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I. ÁÁÁ KKK

1. ���ê n ≥ 2, �K¢ê x1, x2, · · · , xn÷v
nP
i=1

xi = n. ¦ 
nX
i=1

bxic
! 

nX
i=1

{xi}
!

����,Ù¥ bxcL«Ø�L¢ê x����ê, {x} = x− bxc.

(¥I<¬�ÆNá¥Æ Üà� øK)

2. � Γ1 �� Γ2 �u P,Qü:.�� l ´L: P �Ä��, l �� Γ1 �

,���:� A, l �� Γ2 �,���:� B(A,B ÑØÓu P ). L A,B ©

O�� Γ1�� Γ2 ���, ùü^���u: C.��� l7 P ^=���,¦

4ABC �	% O�;,.

(þ°�Æ Ç£´ �g øK)

3. ��¢��±�k n��¯�lÚ n��":, ù
�lÚ�":Ñ©

Ù3Ó���±þ.z��":Sü�¶¬W��, 3,��mãS, n�¬W

k�÷�±U_����$Ä��C�����Â�w��l�w*ÿ���

¹, Ù¥z��l�f���¬W��w, zgÑ´���¬W�w�.��

,��¬WâÑu?1e�g�w.y²:Ø+¬W±Û«gSÑu, ��¬W

ÂvFÏ: 2018-04-29.
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$Ä�´§�Ú´½�.

(�ep?¥Æ ¾�¸ øK)

4. (1)� α, n, k´��ê, n ≥ k, p´�ê,�÷v pα |
�
n
k

�
,y²: pα ≤ n.

(2)���ê n, k÷v n ≥ k2 ≥ 64,y²:
�
n
k

�
k���u k��Ïf.

(þ°oG�� Û�u øK)

5. �O1 � �O2 �u A,B ü:, L A���©O� �O1,�O2 u: C,D,

÷v O1, O2, C,Do:��,PT�� Γ.� E ´ CO2� DO1��:, I ´�ã

BE �� Γ��:. y²: I ´4CBO2Ú4DBO1�S%.

(¥I<¬�ÆNá¥Æ Üà� øK)

6. n´�½���ê.éu n�ê| ā = (a1, · · · , an),P

S(ā) =
nX
i=1

3i−1ai, T (ā) =
nX
i=1

ai
3i−1

.

�m, k´��ê�÷vm ≥ 2k,½Â

A =
n
ā = (a1, · · · , an)

��� k = S(ā), Ù¥ ai ∈ Z, |ai| ≤ m, i = 1, · · · , n
o
.

y²: P
ā∈A

T (ā)

|A|
≤ k,

Ù¥ |A|L« A����ê.

(MÃ�Æ Çh øK)
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///. ))) ���

K 1. ���ê n ≥ 2, �K¢ê x1, x2, · · · , xn÷v
nP
i=1

xi = n. ¦ 
nX
i=1

bxic
! 

nX
i=1

{xi}
!

����,Ù¥ bxcL«Ø�L¢ê x����ê, {x} = x− bxc.

) � n´óê�, dþ�Ø�ª, 
nX
i=1

bxic
! 

nX
i=1

{xi}
!
≤
 

nX
i=1

(bxic+ {xi})
!2

=
1

4

 
nX
i=1

xi

!2

=
n2

4
.

� x1 = · · · = xn
2

= 1
2
, xn

2
+1 = · · · = xn = 3

2
��±���Ò.

� n´Ûê�, 
nX
i=1

bxic
! 

nX
i=1

{xi}
!

=
1

4

 
nX
i=1

(bxic+ {xi})
!2

− 1

4

 
nX
i=1

(bxic − {xi})
!2

=
1

4

 
nX
i=1

bxic
!2

− 1

4

 
2

nX
i=1

bxic −
nX
i=1

xi

!2

=
n2

4
− 1

4

 
2

nX
i=1

bxic − n
!2

≤ n2 − 1

4
,

��Ø�Ò´Ï� 2
nP
i=1
bxic´óê, n´Ûê, ¤±

����2 nP
i=1
bxic − n

���� ≥ 1. ��

x1 = · · · = xn−1
2

= 1
2
, xn+1

2
= 1, xn+3

2
= · · · = xn = 3

2
��±���Ò.

nþ, ¤¦���� n´óê�� n2

4
, � n´Ûê�� n2−1

4
. �

µ5 dK´��{ü
`ä��êK,�Á¥ý�õêÓÆ�é
dK.

