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(1. þ°oG��, 200070; 2. 2²1���Æ�, 510303)

2018c�KI[èÀo�Á1�Ó1ÊK�êØKK8#L¤�, äk�

½JÝ.K8Xe:

K8. y²: éz���êm, ·��±é�m�ëY��ê, ¦�éÙ¥

�z��ê n, (
13 + 20183

) (
23 + 20183

)
· · ·
(
n3 + 20183

)
¤L«�êþØ´�ê��u 1 g�.

�©�Ñü«ØÓ�){.y{�dÛ�u�Ñ,y{�dG�Ê�Ñ.

{�Ì�|^
 Gauss �gp�Æ5©Ûz����Ïf�&E, ÏL�

A½��ê p, ¦���ªf¹ p��gT� 1, l
y²
§Ø´�ê��u

1g�.ØL�gp�Æéõ¥Æ)Ø�ÙG, ·IêÆ¿m�êØK�é��

	ùÜ©SN, @UÄ7m�gp�Æy²dKQº) 2�Ñ
Ø^�gp�

Æ�#), d){E|5ér.

y{� ky²Xeü�Ún:

ÚÚÚnnn 1. � p´�u 2��ê,K (−3
p
) = 1��=� p ≡ 1 (mod 3),Ù¥

(d
p
)´ Legendre ÎÒ.

Ún 1�y² 5¿�(
−3
p

)
=

(
−1
p

)
·
(
3

p

)
= (−1)

p−1
2 ·
(
−3
p

)
,

d Gauss�gp�Æ,(
3

p

)
·
(
p

3

)
= (−1)

3−1
2

· p−1
2 = (−1)

p−1
2 ,

� (
3

p

)
= (−1)

p−1
2

(
p

3

)
.

ÂvFÏ: 2018-04-26.

1 êÆ#(�

http://www.nsmath.cn/jszl


Kk (
−3
p

)
= (−1)p−1

(
p

3

)
=

(
p

3

)
.

¤± (
−3
p

)
= 1⇔

(
p

3

)
= 1⇔ p ≡ 1 (mod 3),

Ún 1¼y. �

ÚÚÚnnn 2 éu?¿��ê x, x2 − 2018x+ 20182��Ïf��U´ 2,3,1009

Ú 3k + 1.��ê (Ù¥ k���ê).

Ún 2 �y² é?¿��ê x, ��ê p | x2 − 2018x + 20182, K p |

(x− 1009)2 + 3 · 10092.

� p 6= 2, 3, 1009�, (x − 1009)2 ≡ −3 · 10092 (mod p). d (p, 1009) = 1, �

� 1009� p�_´ a, K

(ax− 1009a)2 ≡ −3 (mod p),

ù`²
(

−3
p

)
= 1, dÚn 1k p ≡ 1 (mod 3).�Ún 2¼y. �

£££������KKK.d Dirichlet½n�, 3k − 1.��êkÃ¡õ�, ?�Ù¥�u

2018��ê p, ·�`²éu p− 2018 ≤ n ≤ 2p− 2019,(
13 + 20183

) (
23 + 20183

)
· · ·
(
n3 + 20183

)
L«�êþØ´�ê��.

5¿�
n∏
x=1

(x3 + 20183) =
n∏
x=1

(x+ 2018)(x2 − 2018x+ 20182)

=
n∏
x=1

(x+ 2018)
n∏
x=1

(x2 − 2018x+ 20182),

dÚn 2,é?¿�ê x,�u 2018� 3k−1.��ê pØ´ x2−2018x+20182

��Ïf.5¿� p−2018 ≤ n ≤ 2p−2019,K 2019� n+2018ùëY n�ê¥

Tk��´ p��ê, Ò´ p��. � (13 + 20183) (23 + 20183) · · · (n3 + 20183)

¥ p��gT� 1, Ø�U´�ê��.

5¿� p− 2018� 2p− 2019�k p�ëYg,ê. éu?¿��êm, �

3k − 1.��ê p > max{m, 2018}Ò�±é� p�ëYg,ê÷vK8^�,

�,�km�ëYg,ê÷vK8^�.

nþ��, ·K¼y. �
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y{� ·�ky²e¡�ü�Ún.

ÚÚÚnnn 1. � f(x)´���~ê��Xêõ�ª, KkÃ¡õ��ê p÷v

Xe5�: �3��ê n¦� p | f(n).

Ún 1�y² b�=kk�õ��ê p÷vþã5�,�§�´ p1, · · · , pk.

� |f(1)| = pα1
1 · · · p

αk
k ,Ù¥α1, · · · , αk´�K�ê,Kdm−n | f(m)−f(n)

��

pα1+1
1 · · · pαk+1

k | f(Apα1+1
1 · · · pαk+1

k + 1)− f(1),

Ù¥ A´?¿��ê.

dþª� pα1
1 · · · p

αk
k | f(Ap

α1+1
1 · · · pαk+1

k + 1), �

p1 · · · pk |
f(Apα1+1

1 · · · pαk+1
k + 1)

pα1
1 · · · p

αk
k

± 1.

