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1. e¡0�1 33 3 CMO ÁK�), ¿é){?1µÛ. Ø��?, ��Öö

1µ��.

K 1. ®��ê p÷v�3 a, b ∈ Z, ¦� a+b
p
, a

n+bn

p2
þ��ê, �þ� pp

�. � An �¤k÷v±þ^���ê p|¤�8Ü, e An �k�8Ü, ½Â

f(n) = |An|. y²:

(1) An�k�8Ü�¿©7�^�´ n 6= 2;

(2) e k,m��Ûê, d� k,m���ú�ê, K

f(d) ≤ f(k) + f(m)− f(km) ≤ 2f(d).

y² (1) eé�ê p9��ê n, k

pα | n � pα+1 - n, (α ∈ N),

KP pα || n9 νp(n) = α.

P Bn = An \ {2}, K

An�k�8 ⇔ Bn�k�8.

ey: Bn�k�8⇔ n 6= 2.

?� p ∈ Bn,KdAn½Â9Bn = An\{2}� p�Û�ê,��3 a, b ∈ N∗,

¦� p || a+ b� p2 || an + bn.

(a) � n = 1�, k p || a+ b� p2 || a+ b, ù´gñ�.

� B1 = ∅�k�8.

ÂvFÏ: 2017-11-29; ?¾FÏ: 2017-12-03.
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(b) � n = 2�, k p || a+ b� p2 || a2 + b2.

é?¿Û�ê p, � a = b = p, Kk

p || 2p� p2 || 2p2.

= p | a+ b� p2 || a2 + b2.

� p ∈ B2é?¿Û�ê p¤á. qÛ�êÃ¡õ, � B2�Ã�8.

(c) � n ≥ 3�, k p || a+ b� p2 || an + bn.

e p | a, K�k p | b, l
 pn | an + bn. q5¿� n ≥ 3, � p3 | an + bn, ù

� p || an + bngñ. � p - a, Ón p - b.

i) � n �Ûê�, d,�½n (� p �Û�ê, n ��Ûê, p - a, p - b,

p | a+ b, a, b ∈ N∗, K νp(a
n + bn) = νp(a+ b) + νp(n))�

νp(a
n + bn) = νp(a+ b) + νp(n),

(Ü νp(a
n + bn) = 2, νp(a+ b) = 1� νp(n) = 1, = p || n.

q÷v p || n�Û�ê p�kk�õ�. � Bn�k�8.

ii) � n�óê�, � n = 2k (k ∈ N∗, k ≥ 2), Kk

p || a+ b� p2 || a2k + b2k.

q a+ b | a2k − b2k, � p | a2k − b2k, Kk p | 2a2k, p | 2b2k.

5¿� p�Û�ê, � p | a, p | b, ù� p - a, p - bgñ.

� Bn = ∅�k�8.

nþ, Bn�k�8⇔ n 6= 2, l
, An�k�8⇔ n 6= 2.

(2) d (1)¥?Ø�, é�Ûê n, Bn=�÷v νp(n) = 1�Û�ê p�¤�

8Ü. (Ï�ùé n = 1�½¤á)

é�Ûê n, e 2 ∈ An, K�3 a, n ∈ N∗, ¦

2 || a+ b� 22 || an + bn.

(a) � n = 1�, k 2 || a+ b� 22 || a+ b, ù´gñ�.

(b) � n ≥ 3�, d 2 || a+ b�� a, bÓÛó.

i) e a, bþ�Ûê, 5¿� n�Ûê9 a2 ≡ b2 ≡ 1 (mod 4), �

an + bn ≡ a+ b (mod 4),

ù� 2 || a+ b� 22 || an + bngñ.

ii) e a, bþ�óê, K 8 | an + bn, � 22 || an + bngñ.

� 2 /∈ An. l
, é�Ûê n, k

An = Bn =
¦
p | p�Û�ê, νp(n) = 1

©
.
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é�Ûê k,m,Umã½Â c1, · · · , c8 (~X, c5 =
¦
p | p�Û�ê, νp(m) ≥ 2,

νp(k) = 1}), K c1, · · · , c8�¤mk�Ïf���©y.

