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K 1 é�N÷v a, b, c, d, e ≥ 1 �÷v a + b + c + d + e = 5 �¢ê

(a, b, c, d, e),¦

S = (a+ b)(b+ c)(c+ d)(d+ e)(e+ a)

����9���.

) � x = a+ b, y = b+ c, z = c+ d, u = d+ e, v = e+ a,K S = xyzuv,�

a = x+ z + v − 5, b = y + u+ x− 5,

c = z + v + y − 5, d = u+ x+ z − 5, e = v + y + u− 5.

ù�K��^��du x+ y + z + u+ v = 10,�ò x, z, v, y, uUd^S�3�

±þ�,?¿��� 3�ê�ÚØ�u 4.

e¡¦ S = xyzuv����Ú���. d� x, y, z, u, v ≥ −2.

(1) x, y, z, u, v¥k��ê� 0,K S = 0.

(2) x, y, z, u, v¥k 5��ê,Kd²þ�Ø�ª�

0 < S = xyzuv ≤
(
x+ y + z + u+ v

5

)5

= 32.

(3) x, y, z, u, v¥k 4��êÚ 1�Kê,Ø�� x < 0,K

y + z + u+ v = 10− x ≤ 12,

ÂvFÏ: 2018-11-29; ?¾FÏ: 2018-12-05.
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0 > S ≥ −2yzuv ≥ −2
(
y + z + u+ v

4

)4

≥ −2× 34 = −162.

(4) x, y, z, u, v¥k 3��êÚ 2�Kê,Ø�� x < 0.

e y, v ¥kKê,Ø�� y < 0,d x + y + u ≥ 4� u ≥ 4 − x − y > 4,�

z + u+ v = 10− x− y,¤± z + v ≤ 6 < 2u,¤±

uvz ≤ u

(
z + v

2

)2

= u

(
10− x− y − u

2

)2

≤ (4− x− y) ·
(
6

2

)2

= 9(4− x− y),

 0 < xy ≤ 4,�

0 < S ≤ 4× 9(4− x− y) ≤ 4× 9× (4 + 2 + 2) = 228.

e z, u¥kKê,Ø�� z < 0,K u ≥ 4−x−z > 4,� y+u+v = 10−x−z,

¤± y + v ≤ 6 < 2u,Ón��

0 < S ≤ 4× 9(4− x− z) ≤ 4× 9× (4 + 2 + 2) = 288.

(5) x, y, z, u, v ¥k 2��êÚ 3�Kê,¤±ü��ê3 x, z, v, y, u��

±ü�¥Ø��,Ø��ù 2��ê� x, y. K

x+ y = 10− z − u− v ≤ 10 + 2 + 2 + 2 = 16,

¤±

0 > S = xyzuv ≥
(
16

2

)2

× (−2)× (−2)× (−2) = −512.

(6) x, y, z, u, v ¥k 1��êÚ 4�Kê,K7k 3�Kê3 x, z, v, y, u�

�±ü�¥��,gñ!

(7) x, y, z, u, v¥k 5�Kê,Kd�� x+ y + z + u+ v = 10gñ!

nþ¤ã: −512 ≤ S ≤ 288,�ü>��Ò�±��.

� x = y = z = −2, u = v = 8, = a = b = c = d = −1, e = 9 �,

Smin = −512.

� x = y = −2, z = v = 3, u = 8, = a = b = c = −1, d = e = 4 �,

Smax = 288. �

µ5 �K�'�Ú½=é� x, y, z, u, v � a, b, c, d, e��d^�,,�=

z¤��� a, b, c, d, eÃ'�¯K,�¡�I�é x, y, z, u, v ��K?Ø=�.

ù´����{ü!�?Øå5I�[%��êK.

K 2 e��ê a, b, c´����n�/�n>�,K¡n�8Ü {a, b, c}
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���n�|.¦y:é?¿��n�| P,Q,�3��êm ≥ 2���n�|

P1, P2, · · · , Pm¦� P1 = P, Pm = Q,�é?¿ 1 ≤ i ≤ m− 1,k Pi ∩ Pi+1 6= ∅.

y² eò�¤��n�/n>����ê a, b, cüüë>,K�Iy² P

¥��� Q¥��ëÏ. ��Iy² 3, 4, 5, · · · þëÏ. (ùp��d(Ø)

q5¿�� a, bëÏ�,é?¿ t ∈ N∗, ta, tb�ëÏ.

e¡8By²: 3, 4, · · · , küüëÏ.

