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I. Á K

�! ��ÿÁÁK

1. 34ABC ¥, ∠ABC = 100◦, ∠ACB = 65◦, M,N ©O´> AB,AC þ

�:,�÷v ∠MCB = 55◦, ∠NBC = 80◦.¦ ∠NMC.

2. ¦Ñ¤k�K¢Xêõ�ª P (x)÷v

P (sinx) + P (cosx) = 1,∀x ∈ R.

3. ®��3��d�"¢ê|¤� 2018 × 2018êL÷v:êL¥?¿�

�ê�uÙ¤31Ú�Ù{ 4034�ê�Ú� k©��,¦�ê k�¤k�U�.

4. P (x) ´���K�Xê�"õ�ª. ®��3��ê a, ¦�ê�

a1 = a, an+1 = P (an)÷v: 8Ü A =
{
p | p�,� an��Ïê

}
�k�8,¦

¤k÷v^�� P (x).

�! �uÿÁÁK

1. ��¢ê a1, a2, · · · ÷v a1 + a2 + · · · + an ≤ n2,∀n ∈ N+. ¦y: é

∀n ∈ N+,
1

a1
+

1

a2
+ · · ·+ 1

an
>

1

4
log2 n.

ÂvFÏ: 2018-07-10; ?¾FÏ: 2018-08-05.
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2. �½àõ>/ A1A2 · · ·An.y²:�3àõ>/SÜ�: P,¦�é?¿

L: P ��� l, l�àõ>/ A1A2 · · ·An�>.�u U, V ü:,�÷v

1

2
≤ PU

PV
≤ 2.

3. � n��u 100���ê.é?¿Ø�L n��ê p,P αp� n!¥ p�

gê,y²:�±éz�Ø�L n��ê p,�½��Ø�L n�pØ�Ó��

�ê βp,¦� 1 + αp | βp.

4. � n, a, b ∈ N+, a ≤ b ≤ n− a, X = {1, 2, · · · , n} ,�½ A0� X � a�

f8.

(1)� A ⊆ X, |A| = a, |A ∩ A0| = i,é 0 ≤ j ≤ a,¦÷v±e^��8Ü

B��ê:

A ⊆ B ⊆ X, |B| = b, |B ∩ A0| = j.

(2)y²:�±�z�X� b�f8BDþ¢ê f(B),¦�éA ⊆ X, |A| =

a,þ÷v: ∑
A⊆B⊆X,
|B|=b

f(B) =

 0, A 6= A0

1, A = A0

.

II. )�Úµ5

�! ��ÿÁÁK

1. 34ABC ¥, ∠ABC = 100◦, ∠ACB = 65◦, M,N ©O´> AB,AC þ

�:,�÷v ∠MCB = 55◦, ∠NBC = 80◦.¦ ∠NMC.

M

N

B

A
C

) � ∠NMC = α.é4MNC, 4MNB, 4CNB $^�u½nk
CN

sinα
=

MN

sin∠MCN
=

MN

sin 10◦
;

MN

sin 20◦
=

MN

sinMBN
=

BN

sinNMB
=

BN

sin(α + 25◦)
;

BN

sin 65◦
=

BN

sin∠BCN
=

CN

sin∠NBC
=

CN

sin 80◦
.
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nª�¦��: sinα sin 20◦ sin 65◦ = sin 10◦ sin(α + 25◦) sin 80◦, l

sin(α + 25◦)

sinα
=

sin 20◦ sin 65◦

sin 10◦ sin 80◦
=

sin 20◦ cos 25◦

sin 10◦ cos 10◦
=

sin 50◦

sin 25◦
,

K

∠NMC = α = 25◦. �

,) L B� BC �R�©O� AC, MC u: D, E.ë�MD, EN.

E

D

M

N

B

A
C

dK¿��∠ABD = ∠NBD = ∠MCA = 10◦,�M,D,C,B�E,N,C,B

þo:��,¤± ∠END = ∠EBC = ∠MDE = 90◦,KM,D,E,N o:��.

� ∠NMC = ∠BDC = 90◦ − ∠BCA = 25◦. �

µÛ ù´��{üK.�ùaK8I�á�mS�Ñ5,K^n�O�'

AÛ�{���x.�k�
Ù¦�{,~X5¿� C �4MNB��%.

