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I. ÁÁÁ KKK

1. 3¢ê��S)eã�§| (x− 1)(y − 1)(z − 1) = xyz − 1

(x− 2)(y − 2)(z − 2) = xyz − 2
.

2. ®�ào>/ ABCD	�u� ω, PQ�� ω�R�u AC ��».�

�� BP � DQ��u X,�� BQ� DP ��u Y.y²:: X Ú Y þ3�

� AC þ.

3. � k ���ê, �÷v p = 8k + 5 ��ê. �ê r1, r2, · · · , r2k+1 ÷v

ÂvFÏ: 2018-09-20; ?¾FÏ: 2018-10-21.
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0, r41, r
4
2, · · · , r42k+1Ø± p¤��{êüüØÓ.y²:∏

1≤i<j≤2k+1

(r4i + r4j ) ≡ (−1) k(k+1)
2 (mod p).

4. ®� k´��ê,� 1 = d0 < d1 < · · · < dm = 4k� 4k�¤k�Ïê.

y²:�3 i ∈ {1, 2, · · · ,m},¦� di − di−1 = 2.

5. AnnÚMax3�� 100 × 100�Ú�þiZ.Äk, Ann3z��f

SW��� 1� 10000��ê,�z�ê�U¦^�g.�e5Max3Ú���

>���]À���f¿3Ù¥�\�qM1,¦�
4M1��Ú��m>

���¬?1eZÚö�.zgö�M1¬�£�����k�^>½��º

:����f,z����f (�)Ð© �), MaxI� Ann|G��f¥¤

Wê���M1. MaxF"|G¦�U��a, AnnF"·�Wê5��z

gC�ÂÃ.XJü<Ñæ��ZüÑ,@oMaxI�� Ann|Gõ�qM1?

6. 4ABC �S���> BC,AC ©O��u: D,E.� P �S���

�l DE þ�:,�÷v ∠APE = ∠DPB.�ã AP,BP ©O��ã DE u:

K,L.¦y: 2KL = DE.

///. ))) ���

±e�K�)�þ�È�ng(�úÙ�IO�Y,Ù¥1nK�18K

Â¹
W�½��¥Æ��f|ÓÆ�xáÕÓÆ�){.

1. 3¢ê��S)eã�§| (x− 1)(y − 1)(z − 1) = xyz − 1

(x− 2)(y − 2)(z − 2) = xyz − 2
.

) �§|�±z{� xy + yz + zx = x+ y + z

xy + yz + zx = 2(x+ y + z)− 3
,

�±)�  x+ y + z = 3

xy + yz + zx = 3
.
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�

(x+ y + z)2 = xy + yz + zx,

����

(x− y)2 + (y − z)2 + (z − x)2 = 0.

¤± x = y = z, l

x = y = z = 1.

�\��§,÷v^�.¤±�§�)�


x = 1

y = 1

z = 1

. �

µ5 ù´��{ü��§¯K,3�� x + y + z = 3� xy + yz + zx = 3

�(Üüö�m�Ø�'X�±á=��(Ø.�ù«C��êõu�§�ê

�¯K,��Ñ�±�Ä¦^Ø�ª,|^Ø�ª���^����§�).

2. ®�ào>/ ABCD	�u� ω, PQ�� ω�R�u AC ��».�

�� BP � DQ��u X,�� BQ� DP ��u Y.y²:: X Ú Y þ3�

� AC þ.

y² du: P Ú Q/ é�,�Ø�� P 34ACD¥, Q34ABC ¥.

Observe that (t−1)3+f(0)+1 is an increasing function, which means that different
real numbers cannot be its roots. So x = y = z and also x is also the root of the
derivative of f(t). But f ′(t) = 3(t− 1)2, hence x = y = z = 1.

Problem 2. A convex quadrilateral ABCD is circumscribed about a circle ω. Let
PQ be the diameter of ω perpendicular to AC. Suppose lines BP and DQ intersect
at point X, and lines BQ and DP intersect at point Y . Show that the points X
and Y lie on the line AC. (Géza Kós)

Solution. The role of points P and Q is symmetrical, so without loss of generality
we can assume that P lies inside triangle ACD and Q lies in triangle ABC.