5¿� {3, 4, 5}, {5, 12, 13}, {9, 12, 15}, {15, 20, 25}, {7, 24, 55}, {6, 8, 10}, {8,

15, 17}þ���n�|,¤±·Ké k = 3, 4, · · · , 10þ¤á.

b�·Ké k(k ≥ 10)¤á,�Ä k + 1��/.

e k + 1�Ûê,Kd

(k + 1)2 +

(
(k + 1)2 − 1

2

)2

=

(
(k + 1)2 + 1

2

)2

� k + 1� k(k+2)
2
ë>.

Ï� 3 � k ëÏ, ¤± 3
(
k+2
2

)
� k

(
k+2
2

)
ëÏ. Ï� 3 � k+2

2
ëÏ (3 ≤

k+2
2
≤ k),� 3× 3� 3 · k+2

2
ëÏ,¤± k · k+2

2
� 9ëÏ. 3 ≤ 9 ≤ k,¤± k+1

� 3, 4, · · · , këÏ.

e k + 1�óê,Ï� 3� k+1
2
ëÏ(3 ≤ k+1

2
≤ k),� 6� k + 1ëÏ,¤±

k + 1� 3, 4, · · · , këÏ. �dêÆ8B{�·K¤á.

d�K¥�(Øw,¤á. �

µ5 rK¥�(Ø=z��d(Ø 3, 4, , · · · , këÏØJ,��y²T(

Ø7Luy� a, bëÏ�,é?¿ t ∈ N∗, ta, tb�ëÏ,,�8B.ù´��~5

�|Ü\êØ�K.

K 3 3 4ABC ¥, AB < AC, O � 4ABC �	%, D ´ ∠BAC ²©�

þ�:, E 3 BC þ, ÷v OE � AD,DE ⊥ BC. 3�� EB þ�: K ÷v

EK = EA,4ADK �	��� BC �u,�: P (ØÓu:K ),4ADK �	

��� 4ABC �	���u,�: Q (ØÓu: A ),¦y: PQ� 4ABC 	

����.

y² Ï� AD²© ∠BAC,� OE � AD,ED ⊥ BC,K

∠EDA = ∠BAD + ∠ABC − 90◦ = ∠CAD − ∠OAC = ∠OAD.

¤±o>/ OEDA���F/,= OE � ADkú��¥R�.
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 AEB = 42.61°

AE = 5.77厘米

J P

Q

K

D

E
O

A

B
C

� 4ADK �	%� J ,(Ü EA = EK � JE � KA�¥R�. q J 3

OE � ADú��¥R�þ,� JO� AQ�¥R�,¤±

∠AQP = 180◦ − ∠AKE = 90◦ + ∠JEK = ∠JED

= ∠JOA = 180◦ − 1

2
∠AOQ = 90◦ + ∠AQO.

¤±, PQ�4ABC 	����.�y. �

µ5 dKÌ�$^��F/9���«é¡5.eØ^é¡5`²���

éJ�Ñ,�^
é¡5�éN´ÏL��yÑ(Ø,é¡5�ØJ�wÑ,�

�ö@�ù´��ØJ�AÛK,�3K 3� �¿ØÜ·.

K 4 �½���¶�á¶Ø���ý�.

(1)y²:Ù¡È���	�!/´���.

(2)�Ñ^º5�ã�Ñù�!/�L§.

) (1) �ý��¥%� O,± O��:,�¶Úá¶¤3��©O� x¶

Ú y¶ïá²¡���IX.K��ý��§�

x2

a2
+

y2

b2
= 1(a > b > 0).

�!/3ý��þo��:^gü��M,N,K,L,¤±LM,K ���

²1,M,K 'u: Oé¡.Ón, N,L'u: Oé¡.

¤±LM,N �����:�LK,L�����:'u: Oé¡,!/�

é¡¥%� O. �!/�S��,Ù�%� O.

q!/o>¤3���� O�ý��o^ú��,¤±dú�����5

9� O�ý�'u x, y¶é¡��!/�o�º:3 x, y¶þ.

Ø��Ù¥ü�º:� (x0, 0), (0, y0), x0, y0 ∈ R+,K!/�¡È� 2x0y0.
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qÏ��§| 
x

x0

+
y

y0
= 1

x2

a2
+

y2

b2
= 1

Tk�). ¤± a2

x2
0
+ b2

y20
= 1, dþ�Ø�ª� 1 ≥ 2 ab

x0y0
, x0y0 ≥ 2ab, � x0 =

√
2a, y0 =

√
2b�,����.�T!/´���.

(2)éý�þ�: P ,�L: P ����ý��,�: P ′,��ã PP ′þ�

: X ( X Ø� PP ′¥:),L X �,����ý�u Q,Q′.

