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1�3IS�Ñ½¿m (IOM) u 2016c 9� 4F� 9F3#d�Þ1.

IOM 'm´d�ÛdM��ISm¯, dg'm��
 22�IS�¶�Ñ½

ë\, Ù¥¥I=�®ëm. 'm�©o�Æ�: êÆ!Ôn!zÆ!O�Å.

Ù¥êÆ'mæ^IO IMO m�, ©üU, zUo����n�K, zK 7©.

�©0�1�3 IOM 'm�êÆÁK�)�.

I. ÁÁÁ KKK

1. ¦¤k���ê n, ¦��3 n�ëY���ê,ÙÚ���²�ê.

2. � a1, a2, · · · , an´÷vXeØ�ª���ê:
nX
i=1

1

ai
≤ 1

2
.

zc, ,Å��uÙ n ��I�cÝ�w. 1 i (i = 1, · · · , n) ��I38Ü

{1, 2, · · · , ai}¥��.·�¡��cÝ�w´/W*�0,e��k n − 1��

I'c�c�p.y²: TÅ��±��ëYuÙW*�cÝ�w.

3. �A1A2 · · ·An´S�u��O�à n>/,:O´A1A2 · · ·An�S:;

-B1, B2, . . . , Bn©O´>A1A2, A2A3, · · · , AnA1þ�: (þØ�º:Ü),y

²:
B1B2

A1A3

+
B2B3

A2A4

+ · · ·+ BnB1

AnA2

> 1.

4. ào>/ ABCD ¥, ∠A = ∠C = π
2
. : E 3> AD �ò��þ, �

k ∠ABE = ∠ADC.: K 3 CAò��þ, �k KA = AC.y²: ∠ADB =

∠AKE.

5. � r(x)�Ûê��¢Xêõ�ª.y²: =�3k�õé¢Xêõ�ª
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p(x), q(x)¦�

p(x)3 + q(x2) = r(x).

6. ��I[k n�¢½,Ù¥,
é¢½m�3d A,B ü�úi$E�

ü§Ê�,ü�¢½m�z����Ê�Ñ�±õu�4.��d A,B ü�i

1|¤�c w¡�/�¢��0,e�3��ëY�Ê�S�,¦�TS�þ

�Ê�úi¶¡�gü�|¤c w.y²: e?¿ 2n��üc�¢�,K?¿k

���c�¢�.

5: c��ÝÒ´c¥ A,Bi1��ê, X AABA��Ý� 4.

///. ))) ���

1. ¦¤k���ê n, ¦��3 n�ëY���ê,ÙÚ���²�ê.

) é��ê t,-

S(n, t) = (t+ 1) + (t+ 2) + · · ·+ (t+ n) =
n(2t+ n+ 1)

2
.

�� n�Ûê�,�I- t = n−1
2
Òk S(n, t) = n2;

�� n�óê�,� n = 2sm,Ù¥ s´����ê,m´��Ûê.

5¿� 2t+ n+ 1´Ûê, (Ü S(n, t)�½Â�:

2s−1 | S(n, t)� 2s | S(n, t).

Ïd

i)� s´óê�, S(n, t)Ø´��²�ê;

ii)� s´Ûê�, ?�Ûê x > n,¿-

t =
mx2 − n− 1

2
∈ N∗,

K S(n, t) = 2s−1m2x2´��²�ê.

nþ,÷v^�� n�)8�
¦
2sm |m´?¿Ûê, s´ 0½öÛê

©
. �

2. � a1, a2, · · · , an´÷vXeØ�ª���ê:
nX
i=1

1

ai
≤ 1

2
.

zc, ,Å��uÙ n ��I�cÝ�w. 1 i (i = 1, · · · , n) ��I38Ü

{1, 2, · · · , ai}¥��.·�¡��cÝ�w´/W*�0,e��k n − 1��

I'c�c�p.y²: TÅ��±��ëYuÙW*�cÝ�w.

y² é ∀ 1 ≤ i ≤ n,� ki´÷v 2ki ≤ ai < 2ki+1���ê,K
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nX
i=1

1

2ki
<

nX
i=1

2

ai
≤ 1. (1)

e¡·�y²: �À���� 2ki ��{a Ai,¦� A1, · · · , AnüüØ�.

Ø�� k1 ≤ k2 ≤ · · · ≤ kn, A1, A2, · · · , An Uù�^SéAÀ�. A1 �?