�½Â, ´k

f(m) = |c1|+ |c4|+ |c7|,

f(k) = |c3|+ |c4|+ |c5|,

f(mk) = |c1|+ |c3|,

f(d) = |c4|+ |c5|+ |c7|,

�

f(d) ≤ f(m) + f(k)− f(mk) ≤ 2f(d)

⇔ |c4|+ |c5|+ |c7| ≤ 2|c4|+ |c5|+ |c7| ≤ 2(|c4|+ |c5|+ |c7|),

þª¤á, ��Ø�ª¤á. �

µ5 dKI�xÑ An. du n3�g¥Ñy, ��æ^,�½n(½ p

� n�'X. (2)¥Ié k,m��ÏfU�g©a, �©� 0 g, 1 g, Ú�u�

u 2 g, Venn ã�L«Ã{¦L����ß, ��/�.

K 2. � T = {(x, y, z) | 1 ≤ x, y, z ≤ n, x, y, z ∈ N}. ò T ¥ 3n2−3n+k+1,

k ∈ N∗�:/ù, �éu?¿/ù�ü: P,Q÷v: e�ã PQ²1u�I¶,

K�ã PQþ�:�/�ùÚ. ¦y: �3�� k�ü á�N, Ù 8 �º:þ

�ùÚ.

y² ·��gl��, ��, n���Ý?1�Ä:

(1) éu�½� y, z, �Ä:8 {(x, y, z) | 1 ≤ x ≤ n, x ∈ N}, �T:8¥�

k a�ù: (a ∈ N), Ï�ù�:8¥�¤k:þ3�^� x¶²1���þ,

qd^�, éT:8¥?¿ü�ù:, ±§��à:��ãþ�¤k�:þ�

ùÚ�, u´, ��ù a�ù:�î�I�ëY�ê, Kk�� a − 1^±ù:

�à:�ü �ã (� a = 0�Ø��).

(2) éu�½� z, �Ä:8 {(x, y, z) | 1 ≤ x, y ≤ n, x, y ∈ N}, �T:8¥

�k b�ù:, Ù¥p�I� i�ù:�k ai� (1 ≤ i ≤ n) (b ∈ N, ai ∈ N). K

k b =
nP
i=1

ai.

�Ä:8¥p�I� i�:, d (1)�, §���)�� ai − 1^±ù:�
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à:,p�I� i�,� x¶²1�ü �ã,����)��
nP
i=1

(ai−1) = b−n

^±ù:�à:, � x¶²1�ü �ã.

òù
ü �ãUìüà:�î�I¥���@��©a, �k n − 1a,

�1 iak ti^ù���ã (1 ≤ i ≤ n− 1) (ti ∈ N), Kk
n−1P
i=1

ti ≥ b− n.

éuÓ�a, ?�Ù¥ü^�ã, �� A1B1� A2B2, �Ø�� A1, A2î�

I�Ó, B1, B2î�I�Ó.

d^���ã A1A2, B1B2 þ��:þ�ù:. u´��Ó�a�ã�p

�IëY, l
1 ia��)�� ti − 1�±ù:�º:, �²¡ xoy²1�ü

 ��/, i = 1, · · · , n− 1.


éØÓa��ã, �)�ü ��/�º:î�I¥���@��Ø

Ó, l
ù
��/pØ�Ó, ����)��
n−1P
i=1

(ti − 1) ≥ b− n− (n− 1) =

b− (2n− 1)�±ù:�º:, �²¡ xoy²1�ü ��/.

(3) �Ä:8 {(x, y, z) | 1 ≤ x, y, z ≤ n, x, y, z ∈ N}, � T ¥ z ¶��þ�

I� i�ù:k bi� (1 ≤ i ≤ n) (bi ∈ N), Kk
nP
i=1

bi = 3n2 − 3n+ k + 1.