¤± PQ � P ′Q′, PQ′ � P ′Q,ØÓ�¤á.Ø�� PQ� P ′Q′Ø²1,Ù�

:�M .

e PQ′� P ′QuN ,KëMN ��� PP ′u Y (e PQ′ �P ′Q,KLM �

PQ′²1���� PP ′u Y ),d�k X, Y, P, P ′¤NÚ:�.

ë Y Q, Y Q′�ý�u,ü: R,R′,e RQ′ �QR′,KL: P � RQ′²1�,

ÄK RQ′� QR′u Z,ë� PZ.

o�,d4��£������� P 'uý����.

£��K,�ý�þ�: P ,dþã�{� P 'uý����.

��^�T��²1����ý�uü��: Q,R,2�Ñ: Q,R'uý

����,ü^���u: X,ë� PX �ý�u,�: P ′. (e X Ø�3,L

: P � Q'uý����²1��ý�u P ′).

� PP ′¥:O=�ý�¥%.2L: P �ü|ØÓ�R��ý�uM1, N1

�M2, N2(∠M1PN1 = ∠M2PN2 = 90◦).

� M1N1,M2N2 �u Y .e P,Q, Y ��,KÙ��¶½á¶¤3��.e

P,Q, Y Ø��,K ∠POY �S	�²©���¶!á¶¤3��.

��¶!á¶¤3���ý�u A1, A2 Ú B1, B2, L A1, B1 ©O�

OA1, OB1 �R��u C, ë� OC �ý�u T1, T2, 2� T1, T2 'uý��

ü����á¶¤3��uo�:,ùo�:=�!/�o�º:. �

µ5 ù´��Ø~5�AÛK,Ì��	é�I�(Ø�A^,±9º

5�ã�E|,1�¯I�`²!/�o�º:3�!á¶¤3��þ,���

Ä�ÑS��|^é¡5.^)ÛO���{�U�Ñ5,��N´.1�¯�ö

��{k
E,,ù�¯�{éõ,I�éý�(Ø�Ùö$^.

K 5 �½�� n× n���L,z��f¥W\���ê.zgö�ÀJ�
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���,òÙÓ1!Ó�� 2n − 1�êÑ\ 1.¦��� N ,¦�ÃØm©��

�LSêW�´õ�,þ�±ÏLk�gö�¦���LS��k N �óê.

) � n�óê�,é����ÀJ§¤3�1Ú�¥¤k� 2n − 1��

�,z����ö��g.´��kù����Ûó5UC.�k�gö���

¦��L¥k n2�óê, N ≤ n2,¤± Nmax = n2.

� n�Ûê�,·�5`²: Nmax = n2 − n+ 1.

�E:1�1��Ûê,Ù¦1��óê,���Ê�ö��,1 i1k ai�

Ûê,1 j �k bj �Ûê (i, j = 1, 2, · · · , n).

�Ä i1� i21 (1 ≤ i1 < i2 ≤ n)�¤kÛê�ê,ÃØXÛö�,T�ê�

Ûó5ØC.

Óné��¤á.¤±

∀2 ≤ i ≤ n, ai+a1 ≡ n ≡ 1 (mod 2)⇒ a2 ≡ a3 ≡ · · · ≡ an ≡ 1−a1 (mod 2),

∀1 ≤ i < j ≤ n, bi + bj ≡ 1 + 1 ≡ 0 (mod 2)⇒ b1 ≡ b2 ≡ · · · ≡ bn (mod 2),

1) a2 ≡ a3 ≡ · · · ≡ an ≡ 1 (mod 2),K��k n−1�Ûê,¤±N ≤ n2−n+1.

2) a2 ≡ a3 ≡ · · · ≡ an ≡ 0 (mod 2), a1 ≡ 1 (mod 2),qÏ�
n∑

i=1

bi =
n∑

i=1

ai ≡ 1 (mod 2),

¤± b1 ≡ b2 ≡ · · · ≡ bn ≡ 1 (mod 2),K��k n�Ûê,¤± N ≤ n2 − n.

nþ, N ≤ n2 − n+ 1.

ey:é?¿Ð©�¹,�·�ö��k n2 − n + 1�óê.·��ÄN�

ö�.

¡�ÀJ i, j(i, j ∈ {1, 2, · · · , n})�é1 i11 j �¥��?1K¥ö�.