¿À�,b�®²À�
÷v�¦� A1, · · · , Ai−1. 5¿�é ∀ j < i, 8Ü Aj �

õ�¹ 2ki−kj �ØÓ�� 2ki ��{a.

éz�� j(1 ≤ j ≤ i− 1),� Aj = {p · 2kj + t|p ∈ N∗, 1 ≤ t ≤ 2kj}.5¿�

(p+ 2ki−kj) · 2kj + t

= p · 2kj + 2ki + t

≡ p · 2kj + t (mod 2ki)

ù`²S� {p · 2kj + t}p∈N 'u� 2ki ´± 2ki−kj �±Ï�,l Aj �ê�õ

©áu� 2ki� 2ki−kj �ØÓ��{a.

,��¡,d (1)�
i−1X
j=1

2ki−kj < 2ki
i−1X
j=1

2−kj < 2ki
nX
j=1

1

2kj
≤ 2ki ,

�Ek��À��� 2ki �{a,l��À��� 2ki �{a¥?À���� Ai

=�.

£��·K.1�c,·�-¤k��IÑ´ 1.y�Ä1mc��w,e�

3 1 ≤ j ≤ n¦�m ∈ Aj,Kò1 j ��Iü� 1,Ù§�I31m− 1c�Ä

:þ\ 1;emØáu?Û Aj,Kò1m− 1c�z���Iê�\ 1.

du Ai´� 2ki ��{a��{a A1, · · · , An´üüØ��,��3��

� 1 ≤ mi ≤ 2ki ,¦� mi ∈ Ai, mi /∈ Aj (j 6= i).l3c mi − 1c,1 i��

Iþ\ 1,31 mi c, T�IC� 1. 31 mi + (k − 1)2ki + 1 (k ∈ N∗)c�

mi + k2ki − 1c,1 i��Iþ\ 1,31mi − 1 + k2ki c, T�IC� 1.�1 i

��IØ¬�L 2ki ≤ ai.du�{a A1, · · · , An´üüØ��,��õk��

�I3�cSeü.�y. �

3. �A1A2 · · ·An´S�u��O�à n>/,:O´A1A2 · · ·An�S:;

-B1, B2, . . . , Bn©O´>A1A2, A2A3, · · · , AnA1þ�: (þØ�º:Ü),y

²:
B1B2

A1A3

+
B2B3

A2A4

+ · · ·+ BnB1

AnA2

> 1.
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y{� ·�ky²Xeäó: A1A2 · · ·An �±� P > 4R,Ù¥ R´ �O

��».

¯¢þ, ëé�� A1A3, A1A4, · · · , A1An−1, lòõ>/©� n − 2 �

n�/.ù�,�% O 7áu,�n�/ A1AkAk+1 �SÜ (½>.þ),l

4A1AkAk+1 ´�ð�n�/,2dÙ��(Ø:?Û�ð�n�/�±��u

Ù	���»� 4�,��

P = (A1A2 + · · ·+ Ak−1Ak) + AkAk+1 + (Ak+1Ak+2 + · · ·+ AnA1)

≥ A1Ak + AkAk+1 + Ak+1A1 > 4R.

£��·K.�n�/ BiAi+1Bi+1�	���»´ Ri (i = 1, · · · , n) (ùp

�½ An+1 = A1, An+2 = A2, Bn+1 = B1).5¿�4AiAi+1Ai+2�	���»�

R,d�u½n��:

BiBi+1

AiAi+2

=
2Ri sin∠Ai+1

2R sin∠Ai+1

=
Ri

R
,

u´,�yØ�ª�du

R1 +R2 + · · ·+Rn > R. (2)

ey (2).

Ï�?¿n�/�>��uÙ	���»,� BiAi+1 + Ai+1Bi+1 ≤ 4R. (

Üc¡�äó��

R1 + · · ·+Rn >
B1A2 + A2B2

4
+
B2A3 + A3B2

4
+ · · ·+ BnA1 + A1B1

4
=
P

4
> R,

·K�y. �

y{� (���������) PlüAiAi+1 (i = 1, 2, · · · , n) (eIU mod nn))��

±�� αi, R�	����».du�% O3õ>/�SÜ,� αi ∈ (0, π
2
),�k

nP
i=1

αi = π.
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^ d(A, l)L«: A��� l�ål,K

|BiBi+1| ≥ d(Bi, Ai+1Ai+2) = |BiAi+1| sin∠AiAi+1Ai+2

= |BiAi+1| ·
|AiAi+2|

2R
.

