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n �/�XÚ08Ü

¾�¸

�Äù��¢S¯K:

b½k n�§è,Ù­þ©O� a1 ≤ a2 ≤ a3 ≤ · · · ≤ an.eòù
§è�

3U²��à,�±¡Ñ�þ� 1� a1 + a2 + a3 + · · ·+ an¥¤k�ê�Ô¬,

@o,ù
§èA÷vN��^�?

^8Ü�óòþã¯KêÆz,K��Xe�¯K:

¯K ^ S(A)L«k�ê8 A¥¤k���Ú,{¡� A�Ú.� X =

{a1, a2, a3, · · · , an},Ù¥ ai ∈ N+, a1 ≤ a2 ≤ a3 ≤ · · · ≤ an.XJ X ���f8

�/Ú0�H� S(X)��X,=é?Û��ê a ∈ [1, S(X)],Ñ�3 X �f8

A,¦ S(A) = a,K¡ X ´ n�/�XÚ08Ü. Á¦ X ´ n�/�XÚ08

Ü�¿©7�^�.

=KKKaaa>l8Iw,¤¢8Ü÷v�¿©7�^�,¢SþÒ´Ù��÷

v��ª½Ø�ª.

l5Kw,¤¢/�XÚ08Ü,Ò´�f8�/Ú0�H [1, S(X)]¥�

¤k�ê.

XJÓ��Ä�� 1� a1 + a2 + a3 + · · · + an �¤k�êK'�(J,�

æ^ÛÜ*Ð�üÑ:�g�Äkf8�Ú���ê 1, 2, · · · ,dduyÙ��

äk�5�.

=ÛÛÛÜÜÜ***ÐÐÐ>k�Äkf8�Ú���ê 1,ùÒ�¦��k��êØ�

u 1,¤± a1 = 1.

2�Äkf8�Ú���ê 2,d�,7k,����� 1½ 2,¤± a2 ≤ 2.

¢Sþ,XJ a2 ≥ 3,KØ¹ a2, a3, · · · , an ¥?Ûê���f8�Ú� 1,


¹k a2, a3, · · · , an���f8�Ú��´ 3,l
vkf8�Ú� 2,gñ!

ÂvFÏ: 2019-02-18.
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UY�Äkf8�Ú���ê 3,d�,du a2 ��Ø��(½,k±eü

«�¹:

(1)XJ a2 = 1,K^�� a1Ú a2U�)Ú� 1,2�f8,�X�Äkf8

�Ú���ê 3,aqþ¡�©Û,7k,����� 1,2½ 3,¤± a3 ≤ 3.

(2)XJ a2 = 2,K^�� a1Ú a2U�)Ú� 1,2,3�f8,�X�Äkf

8�Ú���ê 4,aqþ¡�©Û,7k,����� 1,2,3½ 4,¤± a3 ≤ 4.

=888BBBÏÏÏªªª> þ¡�� a1 = 1, a2 ≤ 2, 
 a3 �þ.kü«�¹: ½ö

a3 ≤ 3 (� a2 = 1),½ a3 ≤ 4 (� a2 = 2).

5¿ a3�þ.´ØUÚ��,§�â a2���ØÓ
ØÓ,ÏdÃ{��

?�� ai�Ú�þ.,�Uávu8B ai�c¡���m�48'X.

k�Ä a2� a1�'X,w,k a2 ≤ 2 = 1 + a1.

2�Ä a3� a2�'X,kü«�¹:

(1)e a2 = 1,K a3 ≤ 3.25¿� a1 = 1,·�uy,d� a3�þ. 3^c

¡�� a1, a2�L«� a1 + a2 + 1,= a3 ≤ a1 + a2 + 1;

(2)e a2 = 2,K a3 ≤ 4.25¿� a1 = 1,·�uy,d� a3�þ. 4��

^c¡�� a1, a2L«� a1 + a2 + 1,= a3 ≤ a1 + a2 + 1.

dduy, þã��'X�Ú�^/Ïª0LãXe: éz�� i =

1, 2, · · · , n,Ñk ai ≤ Si−1 + 1,Ù¥ Si = a1 + a2 + · · ·+ ai, S0 = 0.

?�Úß�,ùÒ´¤¦�¿©7�^�,=kXe�/�XÚ0½n:

½n 8Ü X = {a1, a2, a3, · · · , an} (ai ∈ N+, a1 ≤ a2 ≤ a3 ≤ · · · ≤ an)´ n

�/�XÚ08Ü�¿©7�^�´,éz� i (1 ≤ i ≤ n),Ñk ai ≤ Si−1 + 1,

Ù¥ Si = a1 + a2 + · · ·+ ai, S0 = 0.

=yyy²²²>ky7�5.

