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8c�Ip¥êÆém\Á¥k��/©ã48ê�0¯K. ÃÕkó,

2013 c�Ip¥êÆém\Á¥�k��/©ã48ê�0¯K, �Ù){

�k�O, �Ùg��{A�´���: Ñ´ÏLïÄf��Ïªy²k'(

Ø. ¤ØÓ�´, 8c�ÁKI�ïÄõ�f�, 2013 c�ÁK�IïÄ��f

�.

e¡�Ñü�ÁK)��g´©Û.

ÁK 1. �ê� {an} ½Â�: a1 = 1, an+1 = an + n (e an ≤ n), ½

an+1 = an − n (e an > n). Á¦÷v ar < r ≤ 32017���ê r��ê.

(2017 c�Ip¥êÆém\ÁK)

=KKKaaa>l8Iw, ·�I�3�½«m [1, 3
2017

]¥é�÷v ar < r��

�ê r��ê, g,��lÐ�m©, ����	.

�=�	÷v ar < r���ê r�¤�f�, ¿vk²w�5Æ, ·��

*�*	��: ©O�	÷v ar < r, ar > r, ar = r���ê r (¡ù
 r©O

�fê, rê, ²ê)�¤�f�, KØJuy5Æ.

=ïïïÄÄÄAAA~~~>ê� {an}�c¡eZ����XeL¤«:

�,¤kfê rvk²w5Æ, �eÓ��	A�f�: 3¤kfê!r

ê!²êéA �ÑPþ/<0!/>0!/=0�, 5Æ%�~²w—0u�

�ü�/²ê0�m�ê, fê�rê�OÑy (�Ó��).

(XJþãß��(, K������Y: ¤¦��ê S = [ (3
2017−x)

2
], Ù¥ x

�«m [1, 32017]¥/²ê0��ê.)

=lll{{{üüü\\\ÃÃÃ>k�Ä=
 r�²ê.

ÂvFÏ: 2017-09-26.
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*	þL, uy²ê r �¤�f� {f(k)}�: 1, 2, 5, 14, · · · , Ù¥ af(k) =

f(k).

=888BBBÏÏÏªªª>(SÒL«, Ó�L«) 5 = f(3) = ?

5¿�«m [1, 32017]�à:� 3 ��, §J«·�A^ 3 ��58B, u´

5 = f(3) = 31 + 2 = 31 + 30 + 30,

14 = f(4) = 32 + 31 + 30 + 30.

ß�: f(k) = 3k−2 + 3k−3 + · · ·+ 31 + 30 + 30 = (3k−1+1)
2

.

^êÆ8B{�J±y²þãß�, du�5�48'X´���, af(k+1)

Ã{|^8Bb� af(k)5O� (af(k+1)�U=z� af(k+1)−1).

¤±, ·��I�u÷ af(k)� af(k+1)�m�����5Æ.

ò0u af(k) � af(k+1) �m�����Ñ^¹ af(k) �êL«, Kê�c¡

eZ��±UEXe:

5¿0u (3k+1)
2
! (3k+1+1)

2
�m�ê�±L«� f(k)+2s−1½ p = f(k)+2s

(1 ≤ s ≤ (3k−1)
2

), Ù¥ f(k) = (3k+1)
2

, dduy±e(Ø:

- f(k) = (3k+1)
2

, Ké¤k 1 ≤ s ≤ (3k−1)
2

, k

af(k)+2s−1 = af(k) + af(k) + s− 1 = 2af(k) + s− 1,

af(k)+2s = af(k) − s.

5¿� (3k−1)
2

= f(k)− 1, P n = f(k) = (3k+1)
2

, Kþã(Ø��n�:

···KKK 1. e n �²ê, Ké 1 ≤ s ≤ n − 1, k an+2s−1 = 2n + s − 1,

an+2s = n− s.

···KKK 2. ¤k²ê n = (3k+1)
2

(k ∈ N).