�Ä T ¥ z¶��þ�I� i�:, d (2)�, §���)�� bi− (2n− 1)

�±ù:�º:, z ¶��þ�I� i�, � xoy ²1�ü ��/, ����

)��
nP
i=1

(bi− (2n− 1)) = 3n2− 3n+ 1+ k− n(2n− 1) = n2− 2n+ 1+ k�±

ù:�º:, �²¡ xoy²1�ü ��/.

·�òù
��/UìÙº:�î�I����9p�I����©�

(n− 1)2a, �1 iak si�ù��ü ��/ (1 ≤ i ≤ (n− 1)2) (si ∈ N). K

k
(n−1)2P
i=1

si ≥ (n− 1)2 + k.

aqu (2)¥?Ø, ��1 ia���/��)�� si − 1�±ù:�º:

�ü á�N, �ù
á�NpØ�Ó.

����)��
(n−1)2P
i=1

(si − 1) ≥ (n− 1)2 + k − (n− 1)2 = k�±ù:�º

:�ü á�N. y.. �

µ5 þã){g´g,�ß, l$��p�*Ð, zg*Ð������,

�JÝØ�. �d{ü�¹\Ã��{��/�, ,«§Ýþ, {ü�¹  �

N
���¹���.

K 3. ®���êq Ø´��á�ê, y²: �3c ∈ R+ ¦�

{n 3
√
q}+ {n 3

È
q2} ≥ c · 1√

n
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é¤k���ên ¤á, Ù¥{λ}, λ ∈ R L« λ ��êÜ©.

y{� �
�
n 3
√
q
�
= k1, [n

3
√
q2] = k2,

¦
n 3
√
q
©
= ε1, {n 3

√
q2} = ε2 (k1, k2 ∈

N∗, 0 < ε1 < 1, 0 < ε2 < 1. é,��½� n ) (^� q Ø���á�ê).

·�y²:

ε1 + ε2 ≥
1

√
3
È
q

2
3 + q

4
3

· 1√
n
. (>)

P x = k1n
3
√
q2, y = k2n 3

√
q, z = qn2, 5¿�kð�ª

(x+ y + z)(x2 + y2 + z2 − xy − yz − zx) = x3 + y3 + z3 − 3xyz. (∗)

�

x+ y + z = k1n
3
È
q2 + k2n 3

√
q + qn2

< q
1
2n · nq

2
3 + q

2
3n · nq

1
3 + qn2 = 3qn2, (1)

q

x2 + y2 + z2 − xy − yz − zx =
1

2
((x− y)2 + (y − z)2 + (z − x)2)

=
1

2
((k1n

3
È
q2 − k2n 3

√
q)2 + (k2n 3

√
q − qn2)2 + (k1n

3
È
q2 − qn2)2)

=
1

2
((k1(k2 + ε2)− k2(k1 + ε1))

2 + (nq
1
3 (k2 − q

2
3n))2 + (nq

2
3 (k1 − q

1
3n))2)

=
1

2
((k1ε2 − k2ε1)2 + n2q

2
3 ε22 + n2q

4
3 ε21)

<
1

2

�
k21 + (q

1
3n)2

�
ε22 + (k22 + (q

2
3n)2ε21) (k1k2ε1ε2 > 0)

< (q
1
3n)2ε22 + (q

2
3n)2ε21 (k1 < q

1
3n, k2 < q

2
3n)

< (q
2
3 + q

4
3 )n2(ε1 + ε2)

2, (2)

±9

x3 + y3 + z3 − 3xyz = k31n
3q2 + k32n

3q + q3n6 − 3k1k2q
2n4

= qn3(k31q + k32 + q2n3 − 3k1k2qn)

≥ qn3. (3)

(5¿�d A−G Ø�ª:

k31q + k32 + q2n3 ≥ 3 3
È
k31q · k32 · q2n3 = 3k1k2qn,

q 0 < ε2 < 1, � k2 < q
2
3n, � k2 6= q

2
3n, �Ò�Ø�, = k31q + k32 + q2n3 >

3k1k2qn.q 3k1k2qn, k
3
1q+ k

3
2 + q

2n3 ∈ N∗,�d�ê�lÑ5: k31q+ k
3
2 + q

2n3−
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3k1k2qn ≥ 1.)

