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1�K. 3 4ABC ¥, AB > AC, I ´S%, AI �	�� �O u,�:

M . ∠BIC �	�²©�� BC �ò��u E, : F,N ©O´ IE, IA �¥:.

MF ��O u,�:K, KN ��O u,�: J . y²: L J ��»²1uAI.

(úôÐ�p?¥ÆÆ)�©§øK)

y² (�âÉ²�¥4Ó�ÓÆ�)��n):

Xã,�4ABC�n�R%©O� Ia, Ib, Ic,K I�4IaIbIc�R%. � IK

� IaE u L, du IM = MIa, IF = FE, � IL = 2IK. 5¿� 4ABC �	

��� 4IaIbIc �Ê:�, §� 4IaIbIc �	���	 q¥%� I,  q'

� 1 : 2, � L 3 4IaIbIc �	��þ. �ù����%� V , �§� BC �

u P,Qü:.

du IO = OV , IM = MIa, �� IaV � OM , ¤± IaV ⊥ BC. � Ia �

� V þ PQl�¥:. ¤± ∠IaIbP = ∠IaQP = ∠IaPC. dd��

IaP
2 = IaC · IaIb = IaI · IaA.

aq/du ∠IaLP = π − ∠IaQP = ∠IaPE, ��

IaP
2 = IaL · IaE.
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(Üþ¡üª�� IaI ·IaA = IaL·IaE,¤±A, I, L,E��. d q�N, I,K, F

��.

�Ä±M ��%, LB, I, C, Ia��. - T �`lBC�¥:, �Ò´OM

ò����M ��:. K IT � ∠BIC �S�²©�, u´ IT ⊥ IE. ¤±

∠MIT =
π

2
− ∠NIF =

π

2
− ∠NKF =

π

2
− ∠JBM = ∠OJM.

Ïd ∠JOM = ∠IMT , = JO � AI. �

µ5 uH���ÆNá¥Æ¾\a, úô�	°¥Æî��, ���ÉÇ

�¥ÁU², ô���²¥ÆÇ�Ð, ô��M²�¥�Æ©, �H��g¥Æ

~#, U9½¢�¥Æ)�²�ÓÆ±9þ°oG��Û�uP���Ñ
�

K��()�.

1�K. �½��ê n ≥ 2. ®��K¢ê a1, a2, . . . , an �Ú� 1, ¦

a21 + a22 + · · ·+ a2n + 2
√
a1a2 · · · an ��������.

(À��âÆ� ÜX øK)

) (�âÉgn¥i�ÓÆ�)��n):

Äk�Ä���. � n = 2�, f(a1, a2) =
3
2
− 2(
√
a1a2 − 1

2
)2 ≤ 3

2
, ���

3 a1 = a2 = 1
2
���. � n ≥ 3�òy²���� 1, 3 a1 = 1, a2 = · · · =

an = 0���. �d�Iy²

√
a1a2 · · · an ≤

X
i<j

aiaj.

XJ n = 3, Kþ¡�ªf�d
È
a1a2a3(a1 + a2 + a3) ≤ a1a2 + a1a3 + a2a3 �

Ñ. XJ n ≥ 4, Km>��´ a1a2 + a3a4 ≥ 2
√
a1a2a3a4 ≥

√
a1a2 . . . an.

e¡¦���. � n = 2�´� f ≥ 1, 3 a1 = 1, a2 = 0���. � n ≥ 3

��½ a3, . . . , an, K

a21 + a22 + 2
√
a1a2a3 . . . an = (a1 + a2)

2 − 2a1a2 + 2
√
a1a2a3 . . . an

�'u
√
a1a2 �m��e��g¼ê. ¤±������o´ a1 = a2, �

o a1a2 = 0. Ïd, ���¼ê�������o a1 = · · · = an, �o�3,

� ai = 0. c�«�¹e�Y´ 1
n
+ 2

È
1
nn , ��«�¹e�Y´

1
n−1

. üö'

�, n ≤ 4���«�¹��,  n ≥ 5�c�«�¹��. �

µ5 ô��U�¥Æo��ÓÆ±9�Hm¥Æ� �3¶�ÓÆ (�

¶/èÃà0) ��Ñ
�K��()�.
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1nK. ®� 4ABC S�u� O, D �S�� �I � BC ��:, T �

A−�����:. �� TD �� O �u,�: E, �� AE � BC �ò��

�u L. X 3 BC >þ, ÷v XC = LC. Y � BL �¥R�� XI ��:. y

²: XI
Y I

= 2(p−c)
p−b

, Ù¥ p ´4ABC ��±�.

5: T � A−�����:: T 3� O þ, �L T ����� AB,AC �

ò��9� O ��.

(þ°E�N¥�Ë©�Æ)��� øK)

y² (�â�âuH���ÆNá¥Æ¾\aÓÆ�)��n):

ë� ID, � H � BL¥:, K ID ⊥ BL. Ù� BD = p − b, CD = p − c.

�y·K, ��y XD
DH

= 2CD
BD

, �Ò´�y CL−CD
1
2
BL−BD

= 2CD
BD

. �n�=�

y BL · CD = BD · DL.  BD = BL − DL,CD = DL − CL, ¤±q�d

u DL2 = BL · CL.

�ydª, 5¿�Ù��(Ø ∠BAT = ∠CAD. u´

∠DAE = ∠CAD + ∠CAE = ∠BAT + ∠CAE = ∠BCT + ∠CTD = ∠LDE.

u´ LD2 = LA · LE = LB · LC. ·K�y! �

µ5 úô�	°¥Æî��, ô��U�¥Æo��±9ÉÇÆgýõ

©�ÓÆ��Ñ
�K��()�.

