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3I[Ú/«�êÆ¿m¥,�*���êÆ¿m�U´ú@JÝ���,

AO´Ù¥�|ÜK,K¡#L. ·�À�
 2018c��*��êÆ¿ml�

|ÜK,Ù¥1 1!2K´Êc?¿mK,1 3!4!5!6K´�c?¿mK,1

7!8K´��c?¿mK.

3¤À�l�K¥,1 1!3!4!7!8K´ém�ÁJÝ�K; 1 2!5!6

K´Á-E¥�JÝ�K. oNó,8c�|ÜKJÝ'�c{ü
,�c�

K89)��±ë�êÆ#(���;9�52017c1 833�*��êÆ¿

m|ÜK)Û6�©.

1 1 K ����ók n > 3�¾f,z�¾f/�ùÚ½7Ú.XJ��

¾f��üý�¾fÓÚ,K§��#/�,�«ôÚ (lùÚ�7Ú½l7

Ú�ùÚ).¦¤k÷v±e5�� n:e n�¾fÃØm©XÛ/Ú,o�±

#/Ú,¦¤k�¾fþ´Ó�ôÚ.

) 1 (UUU999¢¢¢���¥¥¥ÆÆÆ )))���²²²) ¤¦� n�¤k�u 3�Ûê.

ky² n�óê�,Ø÷v^�.

� n ≡ 0 (mod 4),�¾f�/Ú�ª� “ùù77ùù· · ·77”�,Kz

�¾fÑÃ{#/Ú.�d�ØU#/Ú,¦¤k¾fþ�Ó�ôÚ.

� n ≡ 2 (mod 4),�¾f�/Ú�ª� “ùùùù77ùù· · ·77”�,

�òÙ¥ü�ùÚU#/�7Ú,5¿�¾f��ü�,�#/Ú��/Ú

�ª� “7777ùù77· · ·ùù”,Xd E,�ØU#/Ú¦�¤k¾f

ÓÚ.

ey n�Ûê�,÷v^�.

�y{.b��3�«Ð©�/Ú�ª,¦�Ã{ÏL#/Ú¦¤k¾f

ÂvFÏ: 2018-12-28.
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ÓÚ.� n0´�����ê,÷v:�éÐ©/Ú�ª#/Ú,¦��3 n0�

ëY¾fÓÚ.

Ø��ù n0�¾fþ�ùÚ.e¡é n0©Ûó?Ø.

� n0�Ûê.K�3 n0 + 2�ëY�¾f,ÙôÚ�:7ùù · · ·ù︸ ︷︷ ︸
n0

7.·�

�±�géëY n0�ùÚ¾f¥�1 2, 1, 4, 3, · · · , n0�¾f?1#/Ú.ù

�B�±��ëY n0 + 2�ÓÚ�¾f.ù� n0����gñ.

� n0�óê.K�3 n0 + 2�ëY�¾f,ÙôÚ�7ùù · · ·ù︸ ︷︷ ︸
n0

7.d n0

���5�,�3 n0 + 4�ëY�¾f,ÙôÚ�:77ùù · · ·ù︸ ︷︷ ︸
n0

77.·��

±�géëY n0 �ùÚ¾f¥�1 2, 1, 4, 3, · · · , n0 − 2, n0 − 3�ùÚ¾f?

1#/Ú.ù���3 n0 + 4�ëY�¾f,ÙôÚ�77 · · ·7︸ ︷︷ ︸
n0

ùù77.

d n0���5,þã n0 + 4�¾f��ýü�¾fþ�ùÚ.�gaí,Ù

¦¾f�ôÚ�:ùù77· · · ,ù� n�Ûêgñ. �

) 2 (úúúôôô���������¥¥¥ÆÆÆ ���fff|||) ¤¦� n��u 3�Ûê.dy²¥, BL

«7Ú, RL«ùÚ.

ky n�óê�,ØÎÜ^�.