ò (1)(2)(3) �\ (∗) �:

3qn2(q
2
3 + q

4
3 )n2(ε1 + ε2)

2 > qn3.

�

ε1 + ε2 >
1

√
3
È
q

2
3 + q

4
3

· 1√
n
.

(>)¼y!

@od (>), �c = 1
√
3

È
q
2
3+q

4
3

, Ké?��n ∈ N∗,

{n 3
√
q}+ {n 3

È
q2} ≥ c · 1√

n
.

��3÷v^�� c. �·K¼y! �

y{� � c = q−
11
6

3
. ·�y²: é?¿���ê n,

{q
1
3n}+ {q

2
3n} ≥ q−

11
6

3
· 1√

n
.

é�½���ên, P a = [nq
1
3 ], b = [nq

2
3 ], K a < nq

1
3 , b < nq

2
3 (^� q ���

á�ê). @o

{nq
1
3} = nq

1
3 − a =

qn3 − a3

(nq
1
3 )2 + nq

1
3a+ a2

>
qn3 − a3

3n2q
2
3

>
qn3 − a3

3n2q
4
3

,

{nq
2
3} = nq

2
3 − b = q2n3 − b3

(nq
2
3 )2 + nq

2
3 b+ b2

>
q2n3 − b3

3n2q
4
3

, (^� a < nq
1
3 , b < nq

2
3 )

�k

{nq
1
3}+ {nq

2
3} > qn3 + q2n3 − a3 − b3

3n2q
4
3

. (>)

e¡·�P x = n3q − a3, y = n3q2 − b3. ·�y²

y + qx ≥ (qn3)
1
2 . (∗)

d x = n3q − a3, y = n3q2 − b3 �

a3b3 = (n3q − x)(n3q2 − y) = n6q3 + xy − n3q(y + qx).

e¡©ü«�¹?Ø:

(1) e ab ≥ n2q − y+qx
3nq

. K

n6q3 + xy − n3q(y + qx) ≥ (n2q − y + qx

3nq
)3,

www.nsmath.cn 6



�

xy ≥ (y + qx)2

3q
−
�
y + qx

3nq

�3

.

qd A−G Ø�ªk

xy =
1

q
· y · qx ≤ 1

q
· (y + qx)2

4
,

�k �
y + qx

3nq

�3

≥ (y + qx)2

12q
,

=

y + qx >
9

4
n3q2,

�k

y + qx ≥ 9

4
n3q2 > (qn)

3
2 ,

=

y + qx > q
1
2n

3
2 .

(∗)y.!

(2) eab < n2q − y+qx
3nq

, K

ab ≤ n2q − y + qx+ 1

3nq
, (^� a, b ∈ N∗, qn ∈ N∗)

�

n6q3 + xy − n3q(y + qx) ≤
�
n2q − y + qx+ 1

3nq

�3

,

=

xy + n3q ≤ (y + qx+ 1)2

3q
−
�
y + qx+ 1

3nq

�3

.

�

n3q ≤ (y + qx+ 1)2

3q
≤ (y + qx)2,

�
y + qx ≥ 1 + q (x, y ∈ N∗),� y + qx ≥ 2,�

(y + qx+ 1)2

3
≤ (y + qx)2

�

=k

y + qx ≥ (qn3)
1
2 .