K 2. � Γ1�� Γ2�u P,Qü:.�� l´L: P �Ä��, l�� Γ1�

,���:� A, l�� Γ2 �,���:� B (A,B ÑØÓu P ). L A,B ©

O�� Γ1�� Γ2 ���, ùü^���u: C.��� l7 P ^=���,¦

4ABC �	% O�;,.

) �4QO1O2�	��� Γ, ·�y² O�;,´ Γ\{Q,O1, O2}.
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ky² O3 Γ\{Q,O1, O2}þ. (∗)

�d�Ly² O,O1, Q,O2 o:��.¯¢þ,d AC,BC ©O´� Γ1,Γ2

����, ∠CAB = ∠AQP,∠CBA = ∠BQP .l


∠ACB = π − ∠CAB − ∠CBA = π − (∠AQP + ∠BQP ) = π − ∠AQB,

� C,A,Q,B o:��,ù`² O�´4AQB �	%,Ïd OA = OQ = OB.

q O1A = O1Q,O2Q = O2B,¤±

OO1 ⊥ AQ,OO2 ⊥ BQ.

K ∠O1OO2 = π − ∠AQB.q

∠O1QA =
π

2
− ∠AO1Q

2
=
π

2
− ∠APQ =

π

2
− ∠BO2Q

2
= ∠O2QB,

� ∠AQB = ∠O1QO2.l
 ∠O1OO2 = π − ∠Q1QO2, ¤± O,O1, Q,O2o:�

�.

��� l%C Γ2 L P :����, Oªu O1.��� lØU� Γ2 L P :

��� (d� P,B­Ü),� OØU�� O1.Ón, OØU�� O2.

��� l%C�� PQ�, O ªu Q.��� lØU��� PQ (d� A,B

­Ü),� OØU�� Q.

l
 (∗)�y.

,��¡, � O ∈ Γ\{Q,O1, O2}�, ·�é�^²L: P ��� l, ¦� O

�4ABC �	%. L Q� OO1�R��� Γ1u A, L Q� OO2�R���

Γ2u B (A,BþØÓu Q).

du O1A = O1Q,OO1 ⊥ AQ,¤± OA = OQ.Ón OB = OQ.¤± O´

4AQB�	%.
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ky A,P,B n:��. Ï� OO1 ⊥ QA,OO2 ⊥ QB, ¤± ∠AQB =

π − ∠O1OO2. q O,O1, Q,O2 o:��, ¤± ∠O1QO2 = π − ∠O1OO2. �

∠AQB = O1QO2, K

∠AQO1 = ∠BQO2,∠APQ =
π

2
− ∠O1QA,∠BPQ =

π

2
+ ∠O1QA.

¤± ∠APQ+ ∠BPQ = π, K A,P,Bn:��.

��� l��� APB.L A,B ©O� Γ1,Γ2���,ùü^���u: C.

� (∗)¥�y²aq�� C,A,Q,B o:��.qÏ� O´4AQB �	%, ¤

± O�´4ABC �	%.

nþ��, O�;,´ Γ\{Q,O1, O2}. �

µ5 dK�;,¯K.daK83¥I�'m¥é�Ñy,ÙJ:3uX

Ûuy O�;,´ Γ\{Q,O1, O2}.�Á¥éõÓÆvky²;,�X{5,=

y² Γ\{Q,O1, O2}þ�:Ñ÷v^�.

K 3. ��¢��±�k n��¯�lÚ n��":, ù
�lÚ�":

Ñ©Ù3Ó���±þ.z��":Sü�¶¬W��, 3,��mãS, n�

¬Wk�÷�±U_����$Ä��C�����Â�w��l�w*ÿ�

��¹, Ù¥z��l�f���¬W��w, zgÑ´���¬W�w�.