2. ¦Ñ¤k�K¢Xêõ�ª P (x)÷v

P (sinx) + P (cosx) = 1,∀x ∈ R.

) dK¿��:é ∀x ∈ R,k

P (sinx) + P (cosx) = 1 = P (sin(−x)) + P (cos(−x)) = P (− sinx) + P (cosx).

¤± P (sinx) = P (− sinx), ∀x ∈ R.=

P (t) = P (−t), ∀t ∈ [−1, 1].

� P (x)3 [−1, 1]þ�ó¼ê.q P (x)��K¢Xêõ�ª,� P (x)ÃÛg�

(Ûg�Xê� 0).ÄKé x ∈ (0, 1], P (x) > P (−x),gñ!

dd��,�3�K¢Xêõ�ª Q(x)÷v P (x) = Q(x2), ∀x ∈ R. K

Q(sin2 x) +Q(cos2 x) = 1, ∀x ∈ R.=

Q(t) +Q(1− t) = 1, t ∈ [0, 1].

� Q(x) =
n∑
i=0

aix
i,Ù¥¢ê a0, a1, · · · , an ≥ 0, an 6= 0.- x = 0,K

Q(0) +Q(1) =
n∑
i=0

ai + 2a0 = 1;
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- x = 1
2
,K

Q

(
1

2

)
+Q

(
1

2

)
=

n∑
i=0

21−nai = 1.

e n ≥ 2,K
n∑
i=0

21−nai <
n∑
i=0

ai + 2a0,gñ!

� n ≤ 1,� a1 + 2a0 = 1.²u�w,¤á.

Ïd÷vK¿�¤k P (x)� P (x) = cx2 + 1−c
2
, c ∈ [0, 1]. �

µÛ l�KXê�Ý�Äuy P (x)=kóg�,��JÝØ�.

3. ®��3��d�"¢ê|¤� 2018 × 2018êL÷v:êL¥?¿�

�ê�uÙ¤31Ú�Ù{ 4034�ê�Ú� k©��,¦�ê k�¤k�U�.

) �1 i11 j �þ��"¢ê� aij,1 i1¤k¢êÚ� Si,1 j �¤

k¢êÚ� Tj, A =
2018∑
i,j=1

aij, 1 ≤ i, j ≤ 2018.K

Si =
2018∑
j=1

aij, Tj =
2018∑
i=1

aij, A =
2018∑
i=1

Si =
2018∑
j=1

Tj,

dK¿,éu,� aij, 1 ≤ i, j ≤ 2018k

aij =
1

k

 ∑
1≤r≤2018

r 6=i

arj +
∑

1≤s≤2018
s 6=j

ais

 =
1

k
(Si + Tj − 2aij) ,

=

(k + 2)aij = Si + Tj.

¤±

(k + 2)A = (k + 2)
2018∑
i,j=1

aij =
2018∑
i,j=1

(Si + Tj)

= 2018

(
2018∑
i=1

Si +
2018∑
j=1

Tj

)
= 4036A.

e A 6= 0,K k = 4034.ò¤k��þW 1�� k = 4034¤á.

e A = 0,K

(k + 2)Si = (k + 2)
2018∑
j=1

aij =
2018∑
j=1

(Si + Tj) = 2018Si + A = 2018Si.

= (k − 2016)Si = 0.Ón�� (k − 2016)Tj = 0.

e�3 i ∈ {1, 2, · · · , 2018} , Si 6= 0½ Tj 6= 0,K k = 2016.òc 10091¤

k��W 1,Ù{��W −1�� k = 2016¤á.
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ÄK S1 = S2 = · · · = S2018 = T1 = T2 = · · · = T2018 = 0.q

(k + 2)aij = Si + Tj = 0,

� k = −2.� k = −2�, ò��L¥¤k��UìIS�Ú���ª�\

1,−1 (=ò 1,−1m�X�\��L¥,¦�kú�>�ü����S�êØ

Ó), � k = −2¤á!

nþ¤ã, k = 4034, −2, 2016. �

µÛ JÝØ��¥5¥Ý�|ÜK.�Ä Si, Tj �5�´g,�,���5

¿�´I�[���Ä;�¦).

4. P (x) ´���K�Xê�"õ�ª. ®��3��ê a, ¦�ê�

a1 = a, an+1 = P (an)÷v: 8Ü A =
{
p | p�,� an��Ïê

}
�k�8,¦

¤k÷v^�� P (x).

