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x0 1 (¤ê�½n) � p��ê, a��ê,K

ap−1 ≡

 1 (mod p), p - a

0 (mod p), p | a
.

x0 2 � ε� ng��ü �,K

1 + εx + ε2x + · · ·+ ε(n−1)x =

 0, n - x

n, n | x
.

x0 3 � p��ê,K

1n + 2n + · · ·+ (p− 1)n ≡

 0 (mod p), p− 1 - n

−1 (mod p), p− 1 | n
.

ÂvFÏ: 2018-03-30; ?¾FÏ: 2018-07-08.
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x0 4 � p��ê,Kk

(
a

p

)
=


−1, a�� p���g�{;

0, p | a;

1, a�� p��g�{

9

(
a

p

)
≡ a

p−1
2 (mod p).

AO/, (a
p
) + 1�±L«�� p¿Âe�§ x2 ≡ a (mod p))��ê.

±þB´�
~��x0.ù
x0�Uwå5²�ÃÛ,�3,
¢S¯

K¥·�/$^�±å� Û��^.Ün/À�½�Ex0  ´|^�Ü

g�)û¯K�'�,e¡·�±~K�/ª5©Û�Üg�3)KL§¥u

���^.

~ 1 (Erdös-Ginzburg-Ziv[1])y²: ?¿ 2n− 1��ê¥,�½�3 n�

�êÚ� n��ê.

©Û�y² k�Ä n��ê��/.

|^�y{,b��3�ê x1, x2, · · · , x2n−1 ,¦�Ù¥?¿ n�êÚØ�

n��ê,@où�·��±|^x0 1òT5��Üå5.

ù�,^�Ò�±=z�:éu?¿ 1 ≤ i1 < i2 < · · · < in ≤ 2n− 1,þk

(xi1 + xi2 + · · ·+ xin)
n−1 ≡ 1 (mod n).

��±é¡5,·�éÙ?1�Nz\Ú?n,Kk

S =
∑

1≤i1<···<in≤2n−1

(xi1 + xi2 + · · ·+ xin)
n−1 ≡ Cn

2n−1 ≡ 1 (mod n).

 S �Ó{5�·�´�±?n�,éþª?1�S�é,=���:

S =
∑

1≤i1<···<in≤2n−1

∑
α1+···+αn=n−1
α1,··· ,αn∈N

xα1
i1
xα2
i2
· · ·xαnin

(n− 1)!

α1! · · ·αn!

=
∑

1≤i1<···<in≤2n−1

∑
1≤j1<···<jk≤2n−1

∑
α1+···+αk=n−1
α1,··· ,αk∈N+

xα1
ij1
xα2
ij2
· · ·xαkijk

(n− 1)!

α1! · · ·αk!

=
∑

α1+···+αk=n−1
α1,··· ,αk∈N+

k∈N+

∑
1≤i1<···<ik≤2n−1

xα1
i1
xα2
i2
· · ·xαkik

(n− 1)!

α1! · · ·αk!
Cn−k

2n−1−k

=
∑

α1+···+αk=n−1
α1,··· ,αk∈N+

k∈N+

Cn−k
2n−1−k

(n− 1)!

α1! · · ·αk!
∑

1≤i1<···<ik≤2n−1

xα1
i1
xα2
i2
· · · xαkik

≡ 0 (mod n),

Ù¥^�:� k = 1, 2, · · · , n− 1,þk n | Cn−1
2n−1−k.gñ!
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ù�·�y²
 n��ê��/.

éu���/,·�|^8B{�Iy²e n�(Ø¤á,K pn�(Ø¤

á,Ù¥ p��ê.éu?¿ 2pn− 1��ê x1, x2, · · · , x2pn−1 ,d8Bb���

±l¥À� 2p− 1� n��ê|,¦�?¿ü�ê|Ø�3eI�Ó�ê,�z

� n�ê|¥�êÚ� n��ê.qdc¡®y��ê���/��,�±lù

2p− 1� n��ê|¥ÀÑ p�ê|,¦� p�ê|¥¤kê�Ú� np��ê,

ù�,ù p�ê|¥�¹� np�ê÷v^�. �

µÛ ~ 1´$^�Üg����éäk�L5�¯K,Ó��Ø����

é`{�(Ø.

~ 2 (111 33333���KKKIII[[[èèèÀÀÀooo���ÁÁÁ[2]) ®��ê p 6= 13, p ≡ 5 (mod 8) ,

� 39 Ø�� p��g�{.y²:�§

x41 + x42 + x43 + x44 ≡ 0 (mod p)

k����ê)÷v p - x1x2x3x4.

y² �~ 1aq�g´,eØ,,Kk

p - x1x2x3x4 ⇒ p - x41 + x42 + x43 + x44 ⇒ (x41 + x42 + x43 + x44)
p−1 ≡ 1 (mod p),

2éÙ?1�Nz?n,Kk

S =
∑

x1,x2,x3,x4∈{1,2,··· ,p−1}

(x41 + x42 + x43 + x44)
p−1 ≡ 1 (mod p).