e 4 | n.�¾fôÚ�g� RRBBRRBB· · · RRBBKØ�3¾f,Ùüý

¾fÓÚ,�Ã{#/Ú¦�¤k¾fÓÚ.

e 4 - n, �¾fôÚ�g� RRBBRRBB· · · RRBBRR, K�Ué1�

�½����¾fö�, dé¡5Ø��é1��¾fö�, ôÚC�

BRBBRRBB· · ·RRBBRR, d�q�Ué1��¾fö�, ôÚC� BBB-

BRRBB · · ·RRBBRR.5¿�¾f��ü�,�d��¹�Ð©�¹�Ó,�Ø

U¦¤k¾fÓÚ.

ey n�Ûê�,÷v^�.

n�Ûê�,e n�¾fØÓÚ,K�3�ãÛê�ëY�ÓÚ¾f,�ù

ã¾f���ü�¾f�ôÚ�ùã¾fôÚØÓ.Ø��ùã¾f�7Ú,Ù

�ê� 2k − 1, k ∈ N∗.=ùã¾f9Ù���¾fôÚ� RBB · · ·B︸ ︷︷ ︸
2k−1

R.

e k = 1, RBR���C� RRR.

e k ≥ 2,��gò§C� RBRB · · ·B︸ ︷︷ ︸
2k−3

R, RRRB · · ·B︸ ︷︷ ︸
2k−3

R, · · · ,Xde�,ù

ã¾f��C�7Ú.

ù��ö�¦�ÓÚ¾f�ãê~�,Ïddö�¬3k�Ú�ª�.=�
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3,���,�Ü¾fÓÚ. �

µ5 ù´��¥�JÝ�|ÜK.dK�J:´y² n�Ûê��1.

) 1/Ï�y{,ÏLéëYÓÚ¾f�ê���� n0�Ûó5©a?Ø

��(Ø: n0�Ûê��/�éN´,���éù n0�¾f#/Ú=�gñ;

n0´óê��/,'�:´:ù n0�¾füý�¾f�ôÚ´¤éÑy.

) 2���|,ÏLéÛê�ëY�ÓÚ¾f?1#/Ú,¦ÓÚ¾f�

ãêØä~�,?Øy n�Ûê��1.

1 2 K 3��d 10× 10 �>�� 1���¤���L¥À� n ��. 3

z��À����¥,x�^k��é��.®�,éuü�k��é��,�o

�^é���ª:�,�^�å:�Ó,�oü�ª:�ål��´ 2.¦ n�

���.

) 1 (úúúôôô���������¥¥¥ÆÆÆ ¸̧̧###���) nmax = 48.�EXeã¤«.

t5 = 10

T

★标准格
★可调标准格

可调标准格

行高

列宽

t2 = 2

★标准格
★可调标准格

可调标准格行高

列宽

t1 = 10

C D

A

A B

ey: n ≤ 48.

ò� 10× 10��L�þ!e!�!m�ÿÐ�1½��,�� 12× 12�

�L.

t5 = 10

T

★标准格
★可调标准格

可调标准格

行高

列宽

t2 = 2

★标准格
★可调标准格

可调标准格行高

列宽

t1 = 10

C D

A

A B

éz^k�é�� −→v ,�Ù¤3���� T−→v ,Ùª:�

A−→v .P

S(−→v ) =
{
12× 12��L¥�¹: A−→v �Ø´ T−→v ���

}
K |S(−→v )| = 3.Xã,e −→v Xmã¤«,K S(−→v )�Ø�e��	�Ù{n��

�.

·�y²:e −→v1 6= −→v2 ,K S(−→v1) ∩ S(−→v2) = ∅. (∗)
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�y{.��3ü^é�� −→a ,
−→
b ,÷v S(−→a ) ∩ S(

−→
b ) 6= ∅.� S ∈ S(−→a ) ∩

S(
−→
b ),K −→a ,

−→
b ª:�ål�u 2,� −→a ,

−→
b þØ3�� S ¥.

