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1�K. � (P1, P2), (Q1, Q2), (R1, R2), (S1, S2) �4ABC �oé���Ý

:, ÷vk��ã P1P2, Q1Q2, R1R2, S1S2 ²1���. y²: P1 ´ 4Q1R1S1

�R%.

(�� Telv CohløK)

y{� (�âøKö�)��n):

Äky²e¡�Ún:

ÚÚÚnnn � (P, P ∗), (Q,Q∗)´ 4ABC ����Ý:. � PQ� P ∗Q∗ �u

U , PQ∗� P ∗Q�u V , K (U, V )�4ABC ����Ý:.

Úny² ¯¢þ, ÏL ∠BAP = ∠CAP ∗±9 ∠BAQ = ∠CAQ∗±9Ä

��n�O�Ò�±y² ∠BAU = ∠CAV , ùp·�Ñ�[!.

£��K. -MP ,MQ,MR,MS ©O� P1P2, Q1Q2, R1R2, S1S2 �¥:. d

^� P1Q1 � P2Q2 ²1���, Ïd P1Q1 � P2Q2 ��:�Ã¡�:, 
d

Ún�� P1Q2 � P2Q1 ��:73 ABC �	��þ, = MPMQ �¥:3

4ABC �	��þ. Ó�/éMQMR���¥:Ñ¤á.

¤± 4ABC �	��´ {MP ,MQ,MR,MS}¥?¿n:/¤�n�/�

Ê:�,íÑMP �4MQMRMS�R%. 5¿�MPMQMRMS� P1Q1R1S1�

�=�(Ø. �

y{� (�âÉgn¥i�ÓÆ�)��n):

±n�/ ABC �	%��:, 	���»�ü �ÝïáE²¡, ¿±�

:i1L«Ù¤éA�Eê. d P1, P2����Ý:�
(P1−A)(P2−A)
(B−A)(C−A)

�¢ê, =

(P1 − A)(P2 − A)

(B − A)(C − A)
=

(P̄1 − Ā)(P̄2 − Ā)

(B̄ − Ā)(C̄ − Ā)
.

|^ Ā = 1
A
��z{, ��

(P1 − A)(P2 − A) = BC(AP̄1 − 1)(AP̄2 − 1).
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aq/, ·�k

(P1 −B)(P2 −B) = AC(BP̄1 − 1)(BP̄2 − 1).

�~,��� A−B, ��

A+B + C − (P1 + P2) = ABC · P̄1P̄2.

d^�, �� P2 − P1 = Q2 − Q1 = R2 − R1 = S2 − S1 = z. ^ P1 + z �O P2,

��

(A+B + C)− (2P1 + z) = ABC · (P̄1
2

+ P̄1 · z̄). (1)

Ónk

(A+B + C)− (2Q1 + z) = ABC · (Q̄1
2

+ Q̄1 · z̄).

�~¿�n, ��

P1 −Q1

P̄1 − Q̄1

= −1

2
ABC · (P̄1 + Q̄1 + z̄).

Ónk
R1 − S1

R̄1 − S̄1

= −1

2
ABC · (R̄1 + S̄1 + z̄).

XJ·�Uy² P1 +Q1 +R1 + S1 + 2z = 0, Kþ¡üª�\��

P1 −Q1

P̄1 − Q̄1

= −R1 − S1

R̄1 − S̄1

.

u´ P1−Q1

R1−S1
= − P̄1−Q̄1

R̄1−S̄1
, íÑ P1−Q1

R1−S1
´XJê. ù�Òy²
 P1Q1 ⊥ R1S1.

e¡·�y² P1 + Q1 + R1 + S1 + 2z = 0. é (1) ü>��Ý, ¿|^

Ā = 1
A
��, ��

(AB +BC + CA)− ABC(2P̄1 + z̄) = P 2
1 + P1z.

ò P̄1^ P1L«, ¿�£ (1), ��'u P1��§

P 4
1 + 2zP 3

1 + · · · = 0.

ù´'u P1 �og�§, Ù¤kXêÑ´ A,B,C, z �¼ê. duù��§é

P1, Q1, R1, S1Ñ¤á, ·�^��½n=�¤¦(Ø. �

µ5 uH��N¥��>! è�ÓÆ��Ñ
�K��()�.

1�K. � B �XeEê8Ü: B = {z = x + yi : |x|, |y| ≤ 1}. ®�
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z1 ∼ z6 ∈ B ÷v
6P

j=1
zj = 0. ¯��kõ��n�| (j, k, l), 1 ≤ j < k < l ≤ 6,

¦� zj + zk + zl ∈ B?