ùp S �Ó{5�·��´�±?n�.

5¿� S �L�ª¥Ñy
o�Cþ,ù���Ðm?n¬éæ�,u´·

�ÀJò x2, x3, x4��~ê,üÕé x1?1�Nz?n,ù�=k

S =
∑

x2,x3,x4∈{1,2,··· ,p−1}

∑
x1∈{1,2,··· ,p−1}

(x41 + x42 + x43 + x44)
p−1

=
∑

x2,x3,x4∈{1,2,··· ,p−1}

p−1∑
x1=1

p−1∑
i=0

x4i1 (x
4
2 + x43 + x44)

p−1−iCi
p−1

=
∑

x2,x3,x4∈{1,2,··· ,p−1}

p−1∑
i=0

(x42 + x43 + x44)
p−1−i

(
p−1∑
x1=1

x4i1

)
Ci
p−1.

d�,éuØÓ� i ,·��±/Ïx0 3é
p−1∑
x1=1

x4i1 �5�?1�Ü,=�

p−1∑
x1=1

x4i1 ≡

 0 , p−1
4
| i

−1, p−1
4

- i
.
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u´·�������(Ø: S ¥¤k/X x4i1 x
4j
2 x

4k
3 x

4l
4 (p−1

4
- i)��þ

�ÏL©|5-�.qd x1, x2, x3, x4�¿�'X?�Ú��,ò S �L�ªÐ

m��I�ÄÙ¥/X

x4α1
1 x4α2

2 x4α3
3 x4α4

4

(
p− 1

4
| α1, α2, α3, α4;α1 + α2 + α3 + α4 = p− 1

)
��,u´

S ≡
∑

x1,x2,x3,x4∈{1,2,··· ,p−1}

(x
4(p−1)
1 + x

4(p−1)
2 + x

4(p−1)
3 + x

4(p−1)
4

+
(p− 1)!

((p−1
4
)!)4

xp−11 xp−12 xp−13 xp−14 +
(p− 1)!

((p−1
2
)!)2

∑
1≤i<j≤4

x
2(p−1)
i x

2(p−1)
j

+
(p− 1)!

(p−1
4
)!(3(p−1)

4
)!

∑
1≤i 6=j≤4

x
(p−1)
i x

3(p−1)
j

+
(p− 1)!

(p−1
2
)!((p−1

4
)!)2

∑
{i,j,k}∈{1,2,3,4}

i<j
i 6=j 6=k

x
(p−1)
i x

(p−1)
j x

2(p−1)
k )

≡(p− 1)4
(
4 +

(p− 1)!

((p−1
4
)!)4

+
6(p− 1)!

((p−1
2
)!)2

+
12(p− 1)!

(p−1
4
)!(3(p−1)

4
)!
+

12(p− 1)!

(p−1
2
)!(( (p−1)

4
)!)2

)
,

d%�Ö½nØJíÑ

(p− 1)! ≡ −1 (mod p) ,(
(
p− 1

2
)!

)2

≡ (p− 1)!(−1)
p−1
2 ≡ −1 (mod p) ,

(
3(p− 1)

4

)
! ≡ (p− 1)!

(p−1
4
)!(−1) p−1

4

≡ 1

(p−1
4
)!

(mod p).

u´

S ≡4 + 1

[(p−1
2
)!((p−1

4
)!)2]2

− 12

(p−1
2
)!((p−1

4
)!)2

+ 6− 12

≡( 1

(p−1
2
)!((p−1

4
)!)2
− 6)2 − 38

6≡1 (mod p).

ùp^��^�
(

39
p

)
6= 1,gñ! �

µÛ ·�uy~ 1Ú~ 23?nÃ{þké���5,üöÑ´3ÏéÑ

��·��x0�,éx0?1�N?n,ù«Ã{3±e�,
K8¥�¬k

¤Ny.3�N?n�L§¥,·�  �I�2g/Ï�Üg�é8I?1

?�Ú{z.
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~ 3 (2017 ������ggg---EEE[3]) � p´�ê,y²:é?¿�ê a ,Ó{�§

y2 + x3 + a ≡ 0 (mod p)�½k).

y² Äk?n�
{ü��/:� p = 2�,w,¤á.

� p ≡ 5 (mod 6)�,d
(
−3
p

)
= −1�±íÑ 13, 23, · · · , p3 �¤� p��

��{X,u´(Øw,¤á.

ù�K�J:´ p ≡ 1 (mod 6) ��/, ·�|^�y{. b��ê a

Ø÷v^�, =é?¿ x, y ∈ Z þk −(x3 + a) 6≡ y2 (mod p) , ù�·��

±|^x0 4 éT5�?1�Ü, K^��±=z�é?¿ x ∈ Z , þk(
−1
p

)(
x3+a
p

)
= −1 ,e¡2g|^�Nz?n�ª ,��

S =

p−1∑
i=0

(
x3 + a

p

)(
−1
p

)
= −p ≡ 0 (mod p) .

