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|Ü¯K¥~Ñy�
kA½ê��K, eß�òù�ê�C����ê,

=�±ò��{ü¯K8B�����¯K, �,Ù¥��{�Uaq, ��

UI��äÊH5�g´�)û¯K. �L5w, �
K8äk�½�JÝ, �

XJ·�é��{üAÏ��¹©Û, �N¬�Ï·�é�g´, �Ñ�Y. �

©0���¢~, d����{ü�|Ü¯KÚug�, lí2����/.

Äk0���äkAÏ���´¯K:

¯K 1. ��Pà¯ 3 × 3 × 3á�N�ZS, Ù�{´/Ïu�ÉÏL¤

k� 27 � 1× 1× 1�á�N. XJ§3���m©, ,��gr��¯�á�

N, ¯§¯��UÄT3á�N�¥%?

) �Y´Ä½�. e¡$^�y{y²: b��3ù��«�{÷vK¿.

½Âkú�¡��á�N�/���0. Xã¤«,

UXe�ªò 3 × 3 × 3�á�N/Ú: ?À���þ�

�á�N/�ùÚ, �ùÚ�á�N����á�N/�

7Ú, �7Ú�á�N����á�N/�ùÚ. KùÚ

�á�Nk 14 �, 7Ú�k 13 �. ¥%��á�N�7Ú.

��Üã G(V1, V2, E), :8 V1¥�z�:éA��ùÚ�á�N, V2¥�

z�:éA��7Ú�á�N. ��=�ü�á�N�����òéAº:ë

>. w,Pà?�«÷vK¿�r{¥, ¤r�á�N´ù7�m�, du1�

¬á�N´ùÚ�, ���¬á�N´7Ú�. �Pà7rLóê¬á�N, 

kÛê¬á�N, KPà7½�¯�¤kES. gñ!

Ïd, Ø�3÷vK¿��{. �

þ¡ù�¯K�\g¢ÒUuy�Y´Ä½�, ·Ky²�g´�'�g
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,. �·�5¿�/30ù�êiéuù�K�y²q�¿ÂØ�, (ØÚu

·�g�ù�ü�¯K:

(1) éuN��á�N, §Ø�3ù���«r{?

(2) éuN��á�N, §�3ù���«r{?

�·�}Áò/30í2�Ûê/n0(n�Ûê�y�3���¥%�á

�N), l}Á)ûþ¡JÑ�ü�¯K. �Ä�þã¯K¥, ]��ZS3K

�¥´ØKá�, ùØÎÜÔn~£, Ïd·�ò�µ��UÄ, �ØUCK¿.

¯K 2. ,±iZSz���¬þ� 1× 1× 1�á�N¿���¬�±]

23�¥. y3iZSk��d��¬|¤� n× n× ná�N���¬. ½Â

kú�¡���¬´���. y3I�UXeiZ5KvKù���¬: ?À

��¬���þ���¬¿v�, ��z�g�Uv��þ�gv����¬

�������¬. ¦¤k��Ûê n¦��3�«�{, ÷v��v���

�¬���¬�¥%.

Ù¢�â/30��/¤$^��{, ·����Y¿Ø(J. �éÎÜ^

�� n��EI��
Ð��{âU��.

) n = 4k + 1 (k ∈ N)�¤¦, ndXe:

� n = 4k + 3�Ø�3ù���{, y²��{�¯K 1 �y²�{��

�Ó, ùpØ2Qã.

� n = 4k + 1�, k k = 0�w,¤á, e�Ä k ≥ 1��/.

Äky²��Ún:

ÚÚÚnnn 1. eU
UìK8�¦�5Kv���d��¬|¤� s × t × 1

(s, t��u 1 �Ûê)��N�¬, Ké?¿��ê r, þUUìK8�¦�5

Kv���d��¬|¤� s× t× (4r + 1)��N�¬.

Úny² éu s × t × (4r + 1)��N�¬, �ÄÙ:Àã���d st�

1× 1��/|¤� s× tÝ/.

dK¿, �3�«v� s× t× 1��N�¬�{, Ø���M .

Xã¤«, �M ¥v��1���¬¡� A, 1��

�¬¡� C, v�������¬¡� B. d s, t ≥ 3�

� B 6= C.