(∗)y.!

nÜ (1)(2) �, y + qx ≥ (qn3)
1
2 .
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@o�\ (>) k:

{nq
1
3}+ {nq

2
3} > qx+ qy

3n2 · q 7
3

>
y + qx

3n2 · q 7
3

>
q

1
2 · n 3

2

3n2 · q 7
3

=
q−

11
6

3
· 1√

n
,

=

{nq
1
3}+ {nq

2
3} > q−

11
6

3
· 1√

n
,

� c ÷v�¦!

nþ: �3÷v�¦� c, �·K¼y! �

µ5 dK�JÝ��, �eÙG{
√
αn} ≥ c

n
(d ����²�ê, c ��~

ê) �a¯K�y², q�g´��g,, '�3u|^�êlÑ5þ, �d7

L���{¦nq
1
3 �nq

2
3 ¦á�, @o·�kXeü�ð�ª:

(1) a3 + b3 + c3 − 3abc = (a+ b+ c)(a2 + b2 + c2 − ab− bc− ca)

(2) a3 + b3 = (a+ b)(a2 − ab+ b2) ½ a3 − b3 = (a− b)(a2 + ab+ b2)

y 1 �Ä� {q 1
3n} + {q 2

3n} �Uª�u 0, Ïd·�ÀJª (1), ¿kJ�

�ýúÏª, 2|^lÑ5, Jp
gê, T�Ð?��Ñ
 −1
2
g.

y 2 �Ä
ü��ª (2), Ï
Iy'u�N5�� (∗) ª, 3y²L§¥

Ny
/�v·Á0�g�.

K 4. ®��S�o>/ ABCD, Ùé�� AC � BD�u: P , 4ADP

�	��� ABu E, 4BCP �	��� ABu F , �4ADE�4BCF �S

%©O� I, J , ë��� IJ � AC uK. ¦y: A, I,K,E o:��.

y² ò� EI �4ADP 	��u S, ò� FJ �4BCP 	��u T .

ey: (1) S, P, T n:��; (2) IJ � ST ; (3) A, I,K,E o:��.

é (1): Ï� I ´4ADE S%, ¤± S ´øAD¥:.

l
 ∠DPS = ∠APS = 1
2
∠DPA.

Ón ∠CPT = ∠BPT = 1
2
∠BPC.

5¿� ∠DPA = ∠BPC, � ∠DPS = ∠BPT . = S, P, T n:��.
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é (2): �y IJ � ST , �Iy: I � ST �ål�u: J � ST �ål, =

IS · sin∠PSE = JT · sin∠PTF . d

∠SDA = ∠SAD =
1

2
∠DPA =

1

2
∠CPB = ∠TCB = ∠TBC,

� 4ASD v 4BTC; d ∠ADP = ∠BCP , ∠DPA = ∠CPB � 4ADP v

4BCP ; d/9½n� IS = AS, JT = BT . �

IS

JT
=
AS

BT
=
AD

BC
=
AP

BP
=

sin∠PBA
sin∠PAB

=
sin∠PTF
sin∠PSE

,

=

IS · sin∠PSE = JT · sin∠PTF,

l
 IJ � ST .

é (3): Ï�∠IKA = ∠SPA = ∠SEA = ∠IEA,¤±A, I,K,Eo:��.

y.. �

µ5 �K){�õ, ùp�Ñ
�«g´'�g,��{. ÏL{ü��

��·K�du IJ � ST , =
O�: I, J ��� ST �ål, 2(ÜS%5�

=�.

K 5. � n ≥ 3, n�Ûê, é n× n���L?1çx/Ú, eü��� a, b

kú�º:�ÓÚ, K¡ a, bü�����. e�� a, bUÏL�X����

c1 → c2 → · · · → ck, Ù¥ c1 = a, ck = b, � ci� ci+1��, K a, b¡�ëÏ. ¦

�����êM , ¦��3M ���, ¦�üüØëÏ.

){� ¤¦M ����� (n+1)2

4
+ 1.

��¡, ·�`²M = (n+1)2

4
+ 1÷v�¦.

Xmã, éÛê1�Ûê����/ç, Ù{��/

x, �Ñ¤kç�9?¿��x�, ù
��pØëÏ,

d�, �k (n+1)2

4
+ 1���.