(þ°�Æ ekt, �®�ÆÆ) ÇÀ¡ øK)

) (�âÉ²�¥4Ó�ÓÆ�)��n):

�Y´ 6.

Äk�Ä����/. ·�òy²e x1 + · · · + x6 = 0� −1 ≤ xj ≤ 1,

K��k 12�n�| (j, k, l)¦� xj + xk + xl ∈ [−1, 1]. ,	, �ù����

���, �±ò x1 ∼ x6 ©�ü| A� B, ¦� xj + xk + xl ∈ [−1, 1]éz�

j ∈ A, k, l ∈ B¤á.

�dØ��8�ê¥��n��K. ©n«�¹?Ø:

e��kÊ��K, K¤k 20�n�|Ñ÷v�¦.

eTko��K, b� x1 ≤ x2 < 0. é?¿� k, l ∈ {3, 4, 5, 6}, k

−1 ≤ x1+xk+xl ≤
x1 + x2

2
+xk+xl =

−x3 − x4 − x5 − x6

2
+xk+xl ≤

xk + xl
2

≤ 1.

u´ {1, k, l} ÷v^�, 
§�Ö8�÷v^�. ù� A = {1, 2}, B =

{3, 4, 5, 6}Ò´c¡J��÷v^��©|.

��b�Tkn��K. Ø�� x1 ≤ x2 ≤ x3 < 0 ≤ x4 ≤ x5 ≤ x6, ��

|x3| ≤ |x4|. � j ∈ {1, 2}, k, l ∈ {4, 5, 6}, K

−1 ≤ xj + xk + xl ≤ x2 + x5 + x6 = −(x3 + x4 + x1) ≤ 1.

ù� A = {1, 2}, B = {3, 4, 5, 6}�´÷v^��©|. ���¯KÒd)û.

£��K. é zi�¢Ü�JÜ©OA^þã(Ø, ����k 12�n�|

(j, k, l)¦� Re(zj + zk + zl) ∈ [−1, 1], ,k 12�n�|¦� Im(zj + zk + zl) ∈

[−1, 1]. du���k 20�n�|, ��k 12 + 12− 20 = 4�n�|Ó�÷v

¢Ü�JÜ�^�.

b�Tko�ù��n�|, Kþ¡¤`�����^�¤á. Ø

�� Re(zj + zk + zl) ∈ [−1, 1] ��=� j ∈ {1, 2}, k, l ∈ {3, 4, 5, 6}, 


Im(zj + zk + zl) ∈ [−1, 1] ��=� j ∈ {s, t}, k, l ∈ {1, 2, 3, 4, 5, 6}\{s, t}.

XJ {s, t} = {1, 2}, ÷vü�^��n�|¢Sþk 12 �, gñ! XJ

|{s, t} ∩ {1, 2}| = 1, Ø�� s = 1, t = 3. d�÷vü�^��n�|

� {1, 4, 5}, {1, 4, 6}, {1, 5, 6}, {2, 3, 4}, {2, 3, 5}, {2, 3, 6}, �� 6�, gñ! XJ

{s, t} ∩ {1, 2} = ∅, K÷vü�^��n�|�k 8�, E,gñ!
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nþ¤ã, Ø�U�ko�n�|¦� zj + zk + zl ∈ B.

duù��n�|�ê�óê, §���k 6�. 6ù�����±��,

~X z1 = −1− i, z2 = −1 + 1
2
i, z3 = 1

2
− i, z4 = z5 = z6 = 1

2
+ 1

2
i. d�÷vü�

^��n�|Tk {1, 4, 5}, {1, 4, 6}, {1, 5, 6}, {2, 3, 4}, {2, 3, 5}, {2, 3, 6}. �

µ5 ¤Ñ�¿¥Æ©�#ÓÆ±9Ü���N¥ÜôhÓÆ��Ñ
�

K��()�.

1nK. � f(x) �½Â3�ê8þ�knXêõ�ª. e f gê� 0 ½ 1,

K¡ f(x) ���¼ê�{ü¼ê; ÄK¡ f(x) ���¼ê�E,¼ê (½Â�

E��ê8). y²: ^{ü¼êÏLoK$�UL«Ñz��E,¼ê.

(är¥ÆÆ)Ù9z øK)

y² (�âM²�¥�Æ©ÓÆ�)��n):

���êM ¦�Mf(x)��Xêõ�ª. é r ∈ {0, 1, . . . ,M − 1}, ·�

ÏL��ªÐm�±wÑ f(Mx + r)− f(r)´'u x��Xêõ�ª. ¤±�

3�Xêõ�ª gr(x), ¦�

bf(Mx+ r)c = gr(x), 0 ≤ r ≤M − 1.