� X = {a1, a2, a3, · · · , an} (ai ∈ N+, a1 ≤ a2 ≤ a3 ≤ · · · ≤ an)´ n�/�

XÚ08Ü,�y²: ai ≤ Si−1 + 1.

dc¡A~�éu,N´��æ^^�y{:���3 i (1 ≤ i ≤ n),¦

ai ≥ Si−1 + 2 (mYL°),·�y²vkf8�Ú���ê Si−1 + 1.

=���***ggg´́́>g,��:Ø¹/���0�f8�ÚÑ�u Si−1 + 1,
¹

/���0�f8�ÚÑ�u Si−1 + 1,/aL0
 Si−1 + 1.

¢Sþ,é X �?�Ø¹ ai, ai + 1, · · · , an¥?Û���f8 A,k

S(A) ≤ a1 + a2 + · · ·+ ai−1 = Si−1;
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é X �?�¹k ai, ai + 1, · · · , an¥�������f8 A,k

S(A) ≥ ai ≥ Si−1 + 2.

u´,Ø�3 X �f8 A,¦ S(A) = Si−1 + 1,gñ!

2�Ä¿©5.

b½ Xn = {a1, a2, a3, · · · , an} (ai ∈ N+, a1 ≤ a2 ≤ a3 ≤ · · · ≤ an) ÷v

ai ≤ Si−1 + 1 (1 ≤ i ≤ n),·�y² Xn´ n�/�XÚ08Ü.

é n8B.� n = 1�,d a1 ≤ S0 + 1 = 1,� a1 = 1,¤± X1 = {1},d�

(Øw,¤á.

�(Øé n¤á,�	 n+ 1��/,d� Xn+1 = {a1, a2, a3, · · · , an+1},Ù

¥ a1 ≤ a2 ≤ a3 ≤ · · · ≤ an+1, ak ≤ Sk−1 + 1 (k = 1, 2, · · ·n+ 1).

=¤¤¤OOO888III>y² Xn+1�¤kf8�Ú�H 1� Sn+1,5¿�8Bb�,

g,�ò8I©��üã:�ã´d8Bb���, Xn+1�Ø¹ an+1�f8�

Ú�H 1, 2, · · · , t.Ù¥ t = Sn = a1 + a2 + · · ·+ an.

,�ã´,�EeZ�f8,¦ÙÚ�H Sn + 1, Sn + 2, · · · , Sn+1.

=¿¿¿©©©^̂̂���>ù�,�|^®�^� an+1 ≤ Sn + 1,dd��Xe���

¿©^�:�EeZ�f8,¦ÙÚ�H an+1, an+1 + 1, an+1 + 2, · · · , Sn+1.

ù´N´)û�§æ^ÛÜ*ÐE|=�.

=ÛÛÛÜÜÜ***ÐÐÐ> k�Äkf8�Ú���ê an+1, g,���f8�

A0 = {an+1}.

2�Äkf8�Ú���ê an+1 + 1,g,���f8� {an+1} ∪ {1}.

��/§�Äkf8�Ú���ê an+1 + j (1 ≤ j ≤ t),g,���f8�

{an+1} ∪ {Aj},Ù¥ S(Aj) = j,� Aj Ø¹ an+1.d8Bb�,ù��f8�3.

=ÏÏÏªªª���EEE>ù�,�	±e t+ 1�f8:

{an+1}, {an+1} ∪ A1, {an+1} ∪ A2, · · · , {an+1} ∪ At,

§��Ú�H an+1, an+1 + 1, an+1 + 2, · · · , an+1 + t.

Ï� A1, A2, · · · , At�Ú�H [1, t]¥�¤k�ê,¤±

A1, A2, · · · , At, {an+1}, {an+1} ∪ A1, {an+1} ∪ A2, · · · , {an+1} ∪ At

�Ú�H [1, t] ∪ [an+1, an+1 + t]¥�¤k�ê.q

1 ≤ an+1 ≤ Sn + 1 = t+ 1, an+1 + t = an+1 + Sn = Sn+1,

¤±

[1, t] ∪ [an+1, an+1 + t] = [1, Sn+1],
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¤± Sn+1´ n+ 1��XÚ8Ü,(Ø¤á.

nþ¤ã,½n¼y. �

e¡0�T½n�ü�A~.

íØ 1 (������777���^̂̂���) � X = {a1, a2, a3, · · · , an} ´d��ê�¤�

8Ü, Ù¥ a1 ≤ a2 ≤ a3 ≤ · · · ≤ an, e X ´/�XÚ08Ü, Ké?Û

i = 1, 2, · · · , n,Ñk ai ≤ 2i−1.

=yyy²²²>P Si = a1 + a2 + · · · + ai (i = 1, 2, · · · , n), S0 = 0,d½n,é?