) �Ä÷vK¿� P (x), K�3��ê a ¦�8Ü A �k�8. �

A = {p1, p2, · · · , pt} ,Ù¥ p1, p2, · · · , pt�pØ�Ó��ê.

w, P (x)�3���"�,�ù��� cxα (c, α ∈ N, c 6= 0).

e α = 0,-

P (0)(x) = x, P (n)(x) = P (P (n−1)(x)) (n ∈ N∗).

d P (an) ≡ c (mod an)9êÆ8B{´� P (k)(an) ≡ P (k−1)(c) (mod an).

=é?¿���ê n, kþk

an+k ≡ P (k−1)(c) (mod an).

K (an+k, an) ≤ P (k−1)(c)�=�6u k�~ê.

� P (x) = c (x ∈ R)�w,ÎÜK¿.ÄK,du P (x)��K�Xêõ�

ª,K P (x) > x (x ≥ 1).�

an+1 ≥ an + 1, P (0)(c) < P (1)(c) < · · · < P (t−1)(c).

���ê α1, α2, · · · , αt¦� pαii > P (t−1)(c), i = 1, 2, · · · , t.- T =
t∏
i=1

pαii .

du an+1 ≥ an + 1 (n ∈ N∗),K {an}�î�4O��êS�.Ïd�3�

�êM , ¦� aM > T.

�Äe¡ t�ê aM , aM+1, · · · , aM+t,Kk aM+t > aM+t−1 > · · · > aM > T.

d A�½Â��: aM , aM+1, · · · , aM+t þ�L«� pγ11 p
γ2
2 · · · p

γt
t �/ª.��

3 j ∈ {1, 2, · · · , t}¦� p
αj
j | aM ,ÄK aM ≤

t∏
i=1

pαi−1i < T,gñ!
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Ó�éu aM+1, · · · , aM+tkþã(Ø.

Ïd, dÄT�n, �3 1 ≤ j ≤ t, 0 ≤ k < l ≤ t ¦� p
αj
j | aM+k �

p
αj
j | aM+l.¤±k

p
αj
j ≤ (aM+k, aM+l) ≤ P (l−k−1)(c) ≤ P (t−1)(c) < p

αj
j .

gñ!

e α ≥ 1,Kk aαn | an+1.-

bn =
an+1

aαn
(n ∈ N+),

K {bn}E��êê�.

� B =
{
p | p�,� bn��Ïê

}
.w, B ⊆ A,� B½�k�8.

� B = {q1, q2, · · · , qs} ,Ù¥ q1, q2, · · · , qs�pØ�Ó��ê.

� P (x) = cxα �, w,÷vK¿. ÄKk bn+1 ≥ bn + 1 (n ∈ N+). du

an | an+1 (n ∈ N+),q5¿�éu k ∈ N+, k

P (an+k)

aαn+k
≡ c (mod an+k),

K bn+k ≡ c (mod an+1),¤± bn+k ≡ c (mod bn),� (bn+k, bn) ≤ c.

���ê β1, β2, · · · , βs,¦� qβii > c, i = 1, 2, · · · , s.- S =
s∏
i=1

qβii .

2���ê N,¦� bN > S.

Ón,dÄT�n�,�3 1 ≤ j ≤ s, 0 ≤ k < l ≤ s,¦� q
βj
j | bN+k �

q
βj
j | bN+l.¤±

q
βj
j ≤ (bN+k, bN+l) ≤ c < q

βj
j ,

gñ!

nþ¤ã, P (x) = cxα (c ∈ N+, α ∈ N). �

µÛ �Käk�½�JÝ�«©Ý.�ù´��é²;�K.,=�Ïf

�êk�Ã�¯K.��ó,·��Äb�,��êX� {an}��k���

ê��¦ÈL«,,�|^^�,é���Ø�6ueI n�~ê��.�,@

o� ank,
^��=��Ñgñ.Ïé~Ù~��Ã{Òk�,ü����

ú�ê.��KJ:3u§�3ù����²:·��Ä� P (x)´�Xêõ�

ª,Ïdäk5�: x− y | P (x)−P (y) (x, y ∈ Z),F"|^ù�5�é�¤I�

~ê,,ù��?n���´ {an}��©/ª,� {an}��5�k¤ l,

l�å5AO(J.,��J:3u,N�ò α ≥ 1��/y8� α = 0�y

²,I�5¿ùp�Ä^ P (x)
xα
�O P (x)´Ø�(�.
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�! �uÿÁÁK