�d^��, −→a ,
−→
b ¥7k��þå:�,��þ�ª:,Ø�� −→a �å:

´
−→
b �ª:,K −→a �å:Úª:þ3 S¥,ù� −→a ,

−→
b þØ3 S¥gñ. (∗)�

y.

d (∗)�,k�é��^ê

n ≤ 122

3
= 48.

nþ, n����� 48. �

) 2 (úúúôôô���������¥¥¥ÆÆÆ ���fff|||) n����� 48.�EXe:

t5 = 10

T

★标准格
★可调标准格

可调标准格

行高

列宽

t2 = 2

★标准格
★可调标准格

可调标准格行高

列宽

t1 = 10

C D

A

A B

ey n ≥ 48.

r¤kk�é���ª:/¤ùÚ.dK¿,Ø�3ª:Ü�ü^k�é

��,Ø�3ü:ù:ål� 1.e�3ü�ål�
√
2�ù:,K7�3�^k

�é��,Ùå:Úª:þ�ù:.

·�y²:ek k�ù: (k ≥ 49),Kål�
√
2�:é��k k + 1é. (∗)

¯¢þ,·�rù 10×10��L�m,�e©OÿÐ��,�1,�� 11×11

��L.

t5 = 10

C D

A Béu��ù: A,¡§m�!e�!�e��: B,C,D

�§�NT,¡ A,B,C,Dùo�:�ù: A�+è.

l,ü�ù:ål�
√
2�du§��+èkú�:.

duü�ù:ålØ� 1,�Ø�3ü�ù:,Ù+èk 2

�ú�:,�Ø�3��:�n�ù:�+è.�dN½�n�,��k 4k−144

�:�ü�ù:�+è,=��k 4k − 144�ù:é�mål�
√
2.q k ≥ 49,
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l 4k − 144 ≥ k + 1.� (∗)¤á.

ÏdeTk k ≥ 49���÷v^�,KéA�ù:k k�,§��mål

�
√
2�:éØ�u k + 1�,K��k k + 1^é��,K��k k + 1���

÷v^�,gñ! � n ≤ 48.

nþ, n����� 48. �

µ5 dKJÝ��.){ 1¥ØyÜ©�J:´:ÏLò�L�ÿÐ¤

12× 12��L,ïák�é���Ùª:¤3�n���éA.�E��ÿ,I

�k�E 6× 4��L��/,2ò 6�TL�©¤ 12× 12��L,2í�o±

���=�.

) 2ïák�é��ª:�Ù+è�'X,|^?n+èÃ�ÚN½�n

��ª:�ê�þ..

1 3 K Misha 5���k n �¢½�I[. zü�¢½þk�´ëÏ.

Misha��i,
¢½,�´¦ØUiÓ��¢½üg.zg,�Mishal

¢½ A�¢½ B,oÚ¬»� k ^�¢½ B�Ï��´(ØU»� Misha�3

r��´,�evkv
��´,K»�ØMisha�3r��´	�¤k�´).

¦Misha�±i�¢½��ê����,ÃØoÚ±Û«�ª»��´.

) (úúúôôô���������¥¥¥ÆÆÆ ���fff|||) ¤¦�����

 2, n ≤ k + 2

n− k, n ≥ k + 3
.

� n ≤ k + 2�, Misha�±ol��¢½ AÑu�,��¢½ B.oÚ

�±»�� B�ë�Ø A	� n− 2�¢½.�d�, Misha�i�¢½��

��� 2.

� n ≥ k + 3�,�Misha��1 i(i < n− k)�¢½�,duoÚ�õ»�

� k^�ù�¢½�ë��´,d��3����i�¢½,Ù�1 i�¢½

�ë��´��»�.�Mishai�1 n− k�¢½�,oÚ�»�lT¢½

Ñu����i� k�¢½��´,d�, MishaÃ{UYi.�Misha�

õi n− k�¢½. �

µ5 ù´��{ü�K,�I?Ø��i�¢½�ê� k���=�.