�Ò´`, éu y ≡ r (mod M),

f(y) = gr(b
y

M
c).

5¿� hr(y) = by−r
M
c − by−r−1

M
c �� 0 Ú 1, 
§�u 1 ��=� y ≡ r

(mod M). ¤±é¤k�ê y,

f(y) =
M−1X

r=0

hr(y) · gr(b
y

M
c).

ù� f Òd{ü¼êÏLoK$�L«Ñ5
. �

µ5 uH��N¥ è�ÓÆ��Ñ
�K��()�.

1oK. n ��m¥�õkõ����Ø�u 1 ��þ, §�üü�SÈ

� 0 ½ 1?

(APMO 2017U?¯K)

) (�âøKö�)��n):
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�Y´ n2+n
2

. �EØJ, �I�Tk��½ü�©þ� 1, Ù{©þþ�

0��þ, ´�§�üü�SÈ� 0½ 1.

�,±þ�EÚ APMO ��K´�~aq�, y²���%Ã{^�K�

8B{. ùp�Ì�J:3u¿vk��þ�^�, ¦8BLÞéJ�¤. d�

·�I�g�XÛUò^��Z/L«Ñ5, 
e¡^��õ�ª�{Ò´�

«4�°(�L«.

- S L«÷v^���þ8Ü. éz� v ∈ S, ½Â Rnþ�¼ê fv:

fv(x) = (v · x)2 − (v · x).

@od^�, é?¿� w 6= v, w ∈ S, k fv(w) = 0. ùa^���^�5�'?

n, äN5`, z�¼ê fv(x)Ñ´'u x1, . . . , xnù n�©þ�õ�ª, 
·�

òy²ù
õ�ª�5Ø�'. b�Ø,, K�3 S ���f8 T ±9�"¢

ê {λ(v) : v ∈ T}, ÷v
X

v∈T
λ(v)× fv(x) ≡ 0. (2)

�\ x = w ∈ T ,K fw(w) = 0,�Ñw ·w = 0½ 1. u´�U´ |w| = 1, ∀w ∈ T .

d�ÜØ�ª, é?¿� v, w ∈ T , ·��½k v · w ≤ |v| × |w| = 1, �3

v 6= w��ÒÃ{¤á. ù�Òy²
 T ¥üü�þR�. ,
 (2) ´õ�ª�

ð�ª, ¤±��Ä�g��,��. �Ò´`,
P

v∈T λ(v) × (v · x) ≡ 0, �\

x = w�� λ(w)× (w · w) = 0, ��gñ!

d�5Ø�', ·��� |S|�õ´¤k n�Ã~ê���gõ�ª��

m�ê, �Ò´ n2+3n
2

. ùÚ·��8I n2+n
2
®²é�C
. �
Öþ¤�� n,

·�ò?�Úy²õ�ª {fv(x) : v ∈ S}±9 x1, . . . , xn ù n�õ�ª�5Ø

�'. �db��3¢ê {λ(v) : v ∈ S}±9�þ C ∈ Rn, ¦�

X

v∈S
λ(v)× fv(x) ≡ C · x. (3)

·�òy² C = 0, Q
dc¡¤y��¤k λ(v) = 0.

3 (3) ¥�\ x = w, ��

λ(w)× (|w|4 − |w|2) = C · w, ∀w ∈ S. (4)

,	ò (3)w�õ�ªð�ª,'��g�Xê,��
P

v∈S λ(v)×(−v·x) ≡ C ·x.

¤±

C = −
X

v∈S
λ(v)× v. (5)
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d (4) ±9b� |w| ≥ 1, C · (λ(w)× w) = λ(w)2(|w|4 − |w|2) ≥ 0. u´d (5),

−C · C =
X

w∈S
C · (λ(w)× w) ≥ 0.

ù�Òy²
 C = 0, 2dc¡�©ÛÒy²
 |S| ≤ n2+n
2

. �

µ5 (1).^��aq��{�±y² n��m¥�õk (n+1)(n+2)
2

�:,

üü�ål��ü��. ,��¡, �±�E n(n+1)
2
�:÷v^�. ùp�(�

��´���)û¯K.

(2).ù�'uSÈ�¯K��m¥�����¯K�k;��éX. ñf

>Æ�3ù�¡k�#�ïÄ¤J, k,��ÓÆ�±�Ö¦�©Ù.
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