·K 1 �y² é s8B.

� s = 1�, Ï� n�²ê, ¤± an = n. d48'X, k

an+1 = an + n = 2n = 2n+ s− 1 > n+ 1,

an+2 = an+1 − (n+ 1) = 2n− n− 1 = n− 1 = n− s,

(Ø¤á.

�(Øé s = m (1 ≤ m ≤ n− 2)¤á, =

an+2m−1 = 2n+m− 1, an+2m = n−m.
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�Ä s = m+ 1��/. Ï� an+2m = n−m < n+ 2m, d48'X, k

an+2m+1 = an+2m + (n+ 2m)

= (n−m) + (n+ 2m) = 2n+m

= 2n+ (m+ 1)− 1.

Ï�

2n+m− (n+ 2m+ 1) = n−m− 1

≥ n− (n− 2)− 1

= 1 > 0,

¤± n+ 2m+ 1�rê. ?d48'X, k

an+2m+2 = an+2m+1 − (n+ 2m+ 1)

= (2n+m)− (n+ 2m+ 1)

= n− (m+ 1).

¤±(Øé s = m+ 1¤á, ·K 1 ¼y. �

·K 2 �y² Äk, 1 = (30+1)
2
�²ê.

Ùg, ·�é��ê k 8By²: «m Ik = ( (3
k−1+1)

2
, (3

k+1)
2

]¥�k (3k+1)
2

�²ê.

� k = 1�, I1 = (1, 2], Ù¥�k 2 = (31+1)
2
�²ê, (Ø¤á.

�(Øé k¤á, = Ik = ( (3
k−1+1)

2
, (3

k+1)
2

]¥�k (3k+1)
2
�²ê, �Ä k + 1

��/.

- n = (3k+1)
2

,d8Bb�, an = n. u´,d·K 1,é¤kg,ê s ≤ n−1,

k an+2s−1 = 2n+ s− 1 > n+2s− 1, n+2s− 1�rê; an+2s = n− s < n+2s,

n+ 2s�fê.

AO/, � s = n− 1�\ an+2s = n− s, � a3n−2 = 1, 3n− 2�fê.

?d48'X,k a3n−1 = a3n−2+(3n−2) = 1+(3n−2) = 3n−1, 3n−1

�²ê.

¤±, «m (n, 3n− 1]¥�k 3n− 1�²ê.

5¿ 3n− 1 = 3 · (3
k+1)
2
− 1 = (3k1+1)

2
, �«m Ik+1 = ( (3

k+1)
2

, (3
k+1+1)

2
]¥�k

(3k+1+1)
2

�²ê, ·K 2 ¼y. �

=)))������KKK>5¿� (3k+1)
2
� (3k−1+1)

2
�mk (3k+1)

2
− (3k−1+1)

2
−1 = 3k−1−1

(óê)�ê, d·K 1!2 ��, Ù¥rêfê�OÑy, TÐk���fê.
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=���NNNrrrººº>3«m [1, 32017] ¥, �K 2018 �²ê r = (3k+1)
2

, (k =

0, 1, 2, · · · , 2017), ò{e�êü¤4OS�, Krêfê3S�¥��OÑy,

�ü3ÛÒ þ��rê, ü3óÒ þ��fê.

�¤¦�fê�ê: S = [ (3
2017−2018)

2
] = (32017−2019)

2
.

=###���>ky²ü�·K.

···KKK 1. e n �²ê, Ké 1 ≤ s ≤ n − 1, k an+2s−1 = 2n + s − 1,

an+2s = n− s.

y² é s8B. � s = 1�, Ï� n�²ê, ¤± an = n. d48'X, k

an+1 = an + n = 2n = 2n+ s− 1 > n+ 1,

an+2 = an+1 − (n+ 1) = 2n− n− 1 = n− 1 = n− s,

(Ø¤á.