1 4 K ò�� 2018>/�º:�/Ú,¦���º:ôÚØÓ.e�«ô

Ú�º:?��Ý�Ú�u,�«ôÚ�º:?��Ý�Ú,K¡Tõ>/´

/k��0.éu��à 2019>/,I5��º:.®�,�K?¿����I
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5�:,��� 2018>/þ´k��.y²:e�KI5�º:��� 2018>

/�´k��.

y² (úúúôôô���������¥¥¥ÆÆÆ ���fff|||) PT 2019>/>/� V1V2 · · ·V2019.Ø�

� V1´�IP�:.

P αi = ∠Vi−1ViVi+1, i = 1, 2, · · · , 2019,Ù¥, V2020 = V1, V0 = V2019.

Ï�K V2��� 2018>/´k��,�

α3 − ∠V2V3V1 + α5 + α7 + · · ·+ α2019 = 1008π.

Ï�K V3��� 2018>/´k��,�

α2 − ∠V3V2V4 + α5 + α7 + · · ·+ α2019 = 1008π.

dþüª� α3 − ∠V2V3V1 = α2 − ∠V3V2V4,l

∠V1V3V4 = ∠V1V2V4,

=k V1, V2, V3, V4o:��.

Ón,V2, V3, V4, V5o:��,V3, V4, V3, V4o:��, · · · ,V2017, V2018, V2019, V1
o:��,� V1, V2, · · · , V2019��.

u´,·�k V2019, V1, V2, V3��,K ∠V2019V1V3 = ∠V2019V2V3,=

α1 − ∠V2V1V3 = α2 − ∠V1V2V2019, (1)

�K V2��� 2018>/´k��,�

α1 − ∠V2V1V3 + α4 + α6 + · · ·+ α2018 = 1008π,

(Ü (1)�,

α2 − ∠V1V2V2019 + α4 + α6 + · · ·+ α2018 = 1008π,

=�K V1��� 2018>/´k��. �

µ5 dK´��N´�|ÜK.'�´uyT 2019>/¤kº:��,?

�Ñ�Ý'X.

1 5 K nqM1ü3�±þ,zqM1�¡½�¡�þ,��±ØU^=.

#NXeö�:e��üqM1þ´�¡�þ½�¡�þ,K�ò§�Ñ�¡.

XJü«M1�©Ù�ª�±ÏLk�gö�l�«C�,�«,K@�ü«

©Ù�d.¯:�kõ�«Ø�d�©Ù?

) (úúúôôô���������¥¥¥ÆÆÆ xxxáááÕÕÕ) ¤¦���


n+ 1, 2 | n

2, 2 - n
.
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3�±þ,�gPù
M1�V1, V2, · · · , Vn.

��¡,� 2 | n�,� n = 2k.zgö�r��eI�Ûê�M1Ú��e

I�óê�M1lÓ�C�Ó�,½lÓ�C�Ó�,Ïd V1, V3, · · · , V2k−1 ¥

�¡M1ê� V2, V4, · · · , V2k ¥�¡M1ê��3ö�¥ØC,ù�����

−k,−k + 1, · · · , k,Ïd��k 2k + 1 = n+ 1«.

� 2 - n�,¤kM1�¡�þ��ê3zgö�¥Ûó5ØC,Ïd��

k 2«.

,��¡,� 2 | n�,P��©Ù π�A�þ f(π)� V1, V3, · · · , Vn−1¥�

¡M1ê� V2, V4, · · · , Vn−2 ¥�¡M1ê��.·�é n8By²:é?¿ü

«©Ù π, π′,e f(π) = f(π′),Kü«©Ù�d. (∗)

� n = 2�,(Øw,¤á.

b�(Øé n− 2�¤á,ey n���/.

e f(π) = n
2
½ −n

2
,Kd�,M1���m©Ù,(Øw,¤á.

e�Ä −n
2
+ 1 ≤ f(π), f(π)′ ≤ n

2
− 1,K π, π′þ�3ü�Ó�½Ó��ü

���M1.Ø�� π, π′ þ�3ü�Ó���M1.´�·��±òÓ���

�M1ÏLö� ����£Ä,�Ø�� π, π′¥ Vn−1, Vn �þ��¡M1.