��,��¬WâÑu?1e�g�w.y²:Ø+¬W±Û«gSÑu, ��

¬W$Ä�´§�Ú´½�.

y² é¬W9�lUXe5K?1?ÒÚ/Ú: éz� i (1 ≤ i ≤ n),XJ

,¬W´1 i�Ñu?1�w�,KòÙPþùÚ?Ò ri,�ÂT¬W�w��

lKPþ7Ú?Ò bi.dz�ùÚ ri U_�¨��ë�^�7Ú bi �l,¡�

_l i,K��¬W$Ä�´§�ÚÒ´��_l i(1 ≤ i ≤ n)��Ý�Ú.

�	 n�¬W�?¿�«?Ò�ªM ,éÙ?1Xeö�:òM ¥�ùÚ

?Ò ri−1, ri (2 ≤ i ≤ n)©OU� ri, ri−1 (=��ùü�¬W�Ñu^S),Ù{

ùÚ?ÒØC,���«#�?Ò�ª N .

·�y²: ùü«?Ò�ª�_l�ÝÚ�Ó.

P M ¥ùÚ?Ò ri−1, ri (2 ≤ i ≤ n)éA�ü�¬W� A,B,7Ú?Ò

bi−1, bi éA�ü��l©O� C,D,K A,B,C,D3�±þ�©Ù��þ�k

ü«�U (Xeã¤«).

w,,?ÒeI�u i − 1�ùÚ?Ò3ö�¥ØC,l
ÙéA�7Ú?

Ò�ØC.d	,�	± A,B,C,D�à:�_l�UC�¹, M ¥�üã_l
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i− 1, i©O�øAC,øBD.

éu1�«�/,duM ¥_l i = øBD,L² B �w�ål�C���

��Â�w�7:´ D.� B ku A�w� (?ÒeI iU� i− 1), B ¤ë�

_lE�øBD,¤±_l i− 1C�øBD.�X A?1�w, A�w�ål�C�

����Â�w�7:´ C,¤±_l iC�øAC.d�,üã_l i − 1, ip�,

�Ý�ÚØC.qÙ¦_l� �ÑØC,u´¤k_l��Ý�ÚØC.

éu1�«�/,duM ¥_l i− 1 = øAC,`² C � Dål A�C,�

Ò´ C�DålB�C.�BkuA�w�,B���1����Â�w�7

:´ C,¤±_l i− 1C�øBC.�X A?1�w, A�w�ål�C����

�Â�w�7:´D,¤±_l iC�øAD.d�,5¿�øAC+ øBD = øAD+øBC,

üã_l i − 1, i��Ý�ÚØC.qÙ¦_l� �ÑØC,u´¤k_l�

�Ý�ÚØC.

�	 n�¬W�?¿�«?ÒM ,�1��¬W�?Ò� rx1 .XJ x1 > 1,

KòM ¥1��¬W�?ÒU� rx1−1,?Ò� rx1−1�¬W�?ÒU� rx1 ,�

��«#�?Ò�ª.XJ#�?Ò�ª¥1��¬W�?ÒeIE,�u 1,

KUYþãö�,eZgö���¦1��¬W�?ÒC� r1.aq/�	1 2

�¬W�?Ò,eZgö��¦1 2�¬W�?ÒC� r2.Xde�,�²Le

Zgö�,¦é?Û i(1 ≤ i ≤ n),1 i�¬W�?ÒC� ri.dþã(Ø,ö�Ø

UC?Ò�ª�_l�Ý�Ú,¤±?Û?Ò�ªÑ�?Ò�ª (1, 2, · · · , n)�

_l�Ý�Ú�Ó.dd��,��¬W$Ä�´§�Ú��w^SÃ',�½

�. �

µ5 dK´��¥�JÝ�K,�©Ç 35%�m.y²�'�:´�uy

?¿�«ÑugS,Ñ�±ÏLØäN�ü�¬W�ÑugS,�ªþC��«

A½�ÑugS.
N��¢�´y² n = 2��/.Ø�ÓÆ¦^
8B{,
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Ó��I�N��g�.