�(Øé s = m (1 ≤ m ≤ n− 2)¤á, =

an+2m−1 = 2n+m− 1, an+2m = n−m.

�Ä s = m+ 1��/. Ï� an+2m = n−m < n+ 2m, d48'X, k

an+2m+1 = an+2m + (n+ 2m)

= (n−m) + (n+ 2m) = 2n+m

= 2n+ (m+ 1)− 1.

Ï�

2n+m− (n+ 2m+ 1) = n−m− 1

≥ n− (n− 2)− 1

= 1 > 0,

¤± n+ 2m+ 1�rê. ?d48'X, k

an+2m+2 = an+2m+1 − (n+ 2m+ 1)

= (2n+m)− (n+ 2m+ 1)

= n− (m+ 1).

¤±(Øé s = m+ 1¤á, ·K 1 ¼y.

···KKK 2. ¤k²ê n = (3k+1)
2

(k ∈ N).

y² Äk, 1 = (30+1)
2
�²ê.

Ùg, ·�é��ê k 8By²: «m Ik = ( (3
k−1+1)

2
, (3

k+1)
2

]¥�k (3k+1)
2
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�²ê.

� k = 1�, I1 = (1, 2], Ù¥�k 2 = (31+1)
2
�²ê, (Ø¤á.

�(Øé k¤á, = Ik = ( (3
k−1+1)

2
, (3

k+1)
2

]¥�k (3k+1)
2
�²ê, �Ä k + 1

��/, - n = (3k+1)
2

.

d8Bb�, an = n. u´, d·K 1, é¤kg,ê s ≤ n − 1, k

an+2s−1 = 2n + s − 1 > n + 2s − 1, n + 2s − 1�rê; an+2s = n − s < n + 2s,

n+ 2s�fê.

AO/, � s = n− 1�\ an+2s = n− s, � a3n−2 = 1, 3n− 2�fê.

?d48'X,k a3n−1 = a3n−2+(3n−2) = 1+(3n−2) = 3n−1, 3n−1

�²ê.

¤±, «m (n, 3n− 1]¥�k 3n− 1�²ê.

5¿ 3n− 1 = 3 · (3
k+1)
2
− 1 = (3k+1+1)

2
, �«m Ik+1 = ( (3

k+1)
2

, (3
k+1+1)

2
]¥�

k (3k+1+1)
2

�²ê, ·K 2 ¼y.

£££������KKK. 5¿� (3k+1)
2
� (3k−1+1)

2
�mkóê�ê,d·K 1!2 ��, 3

«m [1, 32017]¥, �K 2018 �²ê r = (3k+1)
2

(k = 0, 1, 2, · · · , 2017), ò{e�

êü¤4OS�, Krêfê3S�¥��OÑy, �1��ê�rê.

�¤¦�fê�ê: S = [ (3
2017−2018)

2
] = (32017−2019)

2
. �

5 XJò 32017U��½���ê N , K«m [1, N ]¥²ê�ê x�O�

�(J
. Ù(Jq´õ�?

d�,� (3k+1)
2
≤ N < (3k+1+1)

2
(k ∈ N),K«m [1, N ]¥�¤k²ê� (3t+1)

2

(0 ≤ t ≤ k), �k k + 1�. I�ò k^ N L«.

d (3k+1)
2
≤ N < (3k+1+1)

2
, � 3k ≤ 2N − 1 < 3k+1, ¤±

k ≤ log3(2N − 1) < k + 1,

¤± [log3(2N − 1)] = k, u´ x = [log3(2N − 1)] + 1.

d�, «m [1, N ]¥fê�ê

S =

[
(N − x)

2

]
=

[
(N − [log3(2N − 1)]− 1)

2

]
.

AO/, � N = 32017, K log3(2N − 1) = log3(2 · 32017 − 1).