5¿�:

����→����→����→����,

����→����→����→����,

����→����→����→����,

=eü�M1G��Ó,�m�ü�M1,K·��±ÏLAgö�,UCùü

�M1�G�,�ØUC¥mü�M1�G�.

du π¥ Vn−1, Vn�G�� π′¥�Ó,�é π¥ V1, V2, · · · , Vn−2^8Bb

��, π�²LeZgö�C� π′. (∗)�y.

Ón�y 2 - n�/,=� 2 - n,eü«©Ù¥,¤kM1�¡�þ��ê3

zgö�¥Ûó5�Ó,Kùü«©Ù�d. �

µ5 dKJÝ��.�K�'�´é�zgö�¥�ØCþ,=zg�ö

��ü�M1eI�Û�ó,,��ÏLé n©Ûóßÿ¤¦��,,�2|^

8B{y²(Ø.

1 6 K ��Úfl 100× 100�Ú���e�£Ä�mþ�,�zÚ�þ

½�m£Ä��.P a�Tk 70Úá3l�e��mþ��é��e��´»

7 êÆ#(�



ê, bTk 110Úá3l�e��mþ��é��e��´»ê.Á'� aÚ b

���.

) (úúúôôô���������¥¥¥ÆÆÆ ���yyyÌÌÌ) ¤¦(J�: a > b.

P fn(k) �÷X��l (0, 0) � (n, n) �´»þTk k : (Ø¹å:) 3

y = xe���á´»ê.K¤¦�=� f99(70)� f99(110)��'X.

P gn(k)�÷X��l (0, 0)� (n, n+ 1)�´»þTk k: (Ø¹å:)3

y = x+ 1e���á´»ê.·�y²:

gm(0) = gm(1) = · · · = gm(2m) =
1

m+ 1

(
2m

m

)
,∀m ∈ N∗. (∗)

ém8By².

�m = 0�, g0(0) = 1.

�m = 1�, g1(0) = g1(1) = g1(2) = 1 = 1
2

(
2
1

)
.

�m ≤ l�,(Ø¤á.�m = l + 1�,é´»� y = x�1���: (Ø

å:	)©a,��:é k ≥ 1,k

gl+1(k) =
m∑
t=1

1

t

(
2t− 2

t− 1

)(
gm−t(k − 1) + gm−t(k − 2t)

)
.

(Üþª,8Bb�Ú Catalanê4íª�,

gl+1(k) =

[m− k−1
2

]∑
t=1

1

t

(
2t− 2

t− 1

)(
2(m− t)
m− t

)
1

m− t+ 1

+

[ k
2
]∑

t=1

1

t

(
2t− 2

t− 1

)(
2(m− t)
m− t

)
1

m− t+ 1

=
m∑
t=1

1

t

(
2t− 2

t− 1

)(
2(m− t)
m− t

)
1

m− t+ 1

=
1

m+ 1

(
2m

m

)
.

�du� k = 0�, gl+1(k) =
1

m+1

(
2m
m

)
,�

gl+1(k) =
1

l + 2

(
2l + 2

l + 1

)
, ∀0 ≤ k ≤ 2l + 2.

(∗)�y.

P kn = 1
n+1

(
2n
n

)
.·�8By²:é n ∈ N∗,k

fn(2k) = fn(2k + 1), ∀0 ≤ k ≤ n− 1,

fn(2k + 1) > fn(2k + 2), ∀0 ≤ k ≤ n− 2.
(?)

n = 0, n = 1�,(Øw,¤á.

b�(Øé 1, 2, · · · , n− 1¤á.ey n���/.
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e1�Ú�m,Kk gn−1(k − 1)«�U;e1�Ú�þ,Ké´»� y = x

�1���: (Øå:	)©a.