Part 1. Denote the incircles of triangles of ABC and ACD by ω1 and ω2 and denote
their points of tangency on the diagonal AC by X1 and X2, respectively. We will
show that line BP passes through X1, DQ passes through X2 and X1 = X2. Then
it follows that X = X1 = X2 is lying on AC (fig. 1).

A

B

C

D

P

Q

X1 = X2

ω

ω1

ω2

Figure 1: for the solution of the problem 2.

As is well-known, the tangent segments AX1 and AX2 to the incircles can be ex-
pressed in terms of the side lengths as

AX1 =
1

2
(AB +AC −BC) and AX2 =

1

2
(AC +AD − CD) .

Since the quadrilateral ABCD has an incircle, we have AB +CD = BC +AD and
therefore

AX1 −AX2 =
1

2
(AB −BC −AD + CD) = 0 ;

this proves X1 = X2.

3

1�Ú,·�y²: X 3 AC þ.

P4ABC Ú4ACD�S��©O� ω1 Ú ω2,¿Pùü�S��©O�

AC �u X1, X2.e¡·�y² BP ²L X1, DQ²L X2 ¿� X1 = X2.ù�

Ò`² X = X1 = X2,�: X 3 AC þ.
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dn�/����úª,k

AX1 =
1

2
(AB + AC −BC),

AX2 =
1

2
(AC + AD − CD).

duo>/ ABCDkS��,� AB + CD = BC + AD, Kk

AX1 − AX2 =
1

2
(AB −BC − AD + CD) = 0.

l X1 = X2.

5¿��� BA� BC ´ü� ω Ú ω1 �	ú��,l�3��± B �

 q¥%� qC�,r ωC� ω1.5¿� X1'u ω���� P 'u ω1��

�²1,l3þã qC�e P C� X1.¤± B,P,X1��.

Ón, D,Q,X2��.

ùÒy²
: X 3 AC þ.

By having the common tangents BA and BC, the circles ω are ω1 are homothetic
with center B. The tangents to ω atX1 and to ω1 at P are parallel, so this homothety
maps P to X1. Hence, the points B, P , X1 are collinear.

Similarly, from the homothety that maps ω to ω2, one can see that D, Q, X2 are
collinear.

Part 2. Now let γ1 and γ2 be the excircles of triangles of ABC and ACD, opposite to
vertices B and D, respectively, and denote their points of tangency on the diagonal
AC by Y1 and Y2, respectively. Analogously to the first part, we will show that line
BQ passes through Y1, DP passes through Y2 and Y1 = Y2 (fig. 2).

A

B

C

D

P

Q

Y1 = Y2

ωγ1

γ2

Figure 2: for the solution of the problem 2.

The tangent segments CY1 and CY2 to the excircles can be expressed as

CY1 =
1

2
(AB +AC −BC) and CY2 =

1

2
(AC +AD − CD) ;

by AB + CD = BC +AD it follows that CY1 = CY2, so Y1 = Y2.

The circles ω and γ1 are homothetic with center B. The tangents to ω and γ1 at Q
and Y1 are parallel so this homothety maps Q to Y1. Hence, the points B, Q, Y1 are
collinear.

Similarly, from the homothety that maps ω to γ2, one can see that D, P , Y2 are
collinear.

Problem 3. Let k be a positive integer such that p = 8k + 5 is a prime number.
The integers r1, r2, . . . , r2k+1 are chosen so that the numbers 0, r41, r42, . . . , r42k+1 give

4

1�Ú,·�y²: Y �3 AC þ.

P4ABC � B−����4ACD� D−���©O� γ1� γ2,¿Pùü

����©O� AC �u Y1, Y2.�1�Ú�y²aq,·�y² BQ²L Y1,

DP ²L Y2¿� Y1 = Y2.ù�Ò`² Y = Y1 = Y2,�: Y 3 AC þ.

dn�/����úª,

CY1 =
1

2
(AB + AC −BC),

CY2 =
1

2
(AC + AD − CD).

qd AB + CD = BC + AD, � CY1 = CY2, l Y1 = Y2.

����± B � q¥%� qC�,r ωC� γ1.5¿� Q'u ω��

�� Y1'u γ1���²1.�3d qC�e, QC� Y1,¤± B,Q, Y1��.
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Ón, D,P, Y2��.