Ï� 32017 < 2 · 32017 − 1 < 32018, ¤± 2017 < log3(2
2017 − 1) < 2018, Ïd

[log3(2 · 32017 − 1)] = 2017, x = [log3(2N − 1)] + 1 = 2018,

S =

[
(32017 − 2018)

2

]
=

(32017 − 2019)

2
.
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ÁK 2. �½��ê u, v, ê� {an}½ÂXe: a1 = u + v, é�ê m ≥ 1,

a2m = am + u, a2m+1 = am + v, P Sn = a1 + a2 + · · · + an, Áy: ê� {Sn}¥

kÃ¡õ�´��²�ê.

(2013 c�Ip¥êÆém\ÁK)

=KKKaaa>l8Iw, �y {Sn}¥kÃ¡õ�´��²�ê, �«g,��

{´k¦Ñ {Sn}�Ï�, ,��	§3�o�¹e�²�ê.

XÛ¦Ï�? l^�w, §´©ã48ê�, vkÚ�¦{, �UdA~8

BÏª.

=ïïïÄÄÄAAA~~~>*	 {Sn}�c¡eZ�:

=������ÛÛÛÜÜÜ>loNþ, ·�Ã{¦Ñ {Sn}�Ï�, ��±¦Ñ {Sn}�

,�f��Ï�.

·�]À Sn ¥�eZ�, 'X u!v Xê�Ó��, ù
� uS��1

1, 3, 7, · · · �, k²w�5Æ, lknd�&ÀJ´�(�.

�8B {Sn} ¥ u!v �Xê����Ïª, �|^/ü��:0é

ÙLy/ª?1�n: Ó�L«!SÒL«. �uy, � n = 2t − 1 �,

Sn = t · 2t−1(u+ v), =

S2t−1 = t · 2t−1(u+ v). (∗)

e¡^êÆ8B{y² (∗)¤á.

�k������²: eéS��c 2t − 1�|^8Bb�, KK\�².

�êC/I�¤O8I—Ï��ª/ª7L¹k u+ v, ¤±C/¥A¦�

U¦z���Ñ¹k u+ v, ùÒ�ò/©ã48'X0�\, ±�E u+ v.

Ï� a2m = am+u, a2m+1 = am+v,¤± a2m+a2m+1 = (am+u)+(am+v) =

2am + u+ v. CÄ®²�¤.

�(Ø (∗)é t¤á, �Ä t+ 1��/.

3eÄ� a1 (��3Ä), Ù{�z��ü�|Ü, |^þã(Ø�) u+ v,

�

S2t+1−1 = a1 + (a2 + a3) + (a4 + a5) + · · ·+ (a2t+1−2 + a2t+1−1)

= a1 + [2a1 + (u+ v)] + [2a2 + (u+ v)] + · · ·+ [2a2t−1 + (u+ v)]

= 2(a1 + a2 + a3 + · · ·+ a2t−1) + 2t(u+ v) = 2S2t−1 + 2t(u+ v)
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= (8Bb�) 2t · 2t−1(u+ v) + 2t(u+ v) = (t+ 1) · 2t(u+ v).

� (∗)ª¤á.

=¿¿¿©©©^̂̂���>�Iy²f�¥kÃê�²�ê, 8IC�:

ÏéÃê� t, ¦ S2t−1 = t · 2t−1(u+ v)�²�ê.

=222ééé¿¿¿©©©^̂̂���>¤¢²�ê, Ò´/ó�0/ªê. �)�5¿�

t · 2t−1(u+ v)¥ 2t−1´�ê�/ª, �È���{´ (¦+vk¤õ, ����

�(): ©lÑ 2t−1üÕ�Ä, ò t� u+ v��, '��Ä.

Ïd, ¦ t · 2t−1(u+ v)�²�ê���¿©^�´: tÓ�÷v

(i) t(u+ v)�²�ê; (ii) t− 1�óê.

=[[[ééé���%%%CCC>�ö'�N´÷v (� t�Ûê=�), ¤±k÷v (i).