�·�k:

fn(k) = gn−1(k − 1) +
n∑

t=1

kt−1fn−t(k),

(Ü (∗)Ú8Bb��,

fn(2k) = gn−1(2k − 1) +
n∑

t=1

kt−1fn−t(2k)

= gn−1(2k) +
n∑

t=1

kt−1fn−t(2k + 1) = fn(2k + 1);

fn(2k + 1) = gn−1(2k) +
n∑

t=1

kt−1fn−t(2k + 1)

> gn−1(2k + 1) +
n∑

t=1

kt−1fn−t(2k + 2) = fn(2k + 2).

� n� (?)E,¤á.

(?)�y.

d (?)�, a > b. �

µ5 dKJÝ��.þ¡�){I�ÙG Catalanê�4í5�,2ïá

fn(k)�4íL�ª,|^8B{��(Ø.

1 7 K Vasyak 3«ôÚ���/k¡� 100Ü,�z«ôÚ�k¡Ø�

L 50Ü.y²:¦�±òk¡©¤ 10 × 10���L,�?üÜÓÚk¡vkú

�>.

y² (HHH®®®			III���ÆÆÆ��� ÜÜÜccc���) P 3«ôÚ� A,B,C.� A,B,C n«k

¡©Ok x, y, zÜ.

Ø�� x ≤ y ≤ z.KdK�^��: y ≥ 25, z ≥ 33.ò 10× 10��Lçx

m�/Ú.

·�r A,B,C n«k¡U±e�ª����L¥:

l1��m©�m,3z�¥Ulþ�e�^S,r B k¡�g����

�L�ç�¥,�� Bk¡����;

l����m©��,3z�¥Ulþ�e�^S,r C k¡�g���

��L�x�¥, �� C k¡����;

r Ak¡��u�{���¥.

9 êÆ#(�



duz��k 5�x�,¤±� 6��x��´ C k¡.l Ak¡ u 1

� 4��x�Ú 6� 10��ç�,¤±?üÜ Ak¡Ãú�>. q?üÜ Bk

¡½?üÜ C k¡Ãú�>,¤±?üÜÓÚk¡Ãú�>. �

µ5 dK´��N´�|ÜK.Ãú�>�¯K�^çx/Ú��{?

n,©OòÜêõ�ü«k¡��u�ýç�Úmýx�,{e��\�{k

¡.

1 8 K ò�8>/©¤���!/,�!/�>��8>/�>²1.3

�8>/�n^pØ���>þ÷X8>/>.�_����Iþ�Þ.,�

3z�!/�>þIþ�Þ,¦�§��8>/�Ù²1�>þI��ÞÓ�.

y²:÷X�Þvkµ4´».

y² (úúúôôô���������¥¥¥ÆÆÆ ���fff|||)b��3µ4´».

t1 = 6

C

A

B

D

Ø��¤I��Xã¤«. du�Þzg=��U=

120◦,ØU= 60◦,�¤/¤�µ4´»�S��U� 60◦½

300◦.

·��ù��µ4´»¥¤�¤�¡È¥���.Ï�

Tµ4õ>/�S�ØUÑ´ 300◦,�7�3�� 60◦�S� ∠A.

t1 = 6

C

A

B

D

duTµ4ã/´dS�� 60◦, 120◦ �!/©�¤

�,�3 ∠A?7�3Xã�!/ ABCD.

Ï CD ‖ AB,BC ‖ AD,�÷X DCB �U�¤µ4´

»,�¤�¤�¡ÈC�,ù�¡È���5gñ!

�b�Ø¤á,=�·K¤á. �

µ5 dK´¥�JÝ�|ÜK.þ¡�){�'�´uyµ4´»7�3

60◦�S�,2ÏLØyµ4´»S�3!/,(Ü4àb��Ñgñ.
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