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·�k5wü�ÁK. 1��´�� ICM (International Mathematical

Competition for University Students)ÁK:

¯K 1. � k ´����ê. éz��K�ê n ,½Â f(n) ´Ø�ª

|x1|+ |x2|+ · · ·+ |xk| ≤ n��ê) (x1, x2, . . . , xk) ∈ Zk ��ê. ¦y: é?¿

��ê nk f(n− 1) · f(n+ 1) ≤ f(n)2 .

y² ·�kÁX¦Ñ f(n)�w«L�. ·��±æ^1¼ê½ö|ÜÃ

ã, ùp·�æ^�ö.

� x1, x2, . . . , xk¥Tkm(0 ≤ m ≤ k)��"��, Ù�"�^¤¢�/�

�{0�±¦Ñk
(
n
m

)
· 2m, �"�� �ÀJ�k

(
k

k−m

)
«. �·���

f(n) =
k∑

m=0

(
n

n−m

)
·
(
k

m

)
· 2m.

�±uy f(n)�Ð´õ�ª Qn(x)
def
=(1 + x)n(1 + 2x)k � xn�Xê.

�õ�ª Qn−1(x) = (1 + x)n−1(1 + 2x)k � xn−1, xn, xn+1 �Xê©O�

an−1, an, an+1, K f(n − 1) = an−1. d Qn(x) = (1 + x)Qn−1(x) �, f(n) =

an−1 + an. dQn+1(x) = (1+ 2x+ x2)Qn−1(x)�, f(n+1) = an−1 +2an + an+1.

?

f(n− 1)f(n+ 1) ≤ f(n)2

⇔ an−1(an−1 + 2an + an+1) ≤ (an + an−1)
2

⇔ an−1an+1 ≤ a2n.

ù�ÿ, ¯K=z� Qn−1(x)�Xêþ5. �ü�Xê¿ØN´?n. ·�

ßÿ�U Qn−1(x)�z�� xi�Xê aiÑ÷v ai−1ai+1 ≤ a2i .

ÂvFÏ: 2018-04-06; ?¾FÏ: 2018-04-25.

1

http://www.nsmath.cn/xszl


·��±ïáXe·K: ¡��¢Xêõ�ª P (x) = b0 + b1x + b2x
2 +

· · ·+ bkx
k �éê]�, e b2n ≥ bn−1bn+1é¤k��ê 1 ≤ n ≤ k − 1 ¤á.

ÚÚÚnnn e�Xêõ�ª P (x)´éê]�, K (1 + x)P (x)�´�Xêõ�

ª, � (1 + x)P (x)´éê]�.

Úny² w, (1 + x)P (x)´�Xêõ�ª. ¯¢þ,

(1 + x)P (x) = b0 + (b0 + b1)x+ (b1 + b2)x
2 + · · ·+ (bk + bk−1)x

k + xk+1.

� n = 1�, ·�k (b0 + b1)
2 ≥ b0(b1 + b2)⇐ b21 ≥ b0b2 .

� 1 < n < k�, ·�k

(bn−1 + bn)
2 − (bn−2 + bn−1)(bn + bn+1)

= (b2n−1 − bn−2bn) + (bnbn−1 − bn−2bn+1) + (b2n − bn−1bn+1). (1)

du b2n−1 ≥ bn−2bn > 0, b2n ≥ bn−1bn+1 > 0, üª�¦��

bnbn−1 ≥ bn−2bn+1 > 0,

� bnbn−1 − bn−2bn+1 ≥ 0, Ïd (1)mà 3 �)Òþ��K¢ê, (1)m> ≥ 0 .

� n = k�, aqu n = 1��/. Ún¤á.

£££������KKK. ØJ�y (1 + 2x)k ´�Xêõ�ª, �´éê]�. dÚn9

8B{�, �Xêõ�ª (1 + x)n−1(1 + 2x)k �´éê]�. (Ø¤á. �

Ó��Eâ�±A^3Xe�� AMM (The American Mathematical

Monthly)�)K¥.

¯K 2. � s, t´�½�g,ê, s ≤ t , -

an =

(
n

s

)
+

(
n

s+ 1

)
+ · · ·+

(
n

t

)
.

y²: a2n ≥ an−1an+1,∀n ≥ 1, n ∈ Z+.

y² ¡��¢Xêõ�ª P (x) = b0 + b1x+ b2x
2 + · · ·+ bkx

k�éê]�,

e b2n ≥ bn−1bn+1é¤k��ê 1 ≤ n ≤ k − 1¤á.

ÚÚÚnnn e�Xêõ�ª P (x)´éê]�, K (1 + x)P (x)�´�Xêõ�

ª, � (1 + x)P (x)´éê]�.

Úny²Óþ�K.

£££������KKK.é?¿� n , ·�P f(n, u)�õ�ª (1 + x)n(1 + x+ x2 + · · ·+

xt−s)� xu�Xê.
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�Ä���½� n , Kk an =
(
n
s

)
+
(

n
s+1

)
+ · · · +

(
n
t

)
= f(n, t) . ¿�5¿

f(n, t) = f(n− 1, t) + f(n− 1, t− 1) . �

an−1 = f(n− 1, t),

an = f(n− 1, t) + f(n− 1, t− 1),

an+1 = f(n+ 1, t) = f(n, t) + f(n, t− 1)

= f(n− 1, t) + 2f(n− 1, t− 1) + f(n− 1, t− 2).

K·�k

a2n ≥ an+1an−1 ⇔ f(n− 1, t− 1)2 ≥ f(n− 1, t− 2)f(n− 1, t).

du�Xêõ�ª 1 + x + x2 + · · · + xt−s´éê]�, dÚn���Xêõ�

ª (1 + x)n−1(1 + x + x2 + · · · + xt−s)�´éê]�, ùíÑ f(n− 1, t− 1)2 ≥

f(n− 1, t− 2)f(n− 1, t) . (Ø¤á. �

Ù¢, 3|Ü!�ê!AÛ!O�Å�Æ!VÇ!ÚO¥, éê]S�²~

Ñy. 3©z [5]�PÒe, éê]�½Â�·��Ñ�½Â�Ó. þãy²L

§¥�±wÑ P (x)�Xê´��´ØUí��. ¢Sþ, 3©z [5]9�2�

�ïÄ¥, ù�^��Ã¥m"� (no internal zero)¤�� (=éê� {ai} ,Ø

�3eI i < j < k ¦� ai 6= 0, aj = 0, ak 6= 0 ).

½n . e P (x)� Q(x)´�Xêõ�ª�´éê]�, K P (x) ·Q(x) �´

éê]�.

¯¢þ, ù�½nQ3© [1], [2] (1 8 Ù!, ½n 1.2),[3], [4] ¥Ñy. �©

ü �ö�JÑ
ù�¯K, Xøx�Õá�Ñ
ù�½n�y², ¦�Ñ�

y²� [1]¥�y²���Ó. A^d½n, �±á���K8¥�þ¡ü�K

8¥�Ún.
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