1. ��¢ê a1, a2, · · · ÷v a1 + a2 + · · · + an ≤ n2,∀n ∈ N+. ¦y: é

∀n ∈ N+,
1

a1
+

1

a2
+ · · ·+ 1

an
>

1

4
log2 n.

y² ky:
2m∑
i=2

1

ai
>
m

4
. (1)

é�K�ê k,d�ÜØ�ª� 2k+1∑
i=2k+1

ai

 2k+1∑
i=2k+1

1

ai

 ≥ 22k.

K
2k+1∑
i=2k+1

1

ai
≥ 22k

2k+1∑
i=2k+1

ai

>
22k

2k+1∑
i=1

ai

≥ 22k

22k+2
=

1

4
.

�
2m∑
i=2

1

ai
=

m−1∑
k=0

 2k+1∑
i=2k+1

1

ai

 >
m

4
.

(1)ª�y.

3 (1)ª¥�m = blog2 nc,�
n∑
i=2

1

ai
>

1

4
blog2 nc.

l
n∑
i=1

1

ai
> 1 +

1

4
blog2 nc >

1

4
log2 n.

·K�y. �

,y 1 Ø�� a1 ≤ a2 ≤ · · · .¯¢þ,� ai1 ≤ ai2 ≤ · · · ≤ ain ,Kw,éu

?¿��ê n,

ai1 + ai2 + · · ·+ ain ≤
n∑
i=1

ai ≤ n2 �
1

ai1
+

1

ai2
+

1

ain
≥

n∑
j=1

1

aj
.

-

Sm =
m∑
i=1

(2i− 1− ai) = m2 −
m∑
i=1

am ≥ 0, xk =
1

ak(2k − 1)
> 0.

7 êÆ#(�



du (2i− 1)ai < (2i+1)ai+1, i ∈ N+,� xi > xi+1, i ∈ N+.Kd Abel¦Úúª,

k
n∑
i=1

(
1

ai
− 1

2i− 1

)
=

n∑
i=1

2i− 1− ai
ai (2i− 1)

= Snxn +
n−1∑
i=1

Si(xi − xi+1) ≥ 0.

-

f(x) = x− 1

2
log2(x+ 1),

K

f(0) = 0, f ′(x) = 1− 1

(x+ 1) ln 4
> 0 (x > 0).

Ïd f(x) ≥ 0 (x ≥ 0).

- x = 1
i
, i ∈ N+,Kk

1

i
≥ 1

2
log2

(
i+ 1

i

)
.

¤±k
n∑
i=1

1

ai
≥

n∑
i=1

1

2i− 1
≥ 1

2

n∑
i=1

1

i
≥ 1

4

n∑
i=1

log2

(
i+ 1

i

)
=

1

4
log2(n+ 1) >

1

4
log2 n.

y.! �

,y 2 � Sn =
n∑
i=1

an, n ∈ N+,K Sn = an + Sn−1 (n ≥ 2).d�ÜØ�ª,

Kk
(n+ 1)2

Sn
≤ 4

an
+

(n− 1)2

Sn−1
(n ≥ 2).

¤±
n∑
i=1

2i+ 1

Si
=

n∑
i=1

(
(i+ 1)2

Si
− i2

Si

)
≤

n∑
i=2

(
4

ai
+

(i− 1)2

Si−1
+
i2

Si

)
+

4

a1
− 1

S1

< 4
n∑
i=1

1

ai
.

�
n∑
i=1

1

ai
>

n∑
i=1

2i+ 1

4Si
>

n∑
i=1

1

2i
>

1

4
log2 n.

y.! �

µÛ 1�«y{aquNÚ?êuÑ�y²,rê�©¤eZãy²z
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�ã�Ú�u,�~ê,ùp^�ÜØ�ª©ã� �±y�z�ã�u 1
4
.