�
|BiBi+1|
|AiAi+2|

≥ |BiAi+1|
2R

,

Ón
|BiBi−1|
|Ai−1Ai+1|

≥ |BiAi|
2R

.

òþãüª�\��

|BiBi−1|
|Ai−1Ai+1|

+
|BiBi+1|
|AiAi+2|

≥ |BiAi|+ |BiAi+1|
2R

=
|AiAi+1|

2R
= sinαi. (3)

5¿���Ù��(Ø:

sinα >
2

π
α, ∀ α ∈ (0,

π

2
).

�é (3)ª¦Ú��

2
nX
i=1

|BiBi+1|
|AiAi+2|

≥
nX
i=1

sinαi >
2

π

nX
i=1

αi = 2.

·K�y. �

4. ào>/ ABCD ¥, ∠A = ∠C = π
2
. : E 3> AD �ò��þ, �

k ∠ABE = ∠ADC.: K 3 CAò��þ, �k KA = AC.y²: ∠ADB =

∠AKE.

y² d^��:o>/ ABCD3± BD��»��

þ,Ïd ∠ADB = ∠ACB. ��y ∠ADB = ∠AKE, �

Iy BC �KE.

5¿�

∠BCD + ∠CDA = ∠BAD + ∠ABE < 180◦,

����� CBÚ DAkú�: F .

q5¿�

∠BFA = 90◦ − ∠ADC = 90◦ − ∠ABE = ∠BEA,

(Ü ∠BAD = 90◦ � FA = AE,qdu CA = AK,¤±o>/ FCEK ´²

1o>/. Ïd BC �KE. �
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5. � r(x)�Ûê��¢Xêõ�ª.y²: =�3k�õé¢Xêõ�ª

p(x), q(x)¦�

p(x)3 + q(x2) = r(x).

y² (������¤¤¤) ky²XeÚn:

ÚÚÚnnn é?¿ü�¢Xêõ�ª f(x), g(x), f(x) 6= δg(x) (δ�~ê),�kk

�õ�¢ê λ¦ f(x) + λg(x)���²�ª.

Ún�y² � (f(x), g(x)) = ϕ(x).

�e ϕ(x)Ø´��²�ª.� f(x) = ϕ(x)f1(x), g(x) = ϕ(x)g1(x), ϕ(x) =

ϕ1(x)ϕ
2
2(x),Ù¥ ϕ1(x)Ø¹²�Ïª.d� f1(x), g1(x)ÃúÏª.e�3ØÓ

�¢ê λ, µ¦� f(x) + λg(x)Ú f(x) + µg(x)���²�ª.���

f1(x) + λg1(x) = ϕ1(x)h
2
λ(x), f1(x) + µg1(x) = ϕ1(x)h

2
µ(x),

Ù¥ hλ(x)Ú hµ(x)�ØÓ�¢Xêõ�ª.òþãüª�~�

(λ− µ)g1(x) = ϕ1(x)(h
2
λ(x)− h2µ(x)).

l, ϕ1(x) | g1(x).Ónk, ϕ1(x) | f1(x).ù� f1(x), g1(x)ÃúÏªgñ.��

ϕ(x)Ø´��²�ª�,�õk��¢ê λ¦ f(x) + λg(x)���²�ª.

�e ϕ(x)´��²�ª.d�Ø�� f(x), g(x)ÃúÏª.��3 5�ØÓ

~ê λi (i = 1, 2, 3, 4, 5)¦�

f(x) + λig(x) = h2i (x), i = 1, 2, 3, 4, 5.

ü>¦��

f ′(x) + λig
′(x) = 2h′i(x)hi(x), i = 1, 2, 3, 4, 5.

¤± hi(x)� f(x)+λig(x)9 f ′(x)+λig
′(x)�úÏª,l hi(x)� g′(x)(f(x)+

λig(x))− g(x)(f ′(x) + λig
′(x))�Ïª.

5¿� h1(x), h2(x), h3(x), h4(x), h5(x)üüÃúÏª,¤±

h1(x)h2(x)h3(x)h4(x)h5(x) | f(x)g′(x)− f ′(x)g(x).

i)e deg(fg′ − f ′g) 6= 0,K deg(fg′ − f ′g) ≤ degf + degg − 1. 5¿��õ

k�� λi¦� f(x)Ú −λig(x)�pg�Xê�Ó�� f(x)Ú −λig(x)�pg

�XêØÓ�,k

deghi =
1

2
max{degf, degg},

¤± deg h1h2h3h4h5 ≥ 2max{degf, degg} > deg(fg′ − f ′g),gñ!
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ii)e deg(fg′ − f ′g) = 0,q h1h2h3h4 | fg′ − gf ′, � fg′ − gf ′ = 0,lk

(
f(x)

g(x)
)′ = 0.