Û i = 1, 2, · · · , n,Ñk ai ≤ Si−1 + 1. u´,/��0,�

Si − Si−1 ≤ Si−1 + 1, Si ≤ 2Si−1 + 1, Si + 1 ≤ 2(Si−1 + 1),

S�,�

Si + 1 ≤2(Si−1 + 1) ≤ 22(Si−2 + 1) ≤ 23(Si−3 + 1)

≤ · · · ≤ 2i−1(S1 + 1) = 2i−1(1 + 1) = 2i.

¤± Si ≤ 2i − 1,� ai ≤ Si−1 + 1 ≤ (2i−1 − 1) + 1 = 2i−1.y.. �

íØ 2 (������¿¿¿©©©^̂̂���) � n ≥ 2, X = {a1, a2, a3, · · · , an}´d��ê�

¤�8Ü,Ù¥ a1 ≤ a2 ≤ a3 ≤ · · · ≤ anXJé?Û i = 1, 2, · · · , n,Ñk ai ≤ i,

K X ´/�XÚ08Ü.

y² Ï� X ¥�¤kêÑ´��ê,l
é?Û��ê i,k Si ≥ i,u´

d ai ≤ i,k

ai ≤ i = (i− 1) + 1 ≤ Si−1 + 1.

d/�XÚ0½n,(Ø¤á. �

díØ 2���Xe��k�(Ø:

XJ/�XÚ08Ü�¤kØÓf8�ÚØÓ,K¡��Ã­U/�X

Ú08Ü.@o,���� n�Ã­U/�XÚ08Ü�:

X0 = {20, 21, 22, · · · , 2n−1}.

¢Sþ,� X = {a1, a2, a3, · · · , an}´ n�Ã­U/�XÚ08Ü,Ù¥

a1 ≤ a2 ≤ a3 ≤ · · · ≤ an,KdíØ 2��,é?Û i = 1, 2, · · · , n,Ñk ai ≤ 2i−1.

u´

S(X) = a1 + a2 + · · ·+ an ≤ 20 + 21 + · · ·+ 2n−1 = 2n − 1.
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,��¡, du X �¤kØÓf8�ÚØÓ, Ø��¤k��f8�

Ai (1 ≤ i ≤ 2n− 1), ÷v 1 ≤ S(A1) < S(A2) < · · ·S(At), Ù¥ t = 2n− 1.u´,

S(A1) ≥ 1, S(A2) ≥ 2, · · · , S(At) ≥ t = 2n − 1,

¤±

S(X) ≥ 2n − 1.

Ïd±þ¤kØ�ª¤á�Ò,l
 ai = 2i−1 (1 ≤ i ≤ n), �

X0 = {20, 21, 22, · · · , 2n−1}.

e¡0�A^T½n9íØ�A�~f.

~ 1 � n ≥ 2, a1, a2, · · · , an ´��ê, ak ≤ k (1 ≤ k ≤ n). ¦y: �

�=� a1 + a2 + · · · + an ´óê�, �±·�À�/+0Ú/−0Ò, ¦�

a1 ± a2 ± · · · ± an = 0.

(1990c�I¥Æ)êÆÁ-EÀoÁK)

=KKKaaa>|^/�XÚ0½n�íØ 2,TKA�Ø¤���¯K.

l^�w,díØ 2, X = {a1, a2, a3, · · · , an}´/�XÚ08Ü.

l8Iw,�y a1 ± a2 ± · · · ± an = 0,ù�ÏL£�,=z��3f8��

[1, Sn]¥����,¯KHA
).

=(((���ééé���>Ï� ak ≤ k (1 ≤ k ≤ n),¤±d/�XÚ0½níØ 2,

X = {a1, a2, a3, · · · , an}´/�XÚ08Ü.u´,é?Û�ê p ∈ [1, Sn],Ñ�

3 X �f8 A,¦ S(A) = p.

=MMMEEE^̂̂���>�	8I: a1 ± a2 ± · · · ± an = 0,��E8Ü�/Ú0.òÙ

K�£��ª�,�>,K8I�C/�

ai1 + ai2 + · · ·+ ais = aj1 + aj2 + · · ·+ ajt , (∗)

Ù¥ i1, i2, · · · , is, j1, j2, · · · , jt´ 1, 2, · · · , n���ü�.

-8Ü A = {ai1 , ai2 , · · · , ais}, B = {aj1 , aj2 , · · · , ajt}, K (∗) ª�L«�

S(A) = S(B), Ù¥ S(A)L« A¥���Ú.