,��¡
(
x3+a
p

)
�Ó{5�q�±|^x0 4:(

x3 + a

p

)
≡
(
x3 + a

) p−1
2 (mod p).

?1�Ü, ù�

S ≡
p−1∑
x=0

(x3 + a)
p−1
2 (−1)

p−1
2

≡(−1)
p−1
2

p−1∑
x=0

p−1
2∑
i=0

x3ia
p−1
2
−iCi

p−1
2

≡(−1)
p−1
2

p−1
2∑
i=0

a
p−1
2
−iCi

p−1
2

(
p−1∑
x=0

x3i

)
≡(−1)

p−1
2 (pa

p−1
2 − C

p−1
3
p−1
2

a
p−1
6 )

≡(−1)
p−1
2 C

p−1
3
p−1
2

a
p−1
6 (mod p) . (1)

Ù¥�ê1�ªq�g^�x0 3. u´ a ≡ 0 (mod p).

� a ≡ 0 (mod p)�,� x = y = 0=÷v^� ,gñ! �

µÛ £�~ 3�)�L§:·�ÄkÀ�V4�ÎÒ��x0 ,,�òV

4�ÎÒ\Ú ,¿òÙ=z�õ�ª\Ú�/ª,ù�·�Bò��E,��

35¯K=z����é{ü�õ�ªÓ{¯K.ù�ëG�?n�ª�{/

àw
�Üg�?nù�a¯K�r��?.)ö@�ù«?n�ª´��·

��ÆSÚÝº�.3e¡ù�K¥,ù«?n�ª� ÛòNy��\�m¦

�.
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~ 4 (2018 ¸̧̧IIIêêêÆÆÆÁÁÁ---EEEÔÔÔöööKKK[4]) � p = 4k + 1 ��ê, 8Ü

S =
{
x|x ≡ 1

2
Ck

2kn
k (mod p), n ∈ Z, x ∈ {0, 1, · · · , 2k}

}
,y²:

∑
x∈S

x2 = p.

y² ù�K�(J�?3u Ck
2kn

k = C
p−1
4
p−1
2

n
p−1
4 � p�{êXÛ?n.·

�uy C
p−1
4
p−1
2

�Ó{5�´éJ�x�,q5¿� C
p−1
4
p−1
2

n
p−1
4 �/ª�þK¥ (1)

�mà/ª�©aq,ùJ«·��±�{ò Ck
2kn

k �Ó{5��Ü� p�V

4�ÎÒ�Ú�/ª.

²L{ü�©Û,·�À½Úª f(n) = −
p−1∑
i=0

( i
3+ni
p

). aqþK�?n�ª,

�±��

f(n) ≡−
p−1∑
i=0

(
i3 + ni

) p−1
2

≡
p−1∑
i=0

p−1
2∑
j=0

i3j(ni)
p−1
2
−jCj

p−1
2

≡
p−1∑
i=0

p−1
2∑
j=0

i2j+
p−1
2 n

p−1
2
−jCj

p−1
2

≡

p−1
2∑
j=0

n
p−1
2
−jCj

p−1
2

(
p−1∑
i=0

i2j+
p−1
2

)

≡n
p−1
4 C

p−1
4
p−1
2

.

ù�,·���
�c�8I,u´�e5�I=�À��ïÄ f(n)�Ó

{5�.·�l f(n)�©Ù5Æ\Ã.

d f(n) ≡ n
n−1
4 C

p−1
4
p−1
2

(mod p)9 f(n) ∈ [1− p, p− 1]�±íÑØ
 0±	,

f(n)=�±��/X x,−x, y,−y � 4��,¿�Ù¥z��ÑTÐ� p−1
4
g,

u´(Ø�duy²
p−1∑
n=0

f 2(n) = 2p(p− 1),

=

p−1∑
n=0

(
p−1∑
i=0

(
i3 + ni

p

))2

= 2p(p− 1). (2)

·�ò (2)ª�àÐm¿|^V4�ÎÒ�È5?1?n��

LHS(2) =

p−1∑
n=0

∑
0≤i,j≤p−1

(
ij

p

)(
i2 + n

p

)(
j2 + n

p

)

=
∑

0≤i,j≤p−1

(
ij

p

) p−1∑
n=0

(
i2j2 + n(i2 + j2) + n2

p

)
.
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u´e¡·��I¦ f(i, j) =
p−1∑
n=0

(
i2j2+n(i2+j2)+n2

p

)
��.

�´|^aq?n�ª?n,�±��

f(i, j) =

p−1∑
n=0

(i2j2 + n(i2 + j2) + n2)
p−1
2

≡
p−1∑
n=0

((
i2j2

) p−1
2 + np−1

)
≡− 1 (mod p),

 f(i, j) ∈ [−p, p],� f(i, j) ∈ {−1, p− 1}.2²L{ü©Û,·�?�ÚíÑ

f(i, j) =

 −1, i2 6≡ j2 (mod p)

p− 1, i2 ≡ j2 (mod p)
.

ù�

LHS(2) =p(2p− 2)−
∑

0≤i,j≤p−1

(
ij

p

)

=p(2p− 2)−

(
p−1∑
i=0

(
i

p

))2

=2p(p− 1).