1�«y²aqu`�Ø�ª�y{,krê�Ul���^Sü ,,�

5¿�4O'X�©ãÚ�ÎÒ,|^ AbelC�úªÒ�±y�(Ø.�,,

�,,��±��d`�½ KaramataØ�ª����
n∑
i=1

(
1
ai
− 1

2i−1

)
≥ 0.Ø

Lduùp� ØI���,¤±^�ÜØ�ª����±y²,5¿Ø�ª
n∑
i=1

1
ai
>

n∑
i=1

2i+1
4Si
�I�^� a1, a2, · · · , an > 0.

2. �½àõ>/ A1A2 · · ·An.y²:�3àõ>/SÜ�: P,¦�é?¿

L: P ��� l, l�àõ>/ A1A2 · · ·An�>.�u U, V ü:,�÷v

1

2
≤ PU

PV
≤ 2.

y² Xeã¤«, �Ä C3
n �n�/ 4AiAjAk (1 ≤ i < j < k ≤ n) ¥

¡È���n�/ (XJkõ�?À��),Ø��ù�n�/� 4ABC.L

: A,B,C ©O�é>�²1�,�u: A′, B′, C ′,Kàõ>/ A1A2 · · ·An �

4A′B′C ′CX,ÄK�3¡È���n�/,���5gñ!

Pl

V'

M

AB

CA' B'

C'

U' V
U

�: P �4ABC �%,e¡`²: P ÷vK¿.

?�L P ��� l ,� l�àõ>/ A1A2 · · ·An �>.�u U, V ü:.X

ã¤«,Ø�� U 34A′BC¥, V 3 4AB′C¥� PU ≥ PV,� l� AC,A′C ′

©O�u V ′, U ′,K PU ′ ≥ PU, PV ′ ≤ PV.

�M � AC �¥:,KM,P,Bn:��� PM
PB

= 1
2
.du AC � A′C ′,K

1 ≤ PU

PV
≤ PU ′

PV ′
=
PB

PM
= 2. �

,y kyXeÚn.

ÚÚÚnnn �ào>/ ABCDü^é�� AC,BD�u: O.: U, V ©O3�

ã ABÚ�ã CDþ,K

min

{
OA

OC
,
OB

OD

}
≤ OU

OV
≤ max

{
OA

OC
,
OB

OD

}
.

9 êÆ#(�



D'
C'

U

O

D

A B

C
V

Ún�y² L V � AB�²1�� OC u C ′,� ODuD′.K C ′3�ã

OC þ, D′3�ã OD	; ½ö C ′3�ã OC 	, D′3�ã ODþ.

Ø�� C ′3�ã OC þ, D′3�ã OD	. K

OU

OV
=

OA

OC ′
=

OB

OD′
, OC ′ ≤ OC, OD′ ≥ OD.

u´
OA

OC
≤ OU

OV
≤ OB

OD
.

Ún¼y.

£££������KKK.k`²XJàõ>/SÜ�3�: P,¦�éàõ>/?�º:

A,�� AP �àõ>/u,�: B,Ñk PA
PB
≤ 2,Kù�: P �÷vK8�¦.

V
Aj+1'Aj'

Bi+1Bi

AiAi+1

Aj Aj+1

P

U

�L P ���� AiAi+1u U,� AjAj+1u V.

��� PAiÚ PAi+1©O��� AjAj+1u A′j Ú A′j+1,KdÚn�,

PU

PV
≤ max

{
PAi+1

PA′j+1

,
PAi
PA′j

}
≤ max

{
PAi+1

PBi+1

,
PAi
PBi

}
≤ 2.

Ón, PV
PU
≤ 2.�

1

2
≤ PU

PV
≤ 2.

e¡y²�3��: P ÷vþã^�.

�àõ>//S�à8 Pi,Ù>.�¤�à nõ>/� A1A2 · · ·An'u:

AiUì
2
3
�'~ q, i = 1, 2, · · · , n.Ïd,e: P 3 Pi¥,� AiP �àõ>/

u,�: Q,K PAi
PQ
≤ 2.
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t1 = 2

Q

G

Ak

Aj

Ai

P

�·��Iy² P1 ∩ P2 ∩ · · · ∩ Pn 6= ∅.

é?¿ 1 ≤ i < j < k ≤ n,�4AiAjAk�%�: G,K G ∈ Pi ∩ Pj ∩ Pk.