1oK. y²: Ø�3��ê a, b, c, ¦� a
b+c

+ b
c+a

+ c
a+b
�Ûê.

(�®<�N¥Æ)� øK)

y² (�âøKö�)��n):

� a
b+c

+ b
c+a

+ c
a+b

= n�Ûê, K

X
a(a+ b)(a+ c) = n(a+ b)(b+ c)(c+ a).
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·��±òù�àg�n�ngØ½�§=z���IO�ý��. äN5

`, -

x =
−4(a+ b+ 2c)(n+ 3)

2a+ 2b− c+ (a+ b)n
, y =

4(n+ 3)(2n+ 5)(a− b)
2a+ 2b− c+ (a+ b)n

.

Kknê x, y÷v

y2 = x3 + (4n2 + 12n− 3)x2 + 32(n+ 3)x. (1)

�L5- S = a+ b+ c, K

a

S
=

8(n+ 3)− x+ y

2(4− x)(n+ 3)
,

b

S
=

8(n+ 3)− x− y
2(4− x)(n+ 3)

,
c

S
=
−4(n+ 3)− (n+ 2)x

(4− x)(n+ 3)
.

du ab > 0, �� (8(n+ 3)− x)2 > y2. |^ (1) �n��

(4− x)(x2 + 4n(n+ 3)x+ 16(n+ 3)2) > 0,

u´ x < 4. 2d c > 0�� x < 0.

e¡·�y² (1) vk n�Ûê, x < 0�knê). � n+ 3 = 2m, K

y2 = x3 + (16m2 − 24m− 3)x2 + 64mx.

- x = d r2

s2
, ùp d, r, s��ê, d < 0Ã²�Ïf,  r, s > 0p�. �\þ¡�

�

Z := dr4 + (16m2 − 24m− 3)r2s2 + 64
m

d
s4

�knê�²�. e dØ�Ø 64m, K�3 d�Û�Ïf qØ�Ø 64m. ù�7

L q | s, ÄK vq(Z) = −1, � Z ´²�êgñ.  (r, s) = 1, u´ qØ�Ø r, �

� vq(Z) = 1, �,gñ.

� d | 64m, �Ò´ d | 2m. du Z ´²�ê, ¦± 4d,�����

[2dr2 + (16m2 − 24m− 3)s2]2 − (4m− 1)3(4m− 9)s4 = 4dt2. (2)

é,���ê t¤á. e¡©n«�¹?Ø:

(i) d < 0�Ûê. d��ä�'ÎÒ�
d

4m− 1

�
= −

� −d
4m− 1

�
= −(−1)

−d−1
2 ·

�
4m− 1

−d

�
= −(−1)

−d−1
2 ·

�−1
−d

�
= −1.

ùp1�Ú^��gp�Ç, 1nÚK´Ï� d | 2m, 1�1oÚÑ^
î.�

O{. Ïd�3 4m− 1�Û�Ïf p, ¦�
�
d
p

�
= −1. �d (2),

[2dr2 + (16m2 − 24m− 3)s2]2 ≡ 4dt2 (mod p).

¤±7Lk p | 2dr2 + (16m2− 24m− 3)s2. d p | 4m− 1�� p | 2dr2− 8s2. 2

g|^
�
d
p

�
= −1�� p | r, p | s, gñ!
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(ii) d < 0�óê, �m�óê. ·�k�
d

4m− 1

�
=
� −2
4m− 1

�
·
� −d/2
4m− 1

�
= −1 · (−1)−d/2−1 ·

�
4m− 1

−d/2

�
= −1.

aqþ�«�¹�±�Ñgñ!

(iii) d < 0�óê,�m�Ûê. ù�� d = −2u,d d | 2m��m = ku.

K k, u�Ûê, �

Z = −2ur4 + (16m2 − 24m− 3)r2s2 − 32ks4

�²�ê. e s�óê, K r�Ûê, þªØo{�, Ø�U. � s�Ûê. ?�

Ú/, XJ r´Ûê, KþªØo{n, �Ø�U. Ïd r´óê. � r = 2v, K

Z

4
= −8uv4 + (16m2 − 24m− 3)v2s2 − 8ks4

�²�ê. e v´Ûê, KþªØl{Ê, Ø�U. Ïd v = 2w, �

Z

16
= −32uw4 + (16m2 − 24m− 3)w2s2 − 2ks4

�²�ê. e w´Ûê, þªØo{n, Ø�U. �e w´óê, þªØo{�,

½Ø�U. ¤±nÜ¤k�¹, oU�Ñgñ!

� (1) vk n�Ûê, x < 0�knê). ·K�y! �

µ5 (1).�KJÝ'��, �du�9ý����«�êC/, äk�

½�éu¿Â. ý��´y�êØïÄ¥��é�, k,��ÓÆ�±?

1ÿÐ�Ö.

(2).�K�(ØÑy3 Allan MacLeod � Andrew Bremmer 3 2014 c�

Ø© “An Unusual Cubic Representation Problem” ¥. ù�Ø©?�Ú�Ä


 n�óê��¹, ¿��
Ü©(J. ���J�´, �c�äþQ²61�

�'u°J, �ý�g�“�åK”, B´ n = 4��¹. �, n = 4�k��ê

) (a, b, c), ����)Ñ�~��, A�Ø�UßÑ5.
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