�

µÛ lù�K�L§¥,·�2g�£�V4�ÎÒ\Úù��{�%

å.¯¢þ,�K�/�Üg�0Ny�¿Ø�©;. ,XJvkþ�K��Á

=,·�éJ���±òK8¥ Ck
2kn

k �Ó{5��Ü�wq�,�õ� p�

V4�ÎÒ\Ú�ªf.�´)öEòù�KÀ�~K,��¡´Ï�ù�K�

)KL§{'`{,(Ø��©��,���x�§ x2 + y2 = p¥ x, y �Ó{

5�,-·�ûÃ¡ý.,��¡,)ö�F"4�[¿£�,òV4�ÎÒ��

x0?nå5´�©�B�,ù´Ï�V4�ÎÒ8È5,{'����ª,`

{�Ó{5�u��,ù�ÚÙ§x0�'?nå5¬�\(¹CÏ.e¡,·

�25w��òV4�ÎÒ��x0)û�g.Ó{�§¯K�~f.

~ 5 (2017 ¥¥¥IIIIII[[[888ÔÔÔèèè[5]) Á¦Ó�÷ve�^��kSê|

(x1, x2, · · · , x100)��ê:

(1) x1, x2, · · · , x100 ∈ {1, 2, · · · , 2017};

(2) 2017 | x1 + x2 + · · ·+ x100;

(3) 2017 | x21 + x22 + · · ·+ x2100.
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) ¯K�du¦� 2017�¿Âe,Ó{�§| 2017 | x1 + x2 + · · ·+ x100

2017 | x21 + x22 + · · ·+ x2100

�)ê.

�{z^�,Äkòü��§Ü¿����§,·��±-ai = x1 + x2 +

· · ·+ xi, KK8^��du

2017 | (a1 − a2)2 + · · ·+ (a98 − a99)2 + a299 + a21.

�d�Tªmà� 100��ê�m�3X�å'X,EJ±?n,u´·�I�

émª?1?�ÚC/

(a1 − a2)2 + · · ·+ (a98 − a99)2 + a299 + a21

=2
(
a99 −

a98
2

)2
+

3

2

(
a98 −

2a97
3

)2

+
4

3

(
a97 −

3a96
4

)2

+ · · ·+ 99

98

(
a2 −

98a1
99

)2

+
100

99
a21,

¿-

c1 = 2, c2 =
3

2
, · · · , c98 =

99

98
, c99 =

100

99
,

b1 = a99 −
a98
2
, · · · , b98 = a2 −

98a1
99

, b99 = a1,

KK8^�½�du

2017 | c1b21 + c2b
2
2 + · · ·+ c99b

2
99. (3)

d� c1, c2, · · · , c99�~ê, b1, b2, · · · , b99�gdCþ,·���
kc8I.

·�¤ÙG�¯K´/Ïx0 45�Ü�§ x2 ≡ a (mod p)�)ê,u´·

�ÀJ2?�ÚòÓ{�§=z�eã/ª

2017 | t1 + t2 + · · ·+ t99

2017 | t1 − c1b21
2017 | t2 − c2b22

· · ·

2017 | t99 − c99b299

.

ù�,éuz| (t1, t2, · · · , t99)?1üÕ©Û,·�Ò�±|^x0 4ò�§�

)ê�Ü�((
t1
p

)(
c1
p

)
+ 1

)((
t2
p

)(
c2
p

)
+ 1

)
· · ·
((

t99
p

)(
c99
p

)
+ 1

)
,
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ùpP p = 2017.u´ (3)�)ê�±L«�

S =
∑

t1+t2+···+t99=0

((
t1
p

)(
c1
p

)
+ 1

)((
t2
p

)(
c2
p

)
+ 1

)
· · ·
((

t99
p

)(
c99
p

)
+ 1

)
.

ò S �L�ªÐm��

S =
∑

t1+t2+···+t99=0

1 +
∑

t1+t2+···+t99=0

(
c1
p

)(
c2
p

)
· · ·
(
c99
p

)(
t1
p

)(
t2
p

)
· · ·
(
t99
p

)
+

∑
t1+t2+···+t99=0

∑
1≤i1<···<ik≤99

1≤k≤98

(
ci1
p

)(
ci2
p

)
· · ·
(
cik
p

)(
ti1
p

)(
ti2
p

)
· · ·
(
tik
p

)
.

e¡·�éþªmà�n�Ü©©O?1?n.