¯¢þ,�: J, k ©O3�ã AiAj, AiAk þ�÷v
AiJ
AjJ

= AiK
AkK

= 2.Kd

à8 Pi �½Â�� J,K ∈ Pi.qw, J,K,Gn:��,� G ∈ Pi.ÓnKk

G ∈ Pi ∩ Pj ∩ Pk,� Pi ∩ Pj ∩ Pk 6= ∅.

d°4½n, P1 ∩ P2 ∩ · · · ∩ Pn 6= ∅,��K�y. �

µÛ ü«�{�Ä��ªØÓ.c�«F"���E,duK8�¦´�

���,lF"|^�»,��n�/��ª��Ù��,,��ÏéAÏ:.

 2 : 1�'~N´é��%,�l�%½ö,�AÏn�/�%Ñu��

E,½N��¹éK8��Ek¤éu;,�«�ªF"y²Ù�35.ÏÀ

�àõ>/þ�:,é�dù�:���÷v^����,,�F"y²�3�

�:3z���¥,ùÒ4<é��
°4½n.��
;�$^Ã¡õ�à8

�°4½n (ù�½ny²^�
êÆ©Û¥�k�CX½n),Ï�Ä=z

�éº:�)�à8$^k�à8�°4½n.

3. � n��u 100���ê.é?¿Ø�L n��ê p,P αp� n!¥ p�

gê,y²:�±éz�Ø�L n��ê p,�½��Ø�L n�pØ�Ó��

�ê βp,¦� 1 + αp | βp.

y² dV4�úª

αp =
∞∑
k=1

[
n

pk

]
=
n− Sp(n)
p− 1

,

Ù¥ Sp(n)L«��ê n3 p?�L«e�êèÚ.

�ÄØ�L n��êl���ü�� 2 = p1 < p2 < · · · < pt.e¡ÅÚ�

E βp1 , βp2 , · · · , βpt ¦� 1 + αp | βp.

- βp1 = β2 = α2 + 1, βp2 = β3 = α3 + 1.du

α2 = n− S2(n) ≥ n− 1− log2 n >
n

2
>
n− S3(n)

2
= α3 (n > 100),
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� β2 6= β3 (β2 > β3).2�Ä β5,5¿�

3(α5 + 1) =
3

4
(n+ 4− S5(n)) <

3

4
(n+ 4) ≤ n (n > 100),

��3 s ∈ {1, 2, 3} , s(α5 + 1) ∈ {1, 2, · · · , n} \ {β2, β3} .- β5 = s(α5 + 1).?

�Ú�Ä�E β7.Ï�

4(α7 + 1) =
2

3
(n+ 6− S7(n)) <

2

3
(n+ 6) ≤ n (n > 100),

��3 r ∈ {1, 2, 3, 4} , r(α7+1) ∈ {1, 2, · · · , n}\{β2, β3, β5} .- β7 = r(α7+1).

�þã�E��� β2, β3, β5, β7ÎÜK¿.

e¡?�Ú�E βp5 , · · · , βpt .éu 5 ≤ k ≤ t,b�®²�EÐ
 βp1 , βp2 , · · · ,

βpk−1
,�Ä�� k ≥ 5�,k pk ≥ 2k + 1.dd��

k(αpk + 1) ≤
(
pk − 1

2

)
(αpk + 1) =

1

2
(n+ pk − 1− Spk(n))

<
1

2
(n+ pk) ≤ n.

��3 q ∈ {1, 2, · · · , k} , q(αpk + 1) ∈ {1, 2, · · · , n} \
{
βp1 , βp2 , · · · , βpk−1

}
.

dd�E��� βp1 , βp2 , · · · , βpt w,ÎÜK¿,y.! �

µÛ �Ä�éu 1 ≤ k ≤ t, , þk βpk = q(αpk + 1), ·�I� β Ø

�u n , Ïd q ���´k��, �g5�Ü�EÑ5ék�U�3�ê

1 ≤ p < p′ ≤ n, βp = βp′ ,�·�Ø:X�Ú� ,�ÚÚ/�E,Ïdg,/�

l βp2 m©�E.�Äò q����OÑ5,�e5ò��¹�K±��±é�

t/y²�3÷vK¿� q .���J�´,·�ddK�±á�í�XeK8

�)�: n ∈ N , n > 100,K τ(n!) | n!.

4. � n, a, b ∈ N+, a ≤ b ≤ n− a, X = {1, 2, · · · , n} ,�½ A0� X � a�

f8.

