | 4(m−n)2,¤± 4mn−1 | (m−n)2.

� (m − n)2 = k(4mn − 1), � k = 0�, (Ø®²¤á. �e5y² k > 0

�Ø�U. ^�y{.

éu�½���ê k,bX�3��ê| (m,n),¦� (m−n)2 = k(4mn−1).

� (m0, n0)´Ù¥÷vm0 + n0����|. Ø��m0 < n0.

u´�Ä'u n��§ (m0 − n)2 = k(4m0n− 1), =

n2 − (4k + 2)m0n + m2
0 + k = 0,

k����ê� n = n0, ,��� n′ = (4k + 2)m0 − n0´�ê, n′ =
m2

0+k

n0
> 0,

¤± (m0, n
′)�´ÎÜ��|��ê�. d m0 + n0��� n′ =

m2
0+k

n0
≥ n0, ¤

± k ≥ n2
0 −m2

0 ≥ 2m0 + 1, �§ n2 − (4k + 2)m0n + m2
0 + k = 0��Oª

∆ = 4(2k + 1)2m2
0 − 4(m2

0 + k),

´��²�,¤± (2k+ 1)2m2
0− (m2

0 + k)´��²�,��u (2k+ 1)2m2
0, ¤±

(2k + 1)2m2
0 − (m2

0 + k) ≤ ((2k + 1)m0 − 1)2,

l��

(m0 − 1)2 ≥ k(4m0 − 1) ≥ (4m0 − 1)(2m0 + 1).

�n�� 7m2
0 + 4m0 − 2 ≤ 0, ù�m0´��êgñ.

¤±b�Ø¤á, = k�U´ 0, lm = n. �
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