Äk, ∑
t1+t2+···+t99=0

1 =
∑

0≤t1,t2,··· ,t98≤p−1

1 = 201798,

Ùg,1��Ü©�±|^ 99�Ûêù�A5?1�K�é,��∑
t1+t2+···+t99=0

(
c1
p

)(
c2
p

)
· · ·
(
c99
p

)(
t1
p

)(
t2
p

)
· · ·
(
t99
p

)
=

1

2

∑
t1+t2+···+t99=0

(
c1
p

)(
c2
p

)
· · ·
(
c99
p

)
·((

t1
p

)(
t2
p

)
· · ·
(
t99
p

)
+

(
λt1
p

)(
λt2
p

)
· · ·
(
λt99
p

))
=

1

2

(
c1
p

)(
c2
p

)
· · ·
(
c99
p

) ∑
t1+t2+···+t99=0

(
t1
p

)(
t2
p

)
· · ·
(
t99
p

)(
1 +

(
λ

p

)99
)

= 0,

ùp λ �� 2017�?¿��g�{.

31n�Ü©¥,5¿�Ù¥ ti1 , ti2 , · · · , tik þ´gdCþ,¿�z�ü

�
(
ti1
p

)(
ti2
p

)
· · ·
(
tik
p

)
þÑy
 p98−tg,u´∑

1≤i1<···<ik≤99
1≤k≤98

(
ci1
p

)(
ci2
p

)
· · ·
(
cik
p

)(
ti1
p

)(
ti2
p

)
· · ·
(
tik
p

)

=
98∑
k=1

∑
1≤i1<···<ik≤99

(
ci1
p

)(
ci2
p

)
· · ·
(
cik
p

)
· ∑

0≤ti1 ,ti2 ,··· ,tik≤p−1

p98−t
(
ti1
p

)(
ti2
p

)
· · ·
(
tik
p

)
=

98∑
k=1

∑
1≤i1<···<ik≤99

(
ci1
p

)(
ci2
p

)
· · ·
(
cik
p

)
p98−t

(
p−1∑
i=0

(
i

p

))k
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= 0,

ù�BíÑ: S = 201798 .u´��§k 201798|). �

µÛ ~ 3!~ 6Ñ´��g.Ó{�§�)�'�¯K.3)ûùa¯K

�L§¥,òV4�ÎÒ��x05�Ü�§�,
5�  �´�©k��.

e¡·�5w���é{ü�K8.

~ 6 (2011∼2012,111 20333���KKKêêêÆÆÆccc���������[6]) � p´��Û�ê,e

�Xêõ�ª f(x) =
n∑
j=0

ajx
j ÷v∑

p−1|j, j>0

aj ≡ i (mod p),

K¡ f(x)� i−�{�.y²: {f(0), f(1), · · · , f(p− 1)} �� p����{X,

��=�õ�ª f(x), f 2(x), · · · , fp−2(x)� 0−�{, fp−1(x)� 1−�{.

y² Äk·�I�é
∑

p−1|j,j>0

aj �Ó{5�?1�Ü. p − 1 | j ù��

å^�é·��J«®²é²w
,ÏdØJ��|^x0 3 ,=���∑
p−1|j,j>0

aj = −
p−1∑
j=0

aj
(
0j + 1j + · · ·+ (p− 1)j

)
≡ −

p−1∑
i=0

f(i) (mod p).

ù���¡,e {f(0), f(1), · · · , f(p− 1)}�� p���{X,K2g|^

x0 3,��

p−1∑
i=0

fα(i) ≡

 0 (mod p), α = 1, 2, · · · , p− 2

−1 (mod p), α = p− 1
(4)

= f(x), f 2(x), · · · , fp−2(x)� 0−�{, fp−1(x)� 1−�{.

,��¡,e f(x), f 2(x), · · · , fp−2(x)� 0−�{, fp−1(x)� 1−�{. Kd∑
p−1|j,j>0

aj ≡ −
p−1∑
i=0

f(i) (mod p)

�±�íÑ(4)¤á.

�e5�Äõ�ª

g(x) =(x− f(0))(x− f(1)) · · · (x− f(p− 1))

=xp + ap−1x
p−1 + · · ·+ a0 ,

KdÚîð�ª,´�

ap−1, ap−2, · · · , a2 ≡ 0 (mod p),

a1 = −1 (mod p), a0 = 0 (mod p),
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u´

g(x) = (x− f(0)) (x− f(1)) · · · (x− f(p− 1))

≡x (x− 1) · · · (x− (p− 1)) (mod p),

={f(0), f(1), · · · , f(p− 1)}�� p����{X. �

~ 7[7] � p �Û�ê, x1, x2, · · · , xk � p pØÓ{, y1, y2, · · · , yk � p p

ØÓ{, K�3��éA�N� f : {x1, x2, · · · , xk} → {y1, y2, · · · , yk} , ¦�

xi + f(xi) (1 ≤ i ≤ k)� ppØÓ{.

y² Äk|^�y{, eØ,, K�3�ê x1, x2, · · · , xk, y1, y2, · · · , yk,

¦�é?¿ k �ê z1, z2, · · · , zk, e {z1, z2, · · · , zk} = {y1, y2, · · · , yk},K z1 +

x1, z2 + x2, · · · , zk + xk ù k�ê¥�½kü�� pÓ{,ù�·��±T5�

�Ü�e¡ù�Ó{ª∏
1≤i<j≤k

(xi + zi − xj − zj) ≡ 0 (mod p). (5)