(1)� A ⊆ X, |A| = a, |A ∩ A0| = i,é 0 ≤ j ≤ a,¦÷v±e^��8Ü

B��ê:

A ⊆ B ⊆ X, |B| = b, |B ∩ A0| = j.

(2)y²:�±�z�X� b�f8BDþ¢ê f(B),¦�éA ⊆ X, |A| =

a,þ÷v: ∑
A⊆B⊆X,
|B|=b

f(B) =

 0, A 6= A0

1, A = A0

.
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) (1)÷v^��8Ü B��ê� Cj−i
a−iC

b−a+i−j
n+i−2a .

- S = B \ A,Kk: S = (S ∩ A0) ∪ (S \ A0) . 5¿�

|S ∩ A0| = j − i;

S ∩ A0 ⊆ A0 \ A, |A0 \ A| = a− i;

|S \ A0| = |B| − |A0 ∩B| − |A|+ |A ∩ A0| = b− j − a+ i;

S \ A0 ⊆ X \ (A ∪ A0), |X \ (A ∪ A0)| = n+ i− 2a.

� S �À��k Cj−i
a−iC

b−a+i−j
n+i−2a «,Ïdk Cj−i

a−iC
b−a+i−j
n+i−2a �÷v^�� B.

(2)éu�ê j ∈ [i, a] ,ò÷v A ⊆ B ⊆ X, |B| = b, |A0 ∩B| = j�¤k8

Ü BD� xj,e¡`²�3ê| (x0, x1, · · · , xa) ∈ Ra+1¦�∑
A⊆B⊆X,
|B|=b

f(B) =

 0, A 6= A0

1, A = A0

.

éu8Ü A ⊆ X, |A| = a, |A ∩ A0| = i,d (1)9 xj �½Â��∑
A⊆B⊆X,|B|=b

f(B) =
a∑
j=i

Cj−i
a−iC

b−a+i−j
n+i−2a xj (i = 0, 1, · · · , a).

� g(i) =
a∑
j=i

Cj−i
a−iC

b−a+i−j
n+i−2a xj.- g(a) = 1,� Cb−a

n−axa = 1,K xa =
1

Cb−an−a
.

?�Ú/,- g(a − 1) = · · · = g(0) = 0.du g(a − 1) = 0, xa = 1

Cb−an−a
,

g(a− 1)¥ xa−1�Xê� Cb−a
n−a−1 6= 0.dd�)� xa−1,�daí�±�g)�

¢ê xa−1, · · · , x0.�d,·�ò X �¤k b�f8Dþ
,�¢ê�÷v∑
A⊆B⊆X,
|B|=b

f(B) = g (|A ∩ A0|) .

du g(a) = 1, g(a− 1) = · · · = g(0) = 0.�∑
A⊆B⊆X,
|B|=b

f(B) =

 0, A 6= A0

1, A = A0

.

y.! �

µÛ dKJ:3uwþ�éE,,�du1�¯J«5´²w�,4�ü

$
JÝ,�1�¯�Äò÷v A ⊆ B ⊆ X, | B |= b, | A0 ∩ B |= j �¤k8

Ü BD� xj ´g,�.`² xj k)�I�òªf����)Ñ5,�þ�K

g��Ó,Ø7:u�g5)Ñ¤k�þ,´ÏL©Ú½�g)ûlÅì�

�·����(J.
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III. o µ

o�5`,�ÁJÝÄ�þÚém�C,�äk�Ð�«©Ý,�émÚü

gÿÁK.9ý:k¤�É.���ÿÁ���uêÆ¿m�º�,�u�

K8p�êÆ�¿�k:.¦+Ñ´AÛ�ê|ÜêØo��¬��K,��

�±uy,���ÿÁ uõ�ª�¬,Ù¥õ�ª3�êÚêØ¥�K.þ

k�	.,	,���o�Kþ�)�K,ù��	Æ)�&¢UåÚ[�§Ý

(~X���1nKØ�<�3¦)��¹).�uéuAÛ��	,ýu|

ÜAÛ�¬,¿�·�¤~��AÛK,,	k��´,�����,�u�	

�o�Kþ�y²K,�Ù¥kn�K´y²�35¯K,¿�þ����E,

�	ÓÆ�g�MEUå.oó�,ü|�ÁÑäkéUå��¡�	§�Ñ

n�KÒäk�½�¿�å.
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