K 4. (1)� α, n, k´��ê, n ≥ k, p´�ê,�÷v pα |
�
n
k

�
,y²: pα ≤ n.

(2)���ê n, k÷v n ≥ k2 ≥ 64,y²:
�
n
k

�
k���u k��Ïf.

y² (1)d Legendre½n�,
�
n
k

�
¥ p��g�

α1X
l=1

��
n

pl

�
−
�
k

pl

�
−
�
n− k
pl

��
,

Ù¥ α1´�K�ê� pα1 ≤ n < pα1+1.

5¿�Ø�ª 0 ≤ ba + bc − bac − bbc ≤ 1, ∀a, b ∈ R,�þã α1 ���Ú

¥z����´ 0½ 1,¤±§��ÚØ�L α1,=
�
n
k

�
¥ p��g�õ� α1.

d pα |
�
n
k

�
�,

�
n
k

�
¥ p��g��� α,� α ≤ α1,¤± pα ≤ pα1 ≤ n.(Ø

¤á.

(2)- π(k)L«Ø�L k��ê��ê.

ky:� k ≥ 8�, π(k) ≤ k
2
.

¯¢þ,� k ≥ 8�, π(8) = 4.� k ≥ 9�, 1, 9�¤k�u�u 4�óêÑ

Ø´�ê,ù
ê�k
�
k
2

�
+ 1�,�

π(k) ≤ k −
�
k

2

�
− 1 ≤ k

2
.

b�
�
n
k

�
vk�u k��Ïf,d�âÄ�½n�

�
n
k

�
�±�¤ØÓ�ê�

�¦È,d (1)�(Ø,z���ê�Ñ�Øu k,��k�õ π(k)�ØÓ��

ê�,¤±  
n

k

!
≤ nπ(k) ≤ n

k
2 .

,��¡,5¿� 
n

k

!
=
n

k
· n− 1

k − 1
· n− 2

k − 2
· · · n− k + 1

1
> (

n

k
)k.

(Ü±þü�Ø�ª� �n
k

�k
≤ n

k
2 ,

=k n < k2,ù� n ≥ k2gñ.�(Ø¤á. �

µ5 dK��µ´ Sylvester½nµ� n > k�, n, n+1, · · · , n+k−1¥�

½k��ê¹k���u k��Ïf. dK5
uErdös �Ø©/A Theorem

of Sylvester and Schur.0ù´ Erdös3 20 ��Ø©,©¥�Ñ
 Sylvester½n

���¤��Ð�y² (dc Erdösy²
 Sylvester½n�A~ Chebyshev½

n),3dØ©¥, Erdös ©
õ«�¹�Ø�ª�O,�K´Ù¥��{ü��

7 êÆ#(�



«�¹.

�K�©Ç� 28%�m,k�½«©Ý,�Á¥ý�õêÓÆÑ�é
1

�¯. 1�¯����
 Legendre½n½ö Kummer½n,é¯Ò�±�Ñ(

Ø. 1�¯�'�´3�y{y²¥^�êÄ�½nr
�
n
k

�
�¤�ê��¦È,

,�¦^1�¯�(Ø.�
ü$K8JÝ,·���
1�¯,äkér�J

«�^,�
1�¯��²(��K��.

K 5. �O1��O2�uA,Bü:,LA���©O��O1,�O2u:C,D,

÷v O1, O2, C,Do:��,PT�� Γ.� E ´ CO2� DO1��:, I ´�ã

BE �� Γ��:. y²: I ´4CBO2Ú4DBO1�S%.

e¡�y{�dÜà��Ñ.

y{� �K��Ú^XeÙ�(Ø:

�o>/ ABCDS�u� O, ò� AB,DC �u: E, ò� AD,BC �u

: F , AC,BD�u: P . ò� OP � EF u: G, K (1) OG ⊥ EF ; (2) G´�

�o>/ ABCDEF ���:; (3) G,A,O,C!G,B,O,D©Oo:��.
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£��K.