� {z1, z2, · · · , zk} = {y1, y2, · · · , yk}ù« k�ê|����ª´éJ?1�x

�,u´·�I�?�Úò (5)ª��z�:éu z1, z2, · · · , zk ∈ {y1, y2, · · · , yk},

þk ∏
1≤i<j≤k

(zi − zj)
∏

1≤i<j≤k

(xi + zi − xj − zj) ≡ 0 (mod p). (6)

ò (6)��>P� f(z1, z2, · · · , zk).*	 z1, z2, · · · , zk ����ª98I(Ø,

·�uyùTT´|Ü":½n�/ª.

u´·��Ñ f ¥��pg�|¤õ�ª
∏

1≤i<j≤k
(zi − zj)2, ,��ÄÙ

¥�äé¡5�� zk−11 zk−12 · · · zk−1k �Xê,ØJ¦�ÙXê� (−1)C2
kk!Ø´ p

��ê. z1, z2, · · · , zk þk k «���ª,u´d|Ü":½n�,�3�|

z1, z2, · · · , zk, ¦� f(z1, z2, · · · , zk) 6≡ 0 (mod p),gñ! �

e¡Öþ|Ü":½n�SN.

|Ü":½n[7] � F ����, f ∈ F [x1, x2, · · · , xn] �� F þ�

�� n �õ�ª, b� f k���p� xd11 x
d2
2 · · ·xdnn Xê�", Ké?¿

S1, S2, · · · , Sn ⊆ F , |Si| > di (1 ≤ i ≤ n),�3 si ∈ Si,¦�

f(s1, s2, · · · , sn) 6= 0.

~���kEê� C , ¢ê� R ,knê� Q ,��ê p��ê� Fp.
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µÛ lù�K�)KL§¥,·�I�¿£�3
)¿Ýº�
~^�x

0�Ä:þ,�õ�K8I�·���E·��x05é8I�,«5�?1

�Ü.3�Ex0�L§¥,XJ^�#N,·��Ð4x0÷ve¡ü��¦:

1)x0�K8^��d; 2)x0Bu?n.

~ 8[1] �8Ü Fi = {ai + dix | x ∈ Z} (i = 1, 2, · · · , k),Ù¥ a1, a2, · · · , ak,

d1, d2, · · · , dk þ���ê, 1 ≤ d1 < · · · < dk,¿�8Ü F =
k⋃
i=1

Fi,e F �¹ë

Y 2k ��ê.y²: F = Z.

y² Ø�� x, x + 1, · · · , x + 2k − 1áu F,K(Ø�duy²éu?¿

�ê t,
x+t−aj
dj

(j = 1, 2, · · · , k)¥��k���ê,e¡·��{�E��·�

�x05�Ü k�ê¥��k���êù�5�.

Äk�Ä�k��ê��¹,·�w,�±|^x0

e2πix

 = 1, x ∈ Z

6= 1, x 6∈ Z

5�Ü�N�ê�5�; @oéu k�ê��¹,·�ØJ���±|^x0∏
1≤j≤k

(
1− e

2πi
dj

(x+t+aj)
)
= 0 (7)

5�Ü(Ø�5�.

u´�e5,·��Iy² (7)=�. ò (7)ª�àÐm,��

LHS(7) =
∑

I⊆{1,2,··· ,k}

(−1)|I|e
−2πi

∑
j∈I

aj
dj
−2πi

∑
j∈I

x+t
dj .

P

αI =
∑

I⊆{1,2,··· ,k}

(−1)|I|e
−2πi

∑
j∈I

aj
dj , ZI = e

−2πi
∑
j∈I

1
dj ,

K αI , ZI þ�Ø�6u x�~ê. u´ (7)�du∑
I⊆{1,2,··· ,k}

aIZ
x+t
I = 0.

(ÜK8^�,ù´ØJy²�.

� un =
∑

I⊆{1,2,··· ,k}
aIZ

n
I ,Kê� {un}�3 2k ��54í'X

un+2k + A2k−1un+2k−1 + · · ·+ A0un = 0.

Ù¥ A2k−1, · · · , A0deã�§(½∏
I⊆{1,2,··· ,k}

(x− aIZn
I ) = x2

k

+ A2k−1x
2k−1 + · · ·+ A0,
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qd^��� {un}¥këY 2k �þ� 0 ,u´íÑ un ≡ 0. �

~ 9[1] � p��ê, fk(x1, x2, · · · , xn) = ak1x1+· · ·+aknxn (k = 1, 2, · · · , pn)

� pn ��Xê n ��5¼ê, ¿�÷ve�^�: éu?¿ n ��ê|

(x1, x2, · · · , xn),e x1, x2, · · · , xnØ�� p�{ê,K 0, 1, · · · , p− 1ù p�êþ

3Ù¥TÐÑy
 pn−1g.y²:3� p�¿Âe,k

{(ak1 , ak2 , · · · , akn) | k = 1, 2, · · · , pn} = {(i1, · · · , in) | i1, · · · , in ∈ {0, 1, · · · , p− 1}} .

y² Äké^�?1?n.{ü©Û�eù«AÏ����ª,ØJ��

�±|^x0 2ò^�£ã�5��Ü�:éu?¿Øþ� p��ê� n�ê

x1, x2, · · · , xn,�½k
pn∑
k=1

εfk(x1,x2,··· ,xn) = 0. (8)

¯¢þ,ù��ª��^�´�d�,ØL3ù�K¥·�ØI�|^ù�:.