,��¡, ·�y²: M ≤ (n+1)2

4
+ 1.

·��ò¤k��©¤�
a, ¦�é?¿ü��

�, §�3Ó�a��=�§�ëÏ, éz�a, ·�¡Ù���ëÏ©|, ¿

��km�ëÏ©|.

é1 i�1 j 1��:, ·�PÙ�I� (i, j) (1 ≤ i, j ≤ n+ 1).

éz�ëÏ©| A, ·��Ù¤¹���º:¥ x + y ��, x + y ��,

9 êÆ#(�



x− y��, y − x�� (x, y©OL«:�î, p�I)���:, �¦þØ�?

u��L>.��: (=ekü:þ� x + y k��, Ù¥��3��L>.,

��Ø3��L>., K�Ø3��L>.�@�:. ,n«�¹, x + y��,

x− y��, y − x��Ón), K´��Ñ�o�:pØ�Ó.

Kéd AÀÑ��: a. ± a�º:�,n� (�U�un�)3 A	��

�þ� AÉÚ, dþã(Ø�, ?u��LSÜ��:�õ���ëÏ©|é

A. (ÄK, e a©O� A� B éA, K± a�º:�o������ AÓÚ,

n�� AÉÚ, ���� B ÓÚ, n�� B ÉÚ, K A,B ÓÚ, 
§�kú�

º:, � A,B�ØÓëÏ©|gñ.)

e�Ä?u��L>.��:, eÙ�ü�ØÓëÏ©|éA, Xã, �:

a�ëÏ©| A,BéA, Ø�� 1 ∈ A, 2 ∈ B (^êi�LéA��).

(1) e 3 ∈ A� 4 ∈ B, K bØ¬�?¿ëÏ©|é

A,�ù«�¹� a�k t�,��éA t� b (�U�Ó).

5¿� 1, 3ÓÚ9 2, 4ÓÚ,9 n ≥ 3,¤± a1, a2, a3

þØ�ù«�¹� a, � bØ�UdO� aéA, u´Ø

Ó aéAØÓ b, ���k t�:v��ÑL.

(2) e 4 ∈ A½ 3 ∈ B, Ø�� 4 ∈ A, K a, cþ� A

¤¹���º:, qd a��Ñ9�c�{¥�/¦þØ

�?u��L>.��:0� c�3��L>., K d�

��L�á�º:.

q5¿� cØ¬��Ñüg, �éz���L�á�

º:, �õéA��ù«�¹�º: a, l
�õko�ù�� a.

Ïd, �Ñ��:ê (�)­E)�õ (n+ 1)2 + t− t+ 4 = (n+ 1)2 + 4�,

q5¿���
 4m��: (�)­E), � 4m ≤ (n+ 1)2 + 4, =

m ≤ (
n+ 1

2
)2 + 1.

�Ä�Ñ�M ���, Ï�§�üüØëÏ, ¤±§�áupØ�Ó�ë

Ï©|, �

M ≤ m ≤ (
n+ 1

2
)2 + 1.

nþ, Mmax = (n+1
2
)2 + 1.

){� (�ó�) �Y��EÓ) 1.

e¡, ·�y²: M ≤ (n+1)2

4
+ 1.
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·��ò¤k��©¤�
a, ¦�é?¿ü���, §�3Ó�a¥��

=�§�ëÏ, éþãz�a��, ·�¡Ù���¬, ¿�� s�¬, Ù¥, x

¬� k1, · · · , kt, ç¬� kt+1, · · · , ks (s ≥ t).

½Âü�¬ A,B ����=��3 A¥����� B ¥����kú�

º:.

�Eã G, s�º:©OéA k1, · · · , ks, ü:ë>��=�éA�ü¬�

�.