¤± f(x)
g(x)
�~ê,gñ!

��õk 4�ØÓ� λ¦ f + λg���²�ª.

£��K.Ø�� r(x)�Ä�õ�ª (eÄ�� c,ò r(x), p(x), q(x)C�

r(x)
c
, p(x)3√c ,

q(x)
c
).

d^�� p(x)´Ûê��,P r(x) = xa(x2) + b(x2), p(x) = xu(x2) + v(x2).

�\�:

xa(x2) + b(x2) = x3u3(x2) + 3xu(x2)v2(x2) + 3x2u2(x2)v(x2) + v3(x2) + q(x2).

'�Ûg��óg���

xu3(x) + 3u(x)v2(x) = a(x), (4)

3xu2(x)v(x) + v3(x) + q(x) = b(x), (5)

Kd (4)� u(x) | a(x).

- u(x) = λt(x). λ�~ê, t(x)�Ä�õ�ª. Kdu t(x)� a(x)�Ïª,

� t(x)=kk��.

e¡·��Iy²:�kk�� λ¦ u(x) = λt(x)� (4)k).

é�½� t(x),P a(x) = s(x)t(x).d�,

x · λ3t3(x) + 3λt(x)v2(x) = t(x)s(x),

z{�

s(x)− x · λ3t2(x) = (
√
3λv(x))2, (6)

l=Iy=kk�� λ¦ (6)k).

dÚn�� s(x) 6= δxt2(x) (δ �~ê), K7�3k�� λ ¦� s(x) −

xλ3t2(x)���²�ª.� s(x) = δxt2(x) (δ�~ê),Kd (6) � xt2(x)���

²�ª, �Tõ�ªgê�Ûê,gñ!

�=kk�� λ¦ (6)k). �

6. ��I[k n�¢½,Ù¥,
é¢½m�3d A,B ü�úi$E�

ü§Ê�,ü�¢½m�z����Ê�Ñ�±õu�4.��d A,B ü�i

1|¤�c w¡�/�¢��0,e�3��ëY�Ê�S�,¦�TS�þ

�Ê�úi¶¡�gü�|¤c w.y²: e?¿ 2n��üc�¢�,K?¿k
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���c�¢�.

5: c��ÝÒ´c¥ A,Bi1��ê, X AABA��Ý� 4.

y² P¤k�¢½¤|¤�8Ü� S.-

SA = {x ∈ S | ∃ y ∈ S, ¦� y
A−→ x},

SB = {x ∈ S | ∃ y ∈ S, ¦� y
B−→ x}.

é���c w,�48½Â

SwA = {x ∈ S | ∃ y ∈ Sw, ¦� y
A−→ x},

SwB = {x ∈ S | ∃ y ∈ Sw, ¦� y
B−→ x}.

ù�½Â�8Üþ� S �f8.

·�æ^�y{.b��3Ø�¢��c.- w = a1a2 · · · aN ´�á�Ø�

¢��c.w,k N > 2n.- wi = a1a2 · · · ai .du n�¢½�k 2n �ØÓ�

f8�c wik N > 2n�,dÄT�n�,�3 1 ≤ i < j ≤ N ,k Swi
= Swj

.

�Äc w′ = a1a2 · · · ai−1aiaj+1aj+2 · · · aN ,du w′�Ý�u N ,�´�¢�

�.� T �c w′ éA���ëY�Ê�S�,P T1 ´ T �c i�Ê�S�, T2

´ T ��N − j�Ê�S�;P c´ T1�ª:Õ.dAwi
�48½Â�, c ∈ Awi

.

qdu Swi
= Swj

,��3��c� a1a2 · · · aj �ëYÊ�S� T3,± c�Ùª

:Õ. �ù� T3T2´c wéA�Ê�S�,Ïdc w�¢�,gñ. �

�� �öa�uÀ���N¥����ÓÆÚu¥���N¥��¤Ó

Æë�
¯K�?Ø,a�¾�¸P�Jø��B?U¿�.
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