ùÒy²
: Y 3 AC þ.

nþ¤ã,·K¼y. �

µ5 ù´��ã/`{�JÝ·¥�AÛK,)��Ø%3uro>/�

S�� qC��n�/�S��½���,|^S��½�����:�5

��Ñ(Ø.�K¦^ qC��Ã{���@cS���'� IMOÁKa

q.

3. � k ���ê, �÷v p = 8k + 5 ��ê. �ê r1, r2, · · · , r2k+1 ÷v

0, r41, r
4
2, · · · , r42k+1Ø± p¤��{êüüØÓ.y²:∏

1≤i<j≤2k+1

(r4i + r4j ) ≡ (−1) k(k+1)
2 (mod p).

y{� �Ñ� p��� g.du p − 1 ´ 4 ��ê,��� p� 4g�{

k 2k + 1�,©O� 1, g4, g8, · · · , g8k,l r41, · · · , r42k+1 3� p¿Âe´þã

2k + 1�ê���ü�.

½Âl {0, 1, · · · , 2k}� {0, 1, · · · , 2k}�N� f �:é?¿ j ∈ {0, 1, · · · , 2k},
f(j)� 2j Ø± 2k + 1¤��{ê.

d½Â 2k + 1 | 2j − f(j), � 4(2k + 1) | 8j − 4f(j), =� p− 1 | 8j − 4f(j).

d¤ê�½n��

g8j ≡ g4f(j) (mod p), j = 0, 1, · · · , 2k.

ò¤¦ª�C/∏
1≤i<j≤2k+1

(r4i + r4j ) ≡
∏

1≤i<j≤2k+1

r8j − r8i
r4j − r4i

≡
∏

0≤i<j≤2k

g8j − g8i
g4j − g4i

≡
∏

0≤i<j≤2k

g4f(j) − g4f(i)
g4j − g4i (mod p).



g4f(j) − g4f(i) = ±
(
g4max(f(j),f(i)) − g4min(f(j),f(i))

)
,

þª� f(j) > f(i)���Ò,� f(j) < f(i)�KÒ.

� (i, j)H{ 0 ≤ i < j ≤ 2k�¤k�/�, (min (f(j), f(i)) ,max (f(j), f(i)))
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�H{¤k�/.� ∏
0≤i<j≤2k

g4f(j) − g4f(i)
g4j − g4i = (−1)N ,

Ù¥ N ´÷v i < j � f(i) > f(j)� (i, j)�ê8,þã�¹u)��=�

i = 1, 2, · · · , k; j = k + 1, · · · , k + i,

�

N = 1 + 2 + · · ·+ k =
k(k + 1)

2
.

¤±(Ø¤á. �

y{� (���fff|||) Ï� p´�ê,��3� p���,P g�Ù¥����.

éu p | x,k x4 ≡ 0 (mod p),

éu p - x, k (x, p) = 1, �3 1 ≤ α ≤ p − 1, ¦� x ≡ gα (mod p), K

x4 ≡ g4α (mod p), � x4� p���=k 0, g4, g8, · · · , g4(p−1). 

gα ≡ 1 (mod p)⇔ p− 1 | α,

� x4 � p���Tk 0, g4, g8, · · · , g8k+4 ù 2k + 2�ØÓ��. Ïd3� p�

¿Âe, r41, r
4
2, · · · , r42k+1T� g4, g8, · · · , g8k+4���ü�,l∏

1≤i<j≤2k+1

(
r4i + r4j

)
≡

∏
1≤i<j≤2k+1

(
g4i + g4j

)
≡

2k∏
i=1

g4i(2k+1−i)
2k∏
d=1

(
g4d + 1

)2k+1−d

≡
2k∏
i=1

g4i(2k+1−i)
k∏
d=1

(
g4d + 1

)2k+1−d (
g(2k+1−d)×4 + 1

)d
≡ g(p−1)·

2(k+1)(2k+1)
3

(
k∏
d=1

(g4d + 1)

)2k+1

·
k∏
d=1

1

g4d2

≡ g(p−1)·
k(k+1)

2

(
k∏
d=1

(g4d + 1)

)2k+1

≡
(

k∏
d=1

(g4d + 1)

)2k+1

(mod p).