5¿�é?¿ü��� a, b, �3�X��� c1 → c2 → · · · → ck, Ù¥

c1 = a, ck = b, � ci� ci+1kú�º:, ¤± GëÏ, u´k

>ê E ≥ s− 1. (1)

e¡y²: e�ç¬ A��x¬ B ��, K A� B ��k 4 �ú�º:,

½ A� BTk 3 �ú�º:, �k�¬T¹������Óâ��L����

á. (∗)

d½Â�, �3 A¥���� B ¥���kú�º:, �Ä±Tú�º:

�º:� 4 �½ 2 ���, §�73 A½ B ¥, qduÙ¥kü���ÉÚ,

�7kü�kú�>���ÉÚ, Xã, Ø�� a ∈ A, b ∈ B.

d n ≥ 3�Ø�� a, b¤31�e��k1, Xã, e

c ∈ A, d ∈ A, ©e�ü«�¹:

e bþ�Úm�þÃ��, K=� (∗)�ö��¹.

e bþ�½m�k��, Ø��þ�k��, Xã,

é e ∈ A, f ∈ A; e ∈ A, f ∈ B; e ∈ B, f ∈ A; e ∈ B,

f ∈ B, þk (∗)cö¤á.

e c ∈ A, d ∈ B, d n ≥ 3, �Ø�� a, b¤31þ��

k1, Xã, é e ∈ A, f ∈ A; e ∈ A, f ∈ B; e ∈ B, f ∈ A;

e ∈ B, f ∈ B, þk (∗)cö¤á.

e c ∈ B, d ∈ A, K®k (∗)cö¤á.

e c ∈ B, d ∈ B, Ó c ∈ A, d ∈ A� (∗)¤á.

� (∗)¼y.

u´, d (∗)�, é����ç¬��x¬, e� (∗)cö, KÙ�éAç¬

�x¬� 4 �ØÓú�º:; e� (∗)�ö, KÙ�éAç¬�x¬� 3 �ØÓ

ú�º:9��L�á���º:.

qÏ�z�:�õáu��ç¬, ��õáu��x¬, �é��=¹��

11 êÆ#(�



���Óâ��L���á�¬, �Ù���ÉÚ¬�õ��, ¤±, þãéA

¥�º:8pØ��, �

4E ≤ (n+ 1)2. (2)

5¿��Ñ�M���pØëÏ, �§�áupØ�Ó�¬, u´.

M ≤ s. (3)

(Ü (1), (2), (3)=�

M ≤ (n+ 1)2

4
+ 1.

nþ, Mmax =
(n+1)2

4
+ 1. �

µ5 �K�YØJßÑ´ (n+1)2

4
+ 1. l�Y¥Ò�±wÑ�K���

´é 1 é 4 �N�, J:Ì�3uXÛ�)ù� +1. ) 1 ���EëÏ©|

�º:8�N�, ^�
:��üg�A~�) +1. ) 2 dW¤M�¥Æ�

�ó�ÓÆ�Ñ. ù�){¥�) +1��{�\²�, éX�
ëÏã¥�

ν ≤ e+ 1. ��=
é e©Û, �EN�.

dK¥k^� n�Ûê, g,¬4<�é� n�óê��¹, ØLù'�

(J, 3�Öög�.

K 6. �½ n, k ∈ N∗ (n > k), a1, a2, · · · , an ∈ (k − 1, k). e�¢ê

x1, x2, · · · , xn ÷v: é?¿�8Ü I ⊆ {1, 2, · · · , n}, |I| = k, k

X
i∈I

xi ≤
X
i∈I

ai,

Á¦ x1x2 · · ·xn ����.

) x1x2 · · ·xn ����� a1a2 · · · an.

��¡, � xi = ai, i = 1, 2, · · · , n �, é?¿8Ü I ⊆ {1, 2, · · · , n}, |I| =

k, k X
i∈I

xi ≤
X
i∈I

ai,

d�, x1x2 · · ·xn = a1a2 · · · an.

,��¡, ·�y²: x1x2 · · ·xn ≤ a1a2 · · · an.

