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Õ3êØ��ÝïÄ���êê�, Ù¥´ÄkÃ¡õ��êw,´4<

4a,��5�. �·�$�ØU��{ü�ê�, X n2 + 1¥´ÄkÃ¡õ

��ê. ò�Ú, ���êê�¥´ÄkÃ¡õ��Ïf, ��±�´§�Ä�

�êØ5�. 3êÆ¿m¥, Øyùa¯K. �©Ì�0�ù��¡�(Ø�¯

K.

·�Äk5w�ek'�Ä�½n.

½n 1 (Issai Schur[1]). � f(x)´���~ê��Xêõ�ª, Kê�

{f(n)} (n = 0, 1, · · · )kÃ¡õ�ØÓ��Ïê.

y² ��~ê��Xêõ�ª f(x) =
n∑
i=0

aix
i é x = 0, 1, · · · =kk��

ØÓ��Ïf p1, . . . , pk, K a0 6= 0.

� x = p1 · · · pka0t, ¿��ê t¿©�, K f(x)�L«�Xe/ª:

f(x) = a0(p1 · · · pkAt + 1),

ùp At´���6u t��ê. 3 t¿©��, |At| > 1, � p1 · · · pkAt + 1k�

Ïf p, w, pØÓu p1, . . . , pk, �b�gñ. �

µ5 ½n 1�A^Ã¦´4Ù2��. ùp�y²Ã{, � Euclidy²�

êÃ���ªXÑ�õ.

½n 2. e f ´��Ä�Xê�u 0��Xêõ�ª, {an}´��î�4

O���êê�, �éu?¿��ê n, Ñk an ≤ f(n), K {an}¥kÃ¡õ�

ØÓ��Ïê.

y² e(ØØ¤á, K��3k���ê p1, . . . , pt÷v�¦.

�õ�ª f �Ä�� bmx
m, duz� anÑ�±�¤ p1, . . . , pt��g�È,
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t∏
i=1

∞∑
j=1

1

p
j
m
i

=
t∏
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qÏ��3��ê N , ¦�� n ≥ N �, k f(n)
1
m < 2b

1
m
mn,Ïd

∞∑
n=N

1

f(n)
1
m

>
1

2b
1
m
m

∞∑
n=N

1

n
,

Ø�3þ., ùÒ��
gñ. �

µ5 �K�(Ø´½n 1�í2, � n ¿©��, w, f(n)´üN�.

�X½n 1�±w� Euclid�Ã{�2g¤õ, �K�(Ø, ��±À�

Euleréu�êÃ��y²�í2. 3ù«k©ÛÚç�êØ¯K¥, ��ê�

\½N´�«kå�Ãã. Dirichlet3y²¦�Í¶½n—–�â?ê¥kÃ¡

õ�ê�, æ^��´ù��{.

3�êÃ��y²¥, e¡�ù«y{¡Øþ{ü, �¿Ø�é¤�. b�

�kk���ê p1, . . . , pk, K 1, 2, . . . , N ¥z�ê�±�¤
k∏
i=1

pαi
i �/ª, �

2α1+···+αk ≤
k∏
i=1

pαi
i ≤ N,

Ïd αi ≤ α1 + · · ·+ αk ≤ log2N . u´
k∏
i=1

pαi
i �õUL«Ñ (log2N + 1)k �Ø

Ó�ê, Ïd (log2N + 1)k ≥ N , � N ¿©�, ùØ�U¤á.

�ù«y{k��?3u: §L², XJ��ê�¥�kk���ê, @o

§�O��Ýq��ú
�
. @ýJÄù�y{¤õ��Ï, ½N·�ØJ

��Xe�½n.

½n 3 (Christian Elsholtz[2]). - S = (s1, s2, s3, . . .)���êS�. ¡

(1) S ´A�ü��,XJ�3~ê c,z���õÑy cg;

(2) S´g�êO��, XJ�3��¼ê f : N→ R+, ÷v lim
n→∞

f(n)
log2 n

= 0,

¦� |sn| ≤ 22
f(n)
é¤k n¤á.

��êê� {an}´A�ü��, �´g�êO��, K {an}¥kÃ¡õ�

�Ïf.

y² � f(n)Ñ´üNØ~�, ÄK^ F (n) = max
i≤n

f(i)�O f(n)ØK�

¯K. b� {an}�kk���Ïê p1, . . . , pk. é?¿� n, � an = εn
k∏
i=1

pαi
i , Ù

¥ εn ∈ {−1, 0, 1}, αi ≥ 0,Kk

2α1+···+αk ≤ an ≤ 22
f(n)

.
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± 2�.�éê, ·���

0 ≤ αi ≤ α1 + · · ·+ αk ≤ 2f(n), 1 ≤ i ≤ k.

Ïd, z� αi = αi(n)kØ�L 2f(n) + 1�ØÓ��U�,  f ´üN�. ùL

², éu�½� N , 3 |a1|, |a2|, . . . , |aN |¥�õk (2f(N) + 1)k �ØÓ�ê.

,��¡, du {an}´A�ü��, S�¥�k c��±� 0, z��"�

ýé��õ�±Ñy 2cg. u´, 3 |a1|, |a2|, . . . , |aN |¥��k N−c
2c
�ØÓ�

ê. �3�å, ·��� N−c
2c
≤ (2f(N)+1)k, du f(n)

log2 n
→ 0, éu¿©�� N , ù

Ø�U¤á, gñ. �

µ5 w,, ù�½n%¹
½n 1Ú½n 2.

ùp�g�êO�, ¢Sþ'�êO��úéõ. §¿ØUn)��3�

�¼ê g : N→ R+, ÷v lim
n→∞

g(n)
n

= 0, ¦� |sn| ≤ 2g(n)é n¤k¤á. 'X,

� g(n) =
√
n, @o lim

n→∞
g(n)
n

= 0, �´ lim
n→∞

log2 g(n)
log2 n

= 1
2
, , lim

n→∞
f(n)
log2 n

= 0Ø

UU?
. éc T ��ê p1, . . . , pT , �Ä¤k/X
T∏
i=1

pαi
i �êUl���^S

ü����ê�, §�O��Ý�V´ 22
f(n)

, Ù¥ f(n)
log2 n

≈ 1
T
, �ù��ê��

kk���Ïf.

e¡ù��C�mK, A^þ¡�½n�±é¯�Ñ.

K 1 (2016 USA TST). ¦¤k�u 1��ê C , ¦��3düüØÓ�

��ê�¤�Ã¡ê� a1, . . . , ak, éu?¿��ê k, Ñk akk+1 | Cka1a2 . . . ak.

) ·�5y² {an}´g�êO��, d½n 3=�Ø�3ù�� C.

- bn = log2 an, A = log2C, k kbk+1 ≤ kA+ b1+ · · ·+ bk.- An = b1+···+bn
n

,

k Ak+1 ≤ Ak +
A
k+1

, Ïd�3���¢êM,¦�

An ≤M log2 n, bn ≤ A+ An−1 ≤ A+M log2 n,

Ïd lim
n→∞

log2 bn
log2 n

= 0. �

µ5 ¯¢þ bn ´éê?O��, u´ an ´�?O��, A^½n 2��

±)û�K.

�±wÑ, ïÄ�ê��å�
�~���^. ¯¢þ, �·�b�ê�

{an}¥=kk���ê p1, . . . , pk�, ¦^ù��yb�, �����&EÒ´,

z�� an Ñ�±�¤
k∏
i=1

pαi
i �/ª. @og,Ò¬��Ä,��ê�g��

�.

e¡�KB´��|^�¦5��©Û�g�~f.
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K 2 (2012 RMO[3]). P Sn = 1! + 2! + · · · + n!,y²: �3 n ∈ N, ¦�

Snk�u 102012��Ïê.

y² é?¿�ê p, ?¿��ê n, ^ vp(n) L« n ��Ïê©)¥�ê p

��g.

5¿�, e vp(n) 6= vp(k), K vp(n± k) = min{vp(n), vp(k)}. dd��e¡

�Ún:

ÚÚÚnnn XJ�3,���ê n÷v vp(Sn) < vp((n + 1)!), Kéu?¿�

k ≥ n,k vp(Sk) = vp(Sn).

- P = 102012. b�éu?¿��ê n, Sn�¤k�ÏfÑ�u P . éu?

¿�ê p < P , XJ�3,���êm, ¦� vp(Sm) < vp((m + 1)!). �âÚn,

�3��ê ap, ¦�é?¿���ê n, k vp(Sn) ≤ ap. ·�¡ù���ê�

/��ê0, ¤k�u P �Ø´��ê��ê¡�/��ê0.

�½��êM , ¦�Ø�ªM > pap é?¿��ê¤á.

é?¿����ê p, XJ n+ 2´ p��ê, KdÚn,

vp(Sn+1) ≥ vp((n+ 2)!) > vp((n+ 1)!),

ùíÑ (5¿� 2w,´��ê)

vp(Sn) = vp(Sn+1 − (n+ 1)!) = vp((n+ 1)!) = vp(n!).

- N = MP ! − 2, KþãØyL² vp(SN) = vp(N !)é?¿��ê p¤á.

qÏ� N ≥ M , vp(SN) ≤ vp(p
ap) ≤ vp(N !),  SN ¤k��ÏêØ´��êÒ

´��ê, ùL² SN ≤ N !, gñ. �

µ5 �K�kO��
y², ��Ñ^�
úª: vp(n!) =
∞∑
k=1

[ n
pk
].

þ¡�y², �=IO�Y¥��{, ^���£´�~��. §A��

|^
Xe�¯¢:

e vp(a) 6= vp(b), K vp(a+ b) = min{vp(a), vp(b)}.

,��7�¦�5�©ÛÙ¥�ê��g, �ª��gñ.

3©Û�g�, �«~��Ã{´, �Äê�¥�eZ�ê, Ù¥7kü�

ê, �êÜ©��öéAXÓ���ê, ù�, ü�ê���ú�êÒ�u��

ê� kg�. eKB´ù���~f.

K 3 (2009 Iran TST). � a ´���½���ê, y²: 8Ü S =

{22n + a | n ∈ N+}¥��êkÃ¡õ�ØÓ��Ïf.
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y² � S ¥�N�Ïf� p1 < . . . < pk. é?¿� r ∈ N+, �¿©���

�ê N , ¦� 22
N
+ a > (

k∏
i=1

pi)
r. -

B = {22N + a, 22
N+1

+ a, · · · , 22N+k

+ a}.

é?¿ b ∈ B, k���Ïf��g�u r,  |B| = k + 1, Ïd�3 u, v, ¦�

éu,� pi,k pri | 22
u
+ a, pri | 22

u+v
+ a. 

22
u

+ a | (22u)2v − a2v = 22
u+v − a2v ,

Ïd pri | a2
v
+ a, u´ pri ≤ a2

v
+ a ≤ a2

k
+ a, � k´~ê, gñ. �

µ5 ·��±r����
. 5¿� {22n + a}�±w�d {22n}²£�

��, �ö=�3k���Ïf. e¡, ·�±��r��½n�(d©.

½n 4 (Kobayashi). eÃ.��ê� {an}n≥0��3k���Ïf, Ké

a ∈ Z, a 6= 0, ê� {an − a}n≥0kÃ¡õ��Ïf.

y² ·�Ø\y²�¦^ Thue½n[4]:

ÚÚÚnnn (Thue) � n ≥ 3, f(z) = anz
n + an−1z

n−1 + · · · + a1z + a0´���

Xê� ng(knê�þ) Q�õ�ª, KØ½�§

H(x, y) = anx
n + an−1x

n−1y + · · ·+ a1xy
n−1 + a0y

n = C

=kk�õ|�ê) x, y, Ù¥ C ´�½��ê.

£�·��¯K. � {an}��Ïf=k p1, . . . , pr, � {an − a}��Ïf=

k q1, q2, . . . , qs. du {an}Ã., Ïd
r∏
i=1

pαi
i −

s∏
j=1

q
βj
j kÃ¡õ|�K�ê).

�Ä�þ v = (α1, α2, . . . , αr, β1, β2, . . . , βs), ò§�� 3©a, 7k�ak

Ã¡���. ù���a), �±�¤ Ax3−By3 = a�/ª. Ù¥ A,B´(½

���ê, ¿� A,B¥z��Ïf��gÑØ�L 2.

e A = B, k x2 + xy + y2 | a, Ïd x2 + xy + y2 ≤ a, �Ukk�|). e

A 6= B, K 3

√
A
B
/∈ Q, Ïd Ax3 − By3 Q�, �â Thue½n, �Ukk�|).

ùÒ��
gñ. � {an − a}n≥0kÃ¡õ��Ïf. �

ë�©z
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