�e52é(Ø?1=z.|^�y{,·��±ò¯K=z��IéA½

��� n�ê|?1äN©Û:eØ,,K�3�� n�ê| (i1, i2, · · · , in),¦

�é?¿ k = 1, 2, · · · , pn,þk (i1, i2, · · · , in) 6= (ak1 , ak2 , · · · , akn) (ùp�$�

Ñ´3� p�¿Âe?1�).ù�,·�q�±/Ïx0 2�g�5�Üù�

^�,=é?¿ k = 1, 2, · · · , pn,þk
n∏
t=1

(
p−1∑
j=0

εj(akt−it)

)
= 0. (9)

e¡·�ò/Ï (8), (9)5íÑgñ. Äkò (8)� (9)�/ª�C,

pn∑
k=1

ε(aki−i1)x1+···+(akn−in) =

 0, x1, x2, · · · , xnØ�� p ��ê,

pn, x1, x2, · · · , xn�� p ��ê.

2éþª?1�N?n:4 x1, x2, · · · , xn �H 0, 1, · · · , p − 1¿éþª�à?

1\Ú.²��O���
pn∑
k=1

n∏
t=1

(
p−1∑
j=0

εj(akt−it)

)
= pn,

ùw,� (9)ªgñ� �

öSK

1 (2017 ���uuu777¢¢¢EEE[3]) �½Û�ê p ,¦8Ü{
(x, y) | x2 + y2 ≡ a (mod p), (x, y) ∈ {0, 1, · · · , p− 1}

}
����ê.
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J« �âx0 4,���ê�±�Ü�
p−1∑
i=1

(
1 +

(
a−i2
p

))
,2|^~ 3�?

n�ª=�.

2 (2007 ccc111 48 333 IMO ýýýÀÀÀKKK[8]) ¦¤k n ∈ N+, ¦�8Ü S =

{1, 2, · · · , n}����/¤ù7üÚ,÷veã^�:8Ü S × S × S T¹ 2007

�kSn�| (x, y, z),z| x, y, zÓÚ,� n | x+ y + z.

J« |^x0 2, Pùê|¤�8Ü� {x1, x2, · · · , xm} , 7ê8Ü�

{y1, y2, · · · , yn−m},K÷v x, y, zÓÚ,� n | x+ y + z�n�| (x, y, z)|ê�
n−1∑
i=0

(εix1 + · · ·+ εixm)3 + (εiy1 + · · ·+ εiyn−m)3,

Ù¥ ε� ng��ü �,2éþª?1z{=�.

3 (1995 ccc111 36 333 IMO[8]) � p�Û�ê,¦8Ü {1, 2, · · · , 2p}¥�

��Ú� p�Ø� p�f8��ê.

J« |^x0 2 ,�ò p�f8ê S �Ü�

p−1∑
i=0

 ∑
1≤c1<···<cp≤2p

εi(c1+c2+···+cp)

 ,

Ù¥ ε� pg���,2(Üð�ª

(x+ ε)(x+ ε2) · · · (x+ ε2p) = (xp + 1)2,

ØJ¦�

S =
Cp

2p + 2p− 2

p
.

4[1] � p �Û�ê, m,n � p ��ê, � n �Ûê, m,n > 1, éu¤k

÷v
m∑
k=1

f(k) ≡ 0 (mod p)�¼ê f : {1, 2, · · · ,m} → {1, 2, · · · , n} ,�Ä¦È
m∏
k=1

f(k),y²: ¤kù��¦È¦Ú���ê´ (n
p
)m��ê.

J« �Ä

S =
∑
f

m∏
k=1

f(k)εf(k) =

(
n∑
i=1

iεi

)m

=
nm

(ε− 1)m
,

dð�ª
1

ε− 1
= −1

p

(
εp−2 + 2εp−3 + · · ·+ (p− 1)

)
,

�

S =

(
−n
p

)m (
εp−2 + 2εp−3 + · · ·+ (p− 1)

)m
.
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�õ�ª P (x) = (xp−2 + 2xp−3 + · · ·+ (p− 1))
m
¤kgê� p{ i���Xê

�Ú� ci(i = 0, 1, 2, · · · , p− 1), K

S =

(
−n
p

)m (
c0 + c1ε+ · · ·+ cp−1ε

p−1) .
P

yi =
∑

m∑
k=1

f(k)≡i (mod p)

m∏
k=1

f(k) (i = 0, 1, · · · , p− 1),

K

S =

p−1∑
i=0

yiε
i.

u´�3�ê r,¦�

yi = r +

(
−n
p

)m
ci (i = 0, 1, · · · , p− 1).