� n = k + 1 �, P

S = { i |xi > ai, 1 ≤ i ≤ n}, T = { i |xi ≤ ai, 1 ≤ i ≤ n},

www.nsmath.cn 12



A =
X
i∈S

(xi − ai), B =
X
i∈T

(ai − xi). (5½
X
x∈∅

x = 0)

e S = ∅, Ké?¿ 1 ≤ i ≤ n, k xi ≤ ai. l


x1x2 · · ·xn ≤ a1a2 · · · an,

(Ø¤á!

e� S 6= ∅, K |T | ≤ k, k ≥ 2.

d n = k + 1 9K�^��é?¿ 1 ≤ j ≤ n, k:X
i 6=j

xi ≤
X
i 6=j

ai,

l


aj − xj ≤ aj − xj +
X
i 6=j

(ai − xi) =
nX
i=1

(ai − xi) = B − A.

é j ∈ T ¦Úk:

B ≤ |T |(B − A),

l

A

B
≤ |T | − 1

|T |
≤ k − 1

k
, (|T | ≤ k)

=
A

k − 1
≤ B

k
.

�

nX
i=1

xi − ai
ai

=
X
i∈S

xi − ai
ai

−
X
i∈T

ai − xi
ai

≤
X
i∈S

xi − ai
k − 1

−
X
i∈T

ai − xi
k

(ai ∈ (k − 1, k))

=
A

k − 1
− B

k
≤ 0.

l

nX
i=1

xi
ai
≤ n.

dþ�Ø�ª�:
nX
i=1

xi
ai
≥ n ·

 
nY
i=1

xi
ai

! 1
n

,

�

n ·
 

nY
i=1

xi
ai

! 1
n

≤ n,
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=
nY
i=1

�
xi
ai

�
≤ 1,

½=

x1x2 · · ·xn ≤ a1a2 · · · an.

� n ≥ k + 2 �, d n = k + 1 ��/�y²k: é {1, 2, · · · , n} �?�

k + 1 �f8 I, k Y
i∈I
xi ≤

Y
i∈I
ai.

é I ¦È=�:  
nY
i=1

xi

!(n−1
k )
≤
 

nY
i=1

ai

!(n−1
k )

,

l


x1x2 · · ·xn ≤ a1a2 · · · an.

nþ��: x1x2 · · ·xn ����� a1a2 · · · an. �

µ5 þãy²�UØ´�{ü�, �´´���.

�K��YØJßÑ� a1a2 · · · an. b�(Øé n = k + 1 ¤á, �Ú

n = k + 1 ��/=�y² n ≥ k + 2 ��/. Ïd��Ä n = k + 1.

duK�^�þ��5, �(Ø�È5, ¤±�ÄòÈ5=z��5, ùÒ

^�
þ�Ø�ª. ù�Úwq�ÿ, ��´�uK8^�
Ø�Ø��. y²

¥^
Ø�ªy²¥~^�Oþg�Ú�K©lE|.

·�Ö¿��aq�¯K:

¯K �K¢ê a1, a2, · · · , an, b1, b2, · · · , bn ÷v:

(1) a1 ≤ a2 ≤ · · · ≤ an, a1 ≤ b1 ≤ b2 · · · ≤ bn ≤ an;

(2) é?¿� 1 ≤ i < j ≤ n, k aj − ai ≥ bj − bi.

y²: a1a2 · · · an ≤ b1b2 · · · bn.

oµ �g CMO � 6 �KJÝ·¥. 1, 4 ´Ä�K. 1 2 K��Ø��/

�X�Ú�U, sþ�½�ml{ü�¹ÅÚ�\, ATÒU�Ñ5. 3, 5, 6 Ñ

äk�½JÝ, UôeÙ¥��¿�c¡@nKU­­<eÒäk
�½�¿

�å. 1 3 KI��r��êÄ�õ. 1 5 KÌ�´^�
éA�g�, J:�

´3 +1þ. 1 6 K´��#L�¥�JÝ��ê¯K, ��Æ)é�
�êÄ

�g�ÚE|�Ýº�¹.
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