ò� CD,O1O2�u: F , ò� CO1, DO2�u:G. L E� EB′ ⊥ FGu

: B′, ey B′� B­Ü.

¯¢þ, dþã(Ø, B′´��o>/ CDO2O1FG���:. ¤±

∠O1B
′G = ∠O1CA = ∠O1AC, ∠O2B

′F = ∠O2DA = ∠O2AD,

l
 ∠O1B
′O2 = ∠O1AQ2. q´�4B′O1C v 4B′O2D, ¤±

B′O1

B′O2

=
CO1

DO2

=
AO1

AO2

,

u´4B′O1O2 v 4AO1O2. Ï� O1O2 ´ú�>, ¤±4B′O1O2
∼= 4AO1O2.

Ïd B′� A'u O1O2é¡, � B′� B­Ü.

� Γ��%´O,dB´��:±9Ù�(Ø, B,E,O��,�B,C,O,O2

o:��. Ï� OC = OI = OO2, ¤±d/9½n�_½n, I ´4CBO2 �

S%. Ón, I ´4DBO1�S%. �

e¡�y{�dokLÆ¬( 2004c IMO7ý�Ì)Jø.

y{� d ∠BO1C = 2∠BAC = ∠BO2D, O1C = O1B,O2B = O2D �

4BCO1 ∼ 4BDO2.

� ∠BCO1 = ∠CBO1 = ∠BDO2 = ∠DBO2,�� θ.

dÙ��(Ø�,4BO1O2 ∼ 4BCD,¤± ∠BCD = ∠BO1O2.

5¿�

∠CO1O2 + ∠DO2O1 =2π − ∠O1CD − ∠O2DC

=2π − (∠BCD − θ)− (∠BDC + θ)

=π + ∠CBD,

9 êÆ#(�



I

E

B

O2

O1

O

C

D

A

q C,D,O1, O2o:��9 AB ⊥ O1O2,

∠CO1O2 − ∠DO2O1 =∠CO1O2 + ∠DCO1 − π

=∠CO1O2 + ∠BCD − θ − π

=∠CO1O2 + ∠BO1O2 − θ − π

=2π − ∠BO1C − θ − π

=π − (π − 2θ)− θ = θ,

�dþãüª�:

∠CO1O2 =
π + ∠CBD + θ

2
=
π

2
+
∠CBO2

2
.

�4CBO2�S%� I1,4DBO1�S%� I2,K

∠CI1O2 =
π

2
+
∠CBO2

2
= ∠CO1O2,

� I13 C,D,O1, O2�	��þ.

Ón, I2�3ù��þ.Ï� ∠CBO1 = ∠DBO2,� ∠CBO2Ú ∠DBO1�

�²©�­Ü,� I1, I2­Ü,P� I ′.

yò� BI �4BCO2 �	��u O.Kk/9½n�: OC = OI = OO2.

¤± O ´ 4CIO2 �	%,�´ C,D, I ′, O1, O2 	���%.Ón,ò� BI �

4BDO1	����:�´ O:.u´ I ′34BCO2Ú4BDO1	����¶

þ.Ï� EC · EO2 = ED · EO1,¤± E �3ùü����¶þ,l
 B, I ′, E

n:��,� I ′ = I,= I ´4DBO1�S%. �
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e¡�y{nd¤Ñ	I�Æ��gHÓÆ�Ñ.

y{n Ï�

∠BO1O2 =
1

2
∠BO1A = ∠BCA,

∠BO2O1 =
1

2
∠BO2A = ∠BDA,

¤± 4BO1O2 ∼ 4BCD. qÏ� C,D,O2, O1, o:��, l
 ∆CEO1 ∼

4DEO2,4CDE ∼ 4O1O2E,u´

CE

EO2

=
CE

DE
· DE
O2E

=
CO1

DO2

· CD
O1O2

=
BO1

BO2

· BC
BO1

=
BC

BO2

.

I

E

B

O2

O1

O

C

D

A

d�²©�½n�: BE ²© ∠CBO2,Ón BE ²© ∠DBO1.qÏ� I 3

C,D,O2, O1	��þ,¤±

∠EO1I + ∠EO2I = ∠DCI + ∠CDI = π − ∠CO1D.

q5¿�,

∠BO1E + ∠BO2E

=(2π − ∠BO1C − ∠CO1D) + (∠BO2D − ∠CO2D)

=2π − 2∠CO1D,

¤±

∠BO1I + ∠BO2I = ∠EO1I + ∠EO2I. (1)

q

O1E

O2E
=
O1C

O2D
=
O1B

O2B
,
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¤±,

IE

IB
=
O1E · sin∠EO1I

O1B · sin∠BO1I
,
IE

IB
=
EO2 · sin∠EO2I

BO2 · sin∠BO2I
,

u´,

sin∠EO1I

sin∠BO1I
=

sin∠EO2I

sin∠BO2I
.

(Ü (1)�,

∠EO1I = ∠BO1I, ∠EO2I = ∠BO2I,

= O1I ²© ∠BO1E.q BI ²© ∠O1BD,¤± I ´4DBO1�S%.Ón, I ´

4CBO2�S%. �

µ5 dK´��¥�JÝ�K,�©Ç3 38%�m.y{�Ì�^Ùâk

½nÚ��o>/���:�5�;y{�Ì�^
Ó�{Ú�¶�5�,�Á

¥�kÜ©ÓÆ^
aq��{;y{nõg�>�'X��(Ø.

K 6. n´�½���ê.éu n�ê| ā = (a1, · · · , an),P

S(ā) =
nX
i=1

3i−1ai, T (ā) =
nX
i=1

ai
3i−1

.

�m, k´��ê�÷vm ≥ 2k,½Â

A =
n
ā = (a1, · · · , an)

��� k = S(ā), Ù¥ ai ∈ Z, |ai| ≤ m, i = 1, · · · , n
o
.

y²: P
ā∈A

T (ā)

|A|
≤ k,

Ù¥ |A|L« A����ê.

y² r8ÜA y©¤ü�f8A1, A2, Ù¥

A1 = {a = (a1, a2, · · · , an)
��� a ∈ A,m ≤ a1 < −m+ 2k}.

A2 = {a = (a1, a2, · · · , an)
��� a ∈ A,−m+ 2k ≤ a1 ≤ m}.

é?¿ a ∈ A1, Ï� a1 < −m+ 2k, ai ≤ m(i ≥ 2), K

T (a) =
nX
i=1

ai
3i−1

< (−m+ 2k) +m(
nX
i=2

1

3i−1
)

= (−m+ 2k) +m
1
3
(1− 1

3n−1 )

1− 1
3

< −m+ 2k +m · 1

2
= 2k − m

2

≤ k,
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¤± X
a∈A1

T (a) ≤ k|A1|.


é?¿� a ∈ A2, dA �½Â�
nX
i=1

3i−1ai = k,

l


(2k − a1) +
nX
i=2

3i−1(−ai) = k.

d −m+ 2k ≤ a1 ≤ m,−m ≤ ai ≤ m �,

−m+ 2k ≤ 2k − a1 ≤ m,−m ≤ −ai ≤ m,

�

(2k − a1,−a2, · · · ,−an) ∈ A2.

ò(a1, a2, · · · , an) �(2k − a1,−a2, · · · ,−an) �é, z� (a1, a2, · · · , an) TÑy

3�é¥((k, 0, · · · , 0) ��é���g�), �k

T (a1, a2, · · · , an) + T (2k − a1,−a2, · · · ,−an) = T (2k, 0, · · · , 0) = 2k.

l

P
a∈A2

T (a) = k|A2|, u´ X
a∈A2

T (a) ≤ k|A2|.

nþ��, P
ā∈A T (ā)

|A|
≤ k.

�

µ5 dK´JK,�Á¥�kØ� 5%�ÓÆ�é.�K�g�´©ã�

O. éu −m + 2k ≤ a1 ≤ mÜ©^�é�O,ém ≤ a1 < −m + 2k�Ü©�

�� .�Á¥Ü©�é�ÓÆ^
8B{,Ù���þã){�Ó.
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