¡�ÀJ i1, i2, j1, j2(i1, i2, j1, j2 ∈ {1, 2, · · · , n}, i1 6= i2, j1 6= j2)�é1 i1

1 j1�, i11 j2�, i21 j1�, i21 j2�¥o��©O?1�gK¥ö�.d�,

�kù 4���¥�êÛó5UC.

eL¥1 i1kØ�u 2�Ûê,1 j �kØ�u 2�Ûê

�/ 1. 1 i1 j ���Ûê,K�3 i1 6= i, j1 6= j,¦1 i1 1 j �, i1 j1 ��

�Ûê. À i, i1, j, j1,ö��g�,d�,Ûêo�êC�.

�/ 2. 1 i1 j ���óê,K�3 i1 6= i2, j1 6= j2,¦1 i11 j �, i21 j �, i

1 j1�, i1 j2���Ûê. À i, i1, j, j1,ö��g�,À i, i2, j, j2,ö��g�,

d�,Ûêo�êC�.
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���E?1Xþö��L¥z1�õ 1�Ûê½z��õ 1�Ûê. Ø

��z��õ 1�Ûê,e�3 2 ≤ i ≤ n¦1 i1kØ�u 2�Ûê.�d�

ò 2�ÛêC�óê,1 11O\ 2�Ûê.���Ø��1�1k a�Ûê.

eo�k�� n�Ûê,KTk n�Ûê.

1◦ a = n,KÀ 1,1,ö��g�=�.

2◦ a < n,K a ≥ 1,Ø�1 11 i��Ûê(i = 1, 2, · · · , a),1 1 + i1 a+ i

��Ûê(i = 1, 2, · · · , n− a),KÀ 1,1ö��g�,2zgÀ 1, 1 + i, 1, a+ iö

��g� (i = 1, 2, · · · , n− a),���õk a(a ≤ n− 1)�Ûê.�y.

nþ, Nmax =

 n2, n�óê

n2 − n+ 1,n�Ûê
. �

µ5 ù´���å5N´,�N´l���¹\Ã���~5|ÜK.d

Kk�{'��{,�l���N�{r��LC���ß,q���g,.�

E�é��ØCþI�gC�ßÿÚrº. dKJÝ��.

K 6. �: P1, P2, · · · , P2018 �3�½�Ê>/�SÜ½>.þ£Ä (:�

Ü).éu

S =
∑

1≤i<j≤2018

|PiPj|2

������,¦¤k�U�{��¹.

) ��Ê>/�¥%� O,±Ù��:ïá²¡���IX.�ÙÊ�º

:�^��ü��g� A1, A2, A3, A4, A5,e�3 P ∈ {P1, P2, · · · , P2018},¦�

P /∈ {Ai}5i=1.

� P1, P2, · · · , P2018 ¥Ø P 	¤k:î�I²þ�� x0,p�I�²þ�

� y0.� Q(x0, y0),K: Q3�Ê>/S½>.þ,� P (x, y),¤±

S = 2017
(
(x− x0)

2 + (y − y0)
2
)
+ C,

Ù¥ C �~ê,� x, yÃ'.

ë AiO�� 5^��ò�Ê>/©¤ 10�«�.Ø�� Q3Xã¤««

�¥.

ey: |PQ| < |A1Q|.

ëQP ¿ò� (eP,QÜK?����)�>.uP ′,¤± |PQ| ≤ |P ′Q|.



|P ′Q| ≤ max{|QAi|}5i=1 = |QA1|,
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t1 = 5.00

O
A5

A4

Q

A1

A2

A3

�þ¡��ÒØ�UÓ���.�k |PQ| < |A1Q|.¤±ò P N�� A1,º:

þ�:êO\, S = 2017|PQ|2 + C O�,�N�7Ê�,d�¤k:þ3�Ê

>/�º:þ,duü��¹êk�,¤± S�����3,������,¤k

Pi3º:þ.

d�,� Pi(xi, yi),

S =
∑

1≤i<j≤2018

(
(xi − xj)

2 + (yi − yj)
2
)

= 2017

(
2018∑
i=1

x2
i +

2018∑
i=1

y2i

)
− 2

∑
1≤i<j≤2018

(xixj + yiyj)

= 2018
2018∑
i=1

(x2
i + y2i )−

(
2018∑
i=1

xi

)2

−

(
2018∑
i=1

yi

)2

= 20182 · |OA1|2 −

(
2018∑
i=1

xi

)2

−

(
2018∑
i=1

yi

)2

.

�
2018∑
i=1

−−→
OPi =

−→
OT ,¤±� S ������, |OT |����.

�º: Ai þk ai �: (i = 1, 2, 3, 4, 5),�½ ∀i ∈ N, Ai+5 = Ai, ai+5 = ai,

K
5∑

i=1

ai = 2018,¤± ai7� 4Ûê 1óê½ 2Ûê 3óê½ 5�óê.