�¦ t(u + v)�²�ê, 5¿ u + v´K¥�½�, �4 t¹Ïª u + v, ,

����²�Ïf x2=�.

u´, - t = (u+ v)x2�Ûê?

XJ u+ v�óêNo�? —©lóÏf¿\ 2 ��.

=???���>� u+ v = 2p(2q − 1), Ù¥ p!qÑd~ê u!v��(½. K

S2t−1 = t · 2t−1(u+ v) = t(2q − 1) · 2t+p−1.

=������'''���>y3À� t, ¦ t(2q − 1)!2t+p−1Ñ�²�ê.

=���½½½ëëëêêê>Äk, �¦ t(2q− 1)�²�ê, 5¿� 2q− 1�~ê, �4Ù

2Ñy�g±�)/²�0, u´� t = (2q − 1)x2, x ∈ N, Ù¥ x�LÞëê.

(x�UYgdÀ½, �ª(½ t.)

y3, 2À½ x, ¦ t+ p− 1 = (2q − 1)x2 + p− 1�óê. =

0 ≡ (2q − 1)x2 + p− 1 ≡ x2 + p− 1 ≡ x+ p− 1 (mod 2).

u´, � x ≡ p− 1 (mod 2)=�, 'X x = 2k + p− 1 (k ∈ N).

ù�� xkÃê�,l t = (2q−1)x2kÃê�,¤±kÃê� n = 2t−1,

¦ Sn = t(2q − 1) · 2t+p−1�²�ê, y..

=###���>ky²: � n = 2t − 1�, Sn = t · 2t−1(u+ v). (Ñ)

� u+ v = 2p(2q − 1), Ù¥ p!qÑd u!v��(½.

� t = (2q − 1)(2k + p− 1)2, k ∈ N, K� n = 2t − 1�,

Sn = t · 2t−1(u+ v) = t · 2t−1 · 2p(2q − 1)

= t(2q − 1) · 2t+p−1.
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Ï�

t+ p− 1 = (2q − 1)(2k + p− 1)2 + p− 1

≡ (2q − 1)(2k + p− 1) + p− 1

≡ (−1)(p− 1) + p− 1

≡ 0 (mod 2).

¤± 2t+p−1�²�ê. q

t(2q − 1) = (2q − 1)(2k + p− 1)2(2q − 1)

= (2q − 1)2(2k + p− 1)2

�²�ê, ¤±

Sn = t · 2t−1(u+ v) = t · 2t−1 · 2p(2q − 1)

= t(2q − 1) · 2t+p−1

�²�ê.

du k��?¿g,ê,lkÃê� n = 2t− 1,¦ Sn�²�ê,y.. �

�)��Ø%, ´© u+ v: òóÏf� 2 ��Ü¿, �L§é�. XJ·

��± u+ vØÄ, �© t, K)��~{ü!

Ï�ëê t´�<�ÀJ�, Ù 2 ���,�gdÀ½! ·�òëê tk

©)�üÜ©, ©lÑ��Ïf/20(ù´�1�, Ï� t�gdÀJ!), òÙ

� 2t−1Ü¿, K®�y 2 ���²�ê, �e�I,�Ü© (Ø+´Û´ó)�

(u+ v)�È�²�ê, ùéN´.

=···���©©©>- t = 2k (Ù¥ k´LÞëê, ��2ggdÀ½), d�

t · 2t−1(u+ v) = 2k · 22k−1(u+ v) = k · 22k(u+ v).

Ù¥ 22k ®�²�ê, ±e�IÜ¿�Ä k (u+ v)�²�ê.

=(((���ëëëêêê>aq� k = (u + v)x2, Ù¥ x ∈ N, K t = 2(u + v)x2. d�,

� n = 2t − 1�,

Sn = t · 2t−1(u+ v) = 2(u+ v)x2 · 22(u+v)x2−1(u+ v)

= (u+ v)2x2 · 22(u+v)x2

�²�ê.
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