5¿� A ∪B = X = {a1, a2, · · · , an},k

2S(A) = S(A) + S(B) = S(X), S(A) =
1

2
S(X).

d^�, S(X)�óê,l
 S(X)´Ø�L a1 + a2 + · · ·+ an���ê,�

p =
1

2
S(X),
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��·K¼y. �

~ 2 �½ k, n ∈ N+, n < 2k, A´d��ê|¤�#N¹k­E���8

Ü, |A| = k,÷v S(A) = n,Ù¥ S(A)L« A¥����Ú.¦y:é?Ûg,

ê q (1 ≤ q ≤ n),Ñ�3 Q ⊆ A,¦ S(Q) = q.

(1996cêÆÏÕmÁK)

=KKKaaa>�K�)�é�,��3¦É.e|^/�XÚ0½n,K§�A

��Øþ��¯K.

l8Iw,�K¢Sþ´�y²: A´ k��XÚ8Ü.

ù�,�� A = {a1, a2, · · · , an},Ù¥ a1 ≤ a2 ≤ a3 ≤ · · · ≤ ak,d/�X

Ú0½n,·��Iy² A÷v ai ≤ Si−1 + 1 (i = 1, 2, · · · , k),ù^�y{´é

N´� (�Ñ� S(A) = n < 2kgñ).

=¯̄̄KKK===zzz>� A = {a1, a2, · · · , ak},Ù¥ a1 ≤ a2 ≤ a3 ≤ · · · ≤ ak.·�

y² A÷v

ai ≤ Si−1 + 1 (i = 1, 2, · · · , k).

=���¡¡¡ggg���>e�3 1 ≤ i ≤ k,¦ ai ≥ Si−1 + 2,K

S(A) = a1 + a2 + · · ·+ ak = Si−1 + (ai + ai+1 + · · ·+ ak)

≥ Si−1 + (k − i+ 1)ai ≥ Si−1 + (k − i+ 1)(Si−1 + 2)

= (k − i+ 2)Si−1 + 2(k − i+ 1)

≥ (k − i+ 2)(i− 1) + 2(k − i+ 1)

= −i2 + (k + 1)i+ k.

- f(i) = −i2 + (k + 1)i− k,KÏ'u i��g¼ê f(i)�ã�m��e,du

Ùã���,� 1 ≤ i ≤ k�, f(i) ≥ min{f(1), f(k)}.

q

f(1) = −1 + (k + 1) + k = 2k, f(k) = −k2 + (k + 1)k + k = 2k,

u´ðk f(i) ≥ 2k.¤±

2k > n = S(A) ≥ f(i) ≥ 2k,

gñ! Ïd

ai ≤ Si−1 + 1 (i = 1, 2, · · · , k),

d/�XÚ0½n, A´ k��XÚ8Ü,·K¼y. �
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~ 3 �½��ê a, � X = {a1, a2, · · · , an} ´d��ê�¤�8Ü, Ù

¥ a1 ≤ a2 ≤ a3 ≤ · · · ≤ an, � a1 + a2 + a3 + · · · + an = a, eé?Û�ê

p (1 ≤ p ≤ a),Ñ�3 X �f8 A,¦ S(A) = p,Ù¥5½ S(A)�8Ü A¥�

���Ú,¦ n����. (�MK)

=KKKaaa>l8Iw,�KÒ´�ò�½���ê a,©���ê���eZ

�ê�Ú,¦ù
ê�¤�8Ü´/�XÚ08Ü.

l^�w,¦+ a´�½�,�Ø´äNê,�XÛ©��5(J,l
�l

A~m©,&¢©�5Æ.

=ïïïÄÄÄAAA~~~>� a = 10,� X = {a1, a2, · · · , an}´¦ S(X) = 10�/�

XÚ08Ü,@o X �f8�Ú�H [1, 10]¥�¤k�ê.díØ 1,é?Û

i = 1, 2, · · · , n,Ñk ai ≤ 2i−1.u´

a1 + a2 + a3 ≤ 20 + 21 + 22 = 23 − 1 = 7 < 10,

l
 n ≥ 4.

q n = 4�,¦�U� 2��áu8Ü X (�õ�e����ê� 2��),

�� X = {1, 2, 4, 3},K X ´ 4�/�XÚ08Ü,l
d� n����� 4.

2� a = 100,� X = {a1, a2, a3, · · · , an}´¦ S(X) = 100�/�XÚ0

8Ü,@o X �f8�Ú�H [1, 100]¥�¤k�ê.

Ó�díØ 1,é?Û i = 1, 2, · · · , n,Ñk ai ≤ 2i−1.u´,

a1 + a2 + · · ·+ a6 ≤ 20 + 21 + · · ·+ 25 = 26 − 1 = 63 < 100,

l
 n ≥ 7.

q n = 7�,� X = {1, 2, 4, 8, 16, 32, 37},K X ´ 7�/�XÚ08Ü,l


d� n����� 7.

þã(J���í2����¹,
�´²�í2.

=888BBBÏÏÏªªª>é���