�Ä
k∏
d=1

(g8i − 1) . � 2 | k�,k

k∏
i=1

(
g8i − 1

)
≡

k
2∏
i=1

(
g8i − 1

)
·

k∏
j= k

2
+1

(
g8j − g8k+4

)
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≡
k
2∏
i=1

(
g8i − 1

)
·

k∏
j= k

2
+1

(−1) · g8j ·
k∏

j= k
2
+1

(
g8(k−j)+4 − 1

)
≡

k∏
i=1

(
g4i − 1

)
· (−1) k

2 · g( 3k2 +1) k
2
×4 (mod p).

� (
k∏
i=1

(
g8i − 1

))2k+1

≡
(

k∏
i=1

(
g4i − 1

)
· (−1) k

2

)2k+1

g(
3k
2
+1) k

2
(p−1)

≡
(

k∏
i=1

(
g4i − 1

))2k+1

· (−1) k
2 (mod p).

l (
k∏
i=1

(
g4i + 1

))2k+1

≡ (−1) k
2 (mod p).

þ¡^� p -
k∏
i=1

(g4i − 1).

� 2 - k�,k

k∏
i=1

(
g8i − 1

)
≡

k−1
2∏
i=1

(
g8i − 1

) k∏
j= k+1

2

(
g8j − g8k+4

)

≡
k−1
2∏
i=1

(
g8i − 1

) k∏
j= k+1

2

(−1) · g8j ·
k∏

j= k+1
2

(
g8(k−j)+4 − 1

)
≡

k∏
i=1

(
g4i − 1

)
· (−1) k+1

2 g4·
k+1
2
· 3k+1

2 (mod p).

� (
k∏
i=1

(
g8i − 1

))2k+1

≡
(

k∏
i=1

(
g4i − 1

)
· (−1) k+1

2

)2k+1

· g(p−1)· k+1
2
· 3k+1

2

≡
(

k∏
i=1

(
g4i − 1

))2k+1

· (−1) k+1
2 (mod p).

� (
k∏
i=1

(
g4i + 1

))2k+1

≡ (−1) k+1
2 (mod p).

þª�^� p -
k∏
i=1

(g4i − 1) .

nþ¤ã,k(
k∏
i=1

(
g4i − 1

))2k+1

≡ (−1) k(k+1)
2 (mod p).
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l ∏
1≤i<j≤2k+1

(
r4i + r4j

)
≡ (−1) k(k+1)

2 (mod p).

y.! �

µ5 �K´��k��JÝ�êØK.�Ä^��L« ri ´é���

{,ù´�Yªfz{�Ä:.y{��©|©,^²��úªrK¥ogªC

�
lgªØ±ogª,2^Ó{�5��N��
��Ø�"��,é�KÒ

��ê��O�ÒU�Ñ(Ø.y{�Ñ��¡,ØL�{éÄ�,Ì�´^�

éÚ���5�Øäz{,2é k�Ûó©a?Ø�eÒUy�(Ø.

4. ®� k´��ê,� 1 = d0 < d1 < · · · < dm = 4k� 4k�¤k�Ïê.

y²:�3 i ∈ {1, 2, · · · ,m},¦� di − di−1 = 2.

y² b�(ØØ¤á.ù¿�Xe d | 4k� d+ 2 | 4k,K d+ 1 | 4k.5¿
�e a | 4k� 4 - a,K 2a | 4k.|^þã5�·��±l (1, 2)m©,é�Ã¡õ

é�ê (a, a+ 1),¦� a� a+ 1Ñ�Ø 4k� a� a+ 1ÑØ� 4�Ø.

e (a, a + 1)÷v a� a + 1Ñ�Ø 4k� 4QØ�Ø a�Ø�Ø a + 1,@

o 2a� 2a+ 2�Ñ´ 4k�Ïê,db�� 2a+ 1�´ 4k��ê. 2a� 2a+ 2

´���óê,7k��Ø´ 4��ê.ùÒ`² (2a, 2a+ 1)� (2a+ 1, 2a+ 2)

¥k�é´÷vcã�¦�.

ù«�±ö���?1e�,ù�Ò��Ã¡õé�ê,�zgö���ê

é¥���êÑî�4O.ùÒ��
 4k���Ã¡�Ïf8Ü,gñ!

�b�Ø¤á,�·K¼y. �

µ5 ù´��{ü�êØK.^�y{´'�g,�,|^ 4k �Ïê�5

�¿(Ü�y{�b��±Øä�é�����êéÑ´ 4k �Ïê,ù«ö�

�±��?1e�,ùÒ� 4k �k�5gñ
.

5. AnnÚMax3�� 100 × 100�Ú�þiZ.Äk, Ann3z��f

SW��� 1� 10000��ê,�z�ê�U¦^�g.�e5Max3Ú���

>���]À���f¿3Ù¥�\�qM1,¦�
4M1��Ú��m>

���¬?1eZÚö�.zgö�M1¬�£�����k�^>½��º

:����f,z����f (�)Ð© �), MaxI� Ann|G��f¥¤

Wê���M1. MaxF"|G¦�U��a, AnnF"·�Wê5��z
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gC�ÂÃ.XJü<Ñæ��ZüÑ,@oMaxI�� Ann|Gõ�qM1?

)� �Y´ 500000qM1.

eee... /Ann���üüüÑÑÑ:

Äk·�`² Ann���±<� 500000qM1. AnnUeXã¤«��

ª3Ú�þWê.

1 200 201 400 · · · 9800 9801 10000

2 199 202 399 · · · 9799 9802 9999

3 198 203 398 · · · 9798 9803 9998

4 197 204 397 · · · 9797 9804 9997
...

...
...

...
. . . · · · · · · · · ·

98 103 298 303 · · · 9703 9898 9903

99 102 299 302 · · · 9702 9899 9902

100 101 300 301 · · · 9701 9900 9901

�ÄMaxr�?¿�^´»,é 1 ∼ 50¥�?¿�ê n,1 2n− 1��1

2n����ü�¤W�Ú��� 200(2n− 1).

�Max���s¤ 200× (1 + 3 + 5 + · · ·+ 99) = 500000qM1.

þþþ... /Max���üüüÑÑÑ:

éuÚ�¥êi�?¿�«W{.·�òÚ�©¤ 50�Y²��� 2× 100

��Ý/.duÚ�¥¤kê�Ú� 50005000,�±é����Ý/,�Ý/¥

¤kê�ÚØ�u 1000100.éu¤À�Ý/�z��,·�lù��ü�ê¥

À��ê¤3���.Kù
À¥���Ò�¤d��m��^´»,Pù^´

»þ¤kê�Ú� S.3�Ý/¥�z���ü�ê¥,��ê'��ê���

1.@où��Ý/¥¤kê�Ú��� 2S + 100.ù`² 2S + 100 ≤ 1000100,

K S ≤ 500000.

ù`²Ú�¥�êØ+NoW, Max�±ÀJ�^´»,¦�¦�õI�|

G 500000qM1.

nþ��,�Y� 500000qM1. �

µ5 ù´��¥�JÝ�|Ü¯K.�
Max |G�õ�a,ùÒI��

�ü��¤k����¤Wê�Ú��ØU�� (����Ò¬Ñyk�´»

þ�ê�Úé�k�é�),ég,�¬��± S .�Wê,ùÒ��
�E.

y²��{´�ÛÜ�O,ké�� 2× 100��Ý/,¦�§�¥¤Wê�Ú

9 êÆ#(�



¦�U�,2lù��Ý/�z��¥ÀÑ���ê,ù�Ò��
��é��

þ..nÜü�¡Ò��
)�.

6. 4ABC �S���> BC,AC ©O��u: D,E.� P �S���

�l DE þ�:,�÷v ∠APE = ∠DPB.�ã AP,BP ©O��ã DE u:

K,L.¦y: 2KL = DE.

y{� ·�I�Xe�Ún.

A2

A1

A

B C

ÚÚÚnnn 34ABC ¥, AA1´L A�¥�.L B,C ©O�4ABC �	��
���,ùü^���u A2,Kk ∠BAA1 = ∠CAA2.

Ún�y² du

A1B

A1C
=
AB · sin∠BAA1

AC · sin∠CAA1

,

q A1B = A1C, l
sin∠BAA1

sin∠CAA1

=
AC

AB
.

34ABA2¥,d�u½nk

sin∠BAA2

sin∠ABA2

=
A2B

A2A
.

Ón,
sin∠CAA2

sin∠ACA2

=
A2C

A2A
.

qA2B = A2C, þüª�Ø�

sin∠BAA2

sin∠ABA2

=
sin∠CAA2

sin∠ACA2

.

=
sin∠CAA2

sin∠BAA2

=
sin∠ACA2

sin∠ABA2

.
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5¿� A2B,A2C ´����,¤±

4ABA2 = 180◦ − ∠ACB, ∠ACA2 = 180◦ − ∠ABC.

K
sin∠ACA2

sin∠ABA2

=
sin∠ABC
sin∠ACB =

AC

AB
,

�
sin∠BAA1

sin∠CAA1

=
sin∠CAA2

sin∠BAA2

.

q

∠BAC = ∠BAA1 + ∠CAA1 = ∠CAA2 + ∠BAA2,

¤± ∠BAA1 = ∠CAA2. Ún¼y.
Figure 2: for the solution of problem 6.

A B

C

D

E

P

K
L

M
N

F

Figure 3: for the solution of problem 6.

sider a point S on the segment ED such that ∠PSE = ∠PDF and ∠PSD = ∠PEF
(fig. 4). Triangles PSE and PDF are similar because ∠PED = ∠PFD. Since
∠DPB = ∠KPE and PB is a symmedian in triangle PDF , the line PK must
be a median in the triangle PSE. It follows that EK = KS. Similarly, we have
DL = LS. Therefore, 2KL = 2KS + 2SL = EK +KS + SL+ LD = ED.

Solution 3. Again, denote by F the tangency point of the incircle with the side AB.
Let the segments AP and BP intersect the incircle again at X and Y , respectively.

4

£££������KKK. P F �S���> AB ��:,M,N ©O��ã EF � DF

�¥:, ë� PM,PN. dÚn, ∠APE = ∠FPM, ∠DPB = ∠FPN, l
∠APE = ∠FPN, = ∠KPE = ∠NPF. q P,E,D, F o:��,l

∠PEK = ∠PED = ∠PFN.

¤±4PEK ∼ 4PFN. K
EK

FN
=
PE

PF
, EK = FN · PE

PF
=
DF · PE
2PF

.

Ón,

4PDL ∼ 4PFM, DL =
EF · PD
2PF

.

ù�

EK +DL =
DF · PE + EF · PD

2PF
.

11 êÆ#(�



d÷V�½n,

DF · PE + EF · PD = DE · PF,

�

EK +DL =
1

2
DE,

Kk

KL = DE − EK −DL =
1

2
DE.

nþ��,(Ø¤á. �

y{� (xxxáááÕÕÕ)

V(K')U(L')

L(U')

K(V')

F

D(E')
E(D')

A B

C

P

� AP, BP �S���,��:©O� U, V,S��� ABu: F.d

∠APE = ∠DPB, ∠PUE = ∠PDE

�4PEU ∼ 4PLD. � PU · PL = PE · PD. Ón PV · PK = PE · PD.
± P ��ü¥%, PE · PD��ü�?1�üC�,2òã/'u ∠UPV

�S�²©����C�.

� X 3þãEÜC�e��� X ′,¿P� X → X ′.dcy´�:

E ↔ D; K ↔ V, L↔ U.

d P,U, V, F ��� F ′, D,E ��.

q P,E, U, F �¤NÚo>/,� U ′´�ã E ′F ′�¥:.= L´�ã F ′D

�¥:.

Ón,K ´�ã F ′E �¥:.�

DE = DF ′ + F ′E = 2LF ′ + 2F ′K = 2LK.

www.nsmath.cn 12



y.! �

µ5 ù´���~(J�AÛK,)�Ø���©J�,¥I�ü ÀÃ

þ��ÑdK.y{�¤^�Ún´�~��AÛ5�,���^ù�Ún5)

dK%¹�Ø´.¦^Ún�±r ∠APE � ∠DPB ùü�éJ?n���¤

n�/¥��>�Y�,2(Ü�qn�/Ú÷V�½nØJy�(Ø.

y{�¤^��üC�Ï~¡�� “Iranª�ü”,ù���üÏ~A^�

Xeü«�.¥.

1.�S�²1�

2.��o>/¥�Miguel:

�K¥·�?1þãC��ÄÅ´5¿�
∠APE = ∠DPB ⇔ DE�UV.

A^�
�ü�Ä�5�ÒØJ(½ F ′� �9ÙAÏ5.
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