?Ø��3 i ∈ N¦

ai+1 ≡ ai+4, ai+2 ≡ ai+3 (mod 2),

Ø��d� i = 1,
−−→
OA1��� y¶��.� |OT |���, T (x′, y′). q�{��

¹� (a1,
a2+a5

2
, a3+a4

2
, a3+a4

2
, a2+a5

2
)�, T C� T ′,´� T ′(0, y′), |OT ′| ≤ |OT |,d

|OT |���5,� x′ = 0,=k

a1 × 0 + a2 × cos 18◦ + a3 × cos 54◦ − a4 × cos 54◦ − a5 cos 18
◦ = 0,
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e a2 6= a3 ½ a3 6= a4,K
cos 54◦

cos 18◦
= 4 cos2 18◦ − 3 ∈ Q,gñ�� a2 = a5, a3 =

a4, T = T ′.

�� |OA1| = 1,¤± y′ = a1 + 2a2 cos 72
◦ − 2a3 cos 36

◦,Ù¥ a1 = 2018 −

2a2 − 2a3,¤±

|OT | = |2018− 2a2 − 2a3 + 2a2 cos 72
◦ − 2a3 cos 36

◦|

= |2018− 5

2
(a2 + a3) +

√
5

2
(a2 − a3)|.

�m = 4036− 5(a2 + a3) ≡ 1 (mod 5), n = a3 − a2,m, n ∈ Z,m 6= 0,K

2|OT | = |m−
√
5n| = |m

2 − 5n2|
|m+

√
5n|

.

e¡�Ä 2|OT | < 1��/,Kmn > 0,5¿�m2 − 5n2 ≡ 16 (mod 20),

(1)em2 − 5n2 6= −4,K 2|OT | ≥ 16
4036

= 1
252.25

,

(2) e m2 − 5n2 = −4, |m| ≤ 4036, |n| ≤ 1999, e¡¦Ñ¤k÷vT�§�

(|m|, |n|).

�m,n�óê,K
(
m
2

)2 − 5
(
n
2

)2
= −1.

� m
2
= 2x+ 5y, n

2
= x+ 2y,= x = 5

2
n−m, y = m

2
− n,K

x2 − 5y2 = 1, x, y ∈ Z.

d���§nØ��§ x2 − 5y2 = 1��Ü��ê)�L«�

x+
√
5y = (9 + 4

√
5)t,

Ù¥ t�?¿��ê.(Ü |y| ≤ 2018�

(|x|, |y|) = (1, 0), (9, 4), (161, 72), (2889, 1292).

qmn > 0,K

(|m|, |n|) = (4, 2), (76, 34), (1364, 610).

�m,n�Ûê,Km+ nÚm− n¥7k�ö� 4��ê.

em ≡ n (mod 4),�m = x+ 5y, n = x+ y,K x = 5n−m
4

, y = m−n
4

.

em ≡ −n (mod 4),�m = x+ 5y, n = −x− y,K x = −5n+m
4

, y = m+n
4

.

d�þkx2−5y = 1,(Ü |y| ≤ 10099�� (|x|, |y|) = (1, 0), (9, 4), (161, 72),

(|m|, |n|) = (1, 1), (11, 5), (29, 13), (199, 89), (521, 233).

(Ü�!��

(|m|, |n|) = (1, 1), (4, 2), (11, 5), (29, 13), (76, 34), (199, 89), (521, 233), (1364, 610).

� (|m|, |n|) = (1364, 610),d m ≡ 1 (mod 5)� a2 + a3 = 1080 > 1009,
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gñ!

� (|m|, |n|) = (521, 233), d m ≡ 1 (mod 5),mn > 0 � m = 521, n =

233, a2 = 235, a3 = 468,d�

2|OT | = 4

521 + 233
√
5
<

1

260
.

� (|m|, |n|)�Ù¦�¹þk |m+
√
5n| < 521 + 233

√
5,=k

2|OT | > 4

521 + 233
√
5
.

nþ, 2|OT |min = 4
521+233

√
5
,��=�m = 521, n = 233�,�Ò¤á. d�

(a1, a2, a3, a4, a5) = (612, 235, 468, 468, 235),¤k�¹�ÙÓ�. �

µ5 ù´��E,�Ãnêkn%CK,Äkr:N��º:þ±9(Ø

¤�d� |OT |��ØJíÑ,��¡K8=z�é
√
5kn%C�J��,d

K J,´���	nÜUå�K.�|þ�ö¿��Ñ,þã){´ë�O<

�g´���.
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