éÙ?1\Ú��

pr +

(
−n
p

)m
(c0 + · · ·+ cp−1) = y0 + · · ·+ yp−1 = (1 + · · ·+ u)m .

2(Ü

c0 + · · ·+ cp−1 = (1 + · · ·+ (p− 1))m ,

=� (
n

p

)m
| y0 .

5 (1999 ccc111 40 333 IMO ýýýÀÀÀKKK[8]) � p > 3 ��ê, éu8Ü

{0, 1, · · · , p−1}�z���f8T ,�E(T )´¤k p−1�ê| {x1, x2, · · · , xp−1}

|¤�8Ü,Ù¥z�� xi ∈ T,� x1 + 2x2 + · · ·+ (p− 1)xp−1� p��ê.y

²: |E {0, 1, 3} | ≥ |E {0, 1, 2} |,��=� p = 5��Ò¤á.

J« |^x0 2 ,�

f(x) = 1 + x+ x2, F (x) = f(x)f(x2) · · · f(xp−1), ω = ei
2π
p ,

K

E ({0, 1, 2}) = F (1) + · · ·+ F (ωp−1)

p
=

3p−1 + p− 1

p
.

aq/,�

g(x) = 1 + x+ x3, G(x) = g(x)g(x2) · · · g(xp−1),
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K

E({0, 1, 3}) = 3p−1 + (p− 1)G(ω)

p
.

�

g(x) = (x− λ)(x− µ)(x− γ),

K

G(ω) =
λp − 1

λ− 1

µp − 1

µ− 1

γp − 1

γ − 1
=
−2 + λp + µp + γp − λpµp − µpγp − λpγp

−3
.

�e5¯K=z���X�ê¯K. ·��±ky²

g(ωj)g(ωp−j) > 0⇒ G(ω) > 0 ;

2y²

G(ω) = 1⇒ p = 5 ;

��y²

G(ω) ≥ 1 .

6 (111 58333{{{IIIIII[[[èèèÀÀÀooo���ÁÁÁ[9]) ´Ä�3���~��Xêõ�ª

Q(x),¦�éuz���ê n > 2, Q(0), Q(1), · · · , Q(n− 1)� n�õk 0.499n

�ØÓ��{.

J« �3.·�y²õ�ªQ(x) = 420(x2− 1)2÷v^�,�I�Ä n = 4

Ú n�Û�ê��/.

� n = 3, 4, 5, 7�,(Øw,¤á;� n = p ≥ 11 (p��ê) �,k(
1−

(
1− t
p

))(
1−

(
1 + t

p

))
=

 4, t2 6∈
{
Q(x)
420
| x ∈ Z

}
0, t2 ∈

{
Q(x)
420
| x ∈ Z

} ,

ùp t 6∈ {1, p − 1} �ùp�$�Ñ´3� p�¿Âe?1�,ù� Q(x)� p

��{ê�

S =
p+ 1

2
− 1

2

p−2∑
t=2

(
1−

(
1−t
p

))(
1−

(
1+t
p

))
4

=
p+ 1

2
−

p−1∑
t=0

(
1−

(
1−t
p

))(
1−

(
1+t
p

))
− 2 +

(
2
p

)
+
(
−2
p

)
8

≤ p

2
+ 1− 1

8

p−1∑
t=0

(
1−

(
1− t
p

)
−
(
1 + t

p

)
+

(
1− t2

p

))
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=
p

2
+ 1− 1

8

(
p+

p−1∑
t=0

(
1− t2

p

))
,

|^~ 3�?n�{�±¦�
p−1∑
t=0

(
1− t2

p

)
= (−1)

p+1
2 ,

u´

S ≤ p

2
+ 1− 1

8
(p− 1) =

3

8
(p+ 3) < 0.499p.

7[1] � p ��ê, � S1, S2, · · · , Sk ´�K�ê|¤�8Ü, Ù¥z�8

Üþ�) 0, �z�8Ü��� p üüØÓ{. e
k∑
i=1

(| Si | −1) ≥ p, y²:

é?¿ a1, a2, · · · , ak ∈ Z/pZ, þ�3 (x1, x2, · · · , xk) ∈ S1 × · · · × Sk, ¦�

(x1, x2, · · · , xk) 6= (0, 0, · · · , 0),� p | x1a1 + x2a2 + · · ·+ xkak.

J« /Ïx0 1�g�,�Eõ�ª:

p(x1, x2, · · · , xk) = (x1a1 + x2a2 + · · ·+ xkak)
p−1 − 1

+ c
∏

0 6=s1∈S1

(x1 − s1)
∏

0 6=s2∈S2

(x2 − s2) · · ·
∏

06=sk∈Sk

(xk − sk),

ùp~ê c÷v p(0, 0, · · · , 0) = 0.KTõ�ª�pg� x
|s1|−1
1 · · ·x|sk|−1k Xê�

",u´d|Ü":½n,�3 x1, x2, · · · , xk,¦� p(x1, x2, · · · , xk) 6= 0,d�ê

| (x1, x2, · · · , xk)÷v^�.
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