�l B� AUM �´�£��{� N .

M ¥l C � B��{�M ′ (=3M ¥�K A).

N ¥l B� C ��{� N ′ (=3 N ¥�K A).
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� s × t × (4r + 1)��N��¬± s × tÝ/�.¡de þê�g�1

1, 2, · · · , 4r+1�,1 i�¥A, B, CéA��¬�Ai, Bi, Ci (i = 1, 2, · · · , 4r+1).

e¡�Ñv� s× t× (4r + 1)��N��E.

l A1m©v, UìM l A1v� B1, ,�v B2 (B23 B1þ�),2UìN

l B2v� A2. 2v A3 (A33 A2þ�), l A3m©Eþãö��v� A4, ±

daíØäEþãö�§Kd A1��v� A2r.

du Ai+13 Aiþ� (1 ≤ i ≤ 4r), K�l A2r �� þv� A4r+1, ,�v

C4r+1 (C4r+1� A4r+1��).

�e5UìM ′ l C4r+1 v� B4r+1, ,�v B4r (B4r 3 B4r+1 e�), 2U

ì N ′ l B4r v� C4r. 2v C4r−1 (C4r−1 3 C4r e�), l C4r−1 m©Eþã

ö��v� C4r−2, ±daíØäEþãö�, Kd C4r+1��v� C2r+2.

2v C2r+1, ��UìM ′l C2r+1v� B2r+1.

�d·�vK
 s× t× (4r + 1)��N�¤k��¬.

5¿� B2r+1�¥%���¬, �Ún�y.

£££������KKK, éu n = 4k + 1,

dÚn 1 �Iy²�3�{M ¦��±UìK¿v� n× n× 1��N�

¬. $^8B{y²þã·KéÛê nþ¤á.

� n = 1´w,¤á. eé n− 2 (n ≥ 3)¤á, �Ä n��/, Äk�gv

��	�� 4n− 4���¬, �{Ü©� (n− 2)× (n− 2)× 1��N, w,�

e5v����¬7�Tá�N���, d8Bb�, é n¤á.

dd��, �{M ´�3�, Ïd n = 4k + 1�K8¤¦. �

¦+ù�¯K��
, ØLÙ¥k
[!�I�\±`².

Äk, 'uv� n× n× 1��N�¬, �E´w,� (8B=´�
�BQ

ã), ¢Sþ=l�	�����/ p¡v. (Xã¤«� n = 5��/)

Ïd, ·�F"Ún 1 ´¤á�. ?�Ú, ·�uy,

duþã n�Ûê�þ¤á, �Ún 1 �¤á, Ó��

±íÑéuÛê n9��ê r, ·��±Uì5Kv�

/n× n× (4r + 1)0���N�¬.

dd, ·F"é�¤k÷v^����N, �òK8

?�Úí2:

¯K 3. ,±iZSz���¬þ� 1× 1× 1�á�N¿���¬�±]

23�¥. y3iZSk��d��¬|¤� x× y × z (x, y, z��Ûê)��
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N���¬. ½Âkú�¡���¬´���.y3I�UXeiZ5KvKù

���¬: ?À��¬���þ���¬¿v�, ��z�g�Uv��þ�

gv����¬�������¬. ¦¤k� (x, y, z)¦��3�«�{, ÷v

��v����¬���¬�¥%.

Äk, ·�^�¯K 1 Ó���{�±uy, � xyz ≡ 3 (mod 4)�´Ø¤

á�, @o·��Ä xyz ≡ 1 (mod 4)UÄ¤áQ?

ÄküØK�
��¹ (k��ü��� 1 �: �� 1 �±, �Tkü� 1

´Ø1�),,�5¿�,� x, y, z¥�õ��´ 1� xyz ≡ 1 (mod 4)�, x, y, z

¥7k��´� 4 { 1 �, Ø��� z, ·�Ò¬uy, d�XJ�±Uì5K

v�/x× y× 10���N�¬, @odÚn 1 ��� xyz ≡ 1 (mod 4)�´�

±÷vK¿�. ¯¢þù´¤á�, ¿���¯K�¥��$^8B{`², k

ÉÓó�©. (,d����E¿Øw,)

) ÷v xyz ≡ 1 (mod 4)� x, y, z ¥�õ�� 1 � (x, y, z)9 (1, 1, 1)�

¤¦.

Äk (x, y, z) = (1, 1, 1)w,¤á. � x, y, z¥Tkü� 1 �w,Ø¤á.

� xyz ≡ 3 (mod 4)�Ø�3ù���{, y²��{�¯K 1 �y²�

{���Ó, ùpØ2Qã.

� xyz ≡ 1 (mod 4)� x, y, z¥�õ�� 1 �, ky²ü�Ún:

ÚÚÚnnn 1. Ó¯K 2 ¥�Ún 1.

ÚÚÚnnn 2. U
UìK8�¦�5Kv���d��¬|¤�/x× y × 10

��N�¬, Ù¥ x ≡ y (mod 4)� x, y��u 1 ��Ûê.

Úny² Äky², U
UìK8�¦�5Kv���d��¬|¤�

/n× 3× 10��N�¬, Ù¥��ê n÷v 4 | n+ 1. � n = 4b+ 3 (b ∈ N).

�1 i 11 j ��ê� aij (1 ≤ i ≤ 3, 1 ≤ j ≤ n), Ø��Äkv�

a11, �gv� a12, a13, · · · , a1(2b+1), ?�Úv� a2(2b+1), a2(2b), · · · , a21, 2�g

v� a31, a32, · · · , a3n. �X�gv� a2n, a1n, a1(n−1), a2(n−1), a2(n−2), a1(n−2), · · · ,

a1(2b+3), a1(2b+2), a2(2b+2). ¤á!

(AO/, Xã¤«�/7× 3× 10��N��E)

e¡$^êÆ8B{y²Ún:

Ø�� x ≥ y. ém = x+ y8B:

(5¿m ≥ 6�m ≡ 2 (mod 4))

�m = 6� x = y = 3, 3þã·K¥� n = 3, ¤á.

www.nsmath.cn 4



b�·Ké/m−40(m ≥ 10)¤á,�Ä/m0��/: éu/x×y×10

��N (m = x + y). e y = 3, 3þã·K¥� n = m − 3, K n ≡ 3 (mod 4),

¤á.

e y ≥ 5, �gv��	�� 2m− 4���¬, �{Ü©�/(x− 2)× (y−

2) × 10��N, w,�e5v����¬7�T��N���, d8Bb�,

¤á. d8B�n, KÚn 2 ¼y!

£££������KKK, d xyz ≡ 1 (mod 4)���3 x, y, z ¥���ê� 4 { 1, Ø�

�� z, e x, y, z¥k��ê� 1, dÚn 2 ¤á.

ÄK, x, y, z ≥ 3. dÚn 2, �3UìK8�¦�5Kv���d��¬|

¤�/x× y × 10��N�¬��{, dÚn 1, ?�ÚíÑ�3UìK8�¦

�5Kv���d��¬|¤�/x× y × z0��N�¬��{.

nþ¤ã, ¤k÷v xyz ≡ 1 (mod 4)� x, y, z¥�õ�� 1 � (x, y, z)9

(1, 1, 1)�¤¦. �

�±uy, ù����n�¯K, ·���EwqE,, Ù¢´d{ü��

��/\Ã, ©O?1)û, ��ÏLü���¯K��E��¯K�)�. �

�5¿�´, ·�éuy²¯K 2 ¥Äky²�·K��{, �±^ÙéÚn 2

���Ey², �,8B�±{'�`², �8B��Eq����EkØÓ

�?, ÏdÙ¢éuù��¯K, ·�I��ÿßÿ, �ÿ�E, B¬uyL¡

þE,��EÙ¢þÃ¿Ø(J, �,½N�kÙ¦��°|�y².

�d, ·�¤õ/ò��{ük��|Ü¯K��
��äk��5�

í2, ¿�í2��¯K 3 äk�½�JÝ, ´��Ø��ÔöK.

��a�Öö��Ö, ©¥XkØT�½�Ø�?, F"ÖöØ���.

ë�©z

[1] =R, x®Â?Í. êÆc����mÖ (1��).p¥ò 12.ãØ [M]. þ

°: uÀ���ÆÑ��, 2011.12.
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