ù`²
f(Ap

α1+1
1 ···pαk+1

k +1)

p
α1
1 ···pαkk

´��� p1, · · · , pk þp���ê, �§=U� 1½

−1, = ∣∣f(Apα1+1
1 · · · pαk+1

k + 1)
∣∣ = pα1

1 · · · p
αk
k .

d A�?¿5� f 3Ã¡õ�:?����Ó, � f =U�~ê, gñ!

ÚÚÚnnn 2. éu?¿��ê a, �3��êM , ¦�é?¿�ê p > M Ú��

ê n, �ê p�õ�Ø n2 − 2018n+ 20182, (n+ 1)2 − 2018(n+ 1) + 20182, · · · ,

(n+ a)2 − 2018(n+ a) + 20182¥���ê.

Ún 2�y² �M = (a+ 2018)2 + 4036(a+ 2018) + 40362, � p > M �,

·�y² p÷v^�.b�(ØØ¤á, ��ê p�ØÚn¥ê��ü�ØÓ�

ê, Ø��

p | (n+ i)2 − 2018(n+ i) + 20182, p | (n+ j)2 − 2018(n+ j) + 20182,

Ù¥ 0 ≤ i < j ≤ a, üª�~� p | (j − i)(2n+ i+ j − 2018). du

p > (a+ 2018)2 + 4036(a+ 2018) + 40362 > a,

dþª�íÑ p | 2n+ i+ j − 2018, K

4
(
(n+ i)2 − 2018(n+ i) + 20182

)
≡(i− j + 2018)2 − 4036(i− j + 2018) + 40362 (mod p).

þ¡Ó{ª��>´ p��ê, 
m>�u 0, �m>Ø�u p.5¿�

p > (a+ 2018)2 + 4036(a+ 2018) + 40362

> (i− j + 2018)2 − 4036(i− j + 2018) + 40362,
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KÓ{ªm>�u p, gñ! �b�Ø¤á, Ún 2¼y. �

£££������KKK 3Ún 2 ¥� a = m ���A� M , 3Ún 1 ¥� f(x) =

x2 − 2018x+ 20182�, �3�ê

p > max{M, 2m+ 3 · 2018, 20182}

9��ê n, ¦� p | f(n).

����÷v p | f(n) ���ê n � n0, K n0 ÷v n0 ≤ p. ¯¢þ, e

n0 > p, K f(n0 − p) ≡ f(n0) ≡ 0 (mod p), � n0 − p����÷v p | f(n)��

�ê, ���5gñ.

?�Úk n0 ≤ p+2018
2

.¯¢þ, e n0 >
p+2018

2
, Kk

f(p+ 2018− n0) ≡ f(2018− n0) ≡ f(n0) ≡ 0 (mod p),


 p+ 2018− n0 < n0, ù`² p+ 2018− n0����÷v^����ê, gñ!

d p > 2m+ 3 · 2018�

n0 +m+ 2018 ≤ p+ 2018

2
+m+ 2018 < p.

(Ü n0 < p, p > 20182�

0 < f(n0) < n2
0 + 20182 ≤ (p− 1)2 + 20182 = p2 − 2p+ 1 + 20182 < p2.

�Ä

(13 + 20183) (23 + 20183) · · · (x3 + 20183) ,

Ù¥ x ∈ {n0, n0+1, · · · , n0 +m},Kdþ¡ín� 1+2018, 2+2018, · · · , x+2018

þØ´ p��ê, 
é f(r)(r = 1, 2, · · · , x), d n0 ���5�, r < n0 � f(r)

Ø´ p��ê, dÚn 29 p | f(n0)�é r = n0 + 1, · · · , x, f(r)Ø´ p��ê,

q 0 < f(n0) < p2, �(
13 + 20183

) (
23 + 20183

)
· · ·
(
x3 + 20183

)
¥ p��g� 1, �§ØU´?Û�ê��u 1g�, y.. �

µ5 '��eü«y{, y{�ÏL©Û x2 − 2018x+ 20182��Ïf&

E, ��ê p¦�§Ø´?Û x2 − 2018x+ 20182��Ïf, 2�½ n����

�, ¦� 1 + 2018, 2 + 2018, · · · , n+ 2018�k�� p��ê��g� 1, l
y

²
K8¥�êØ´�ê��u 1g�.y{��´�A½��ê p¦�K�

¥�ê¤¹ p��g� 1, ØLØÓuy{���g���Ïf, ùp p��ä

k��5�,��g� x2− 2018x+20182��Ïf, ,�ÏLékE|5��

�üØ
 p´Ù¦���Ïf��U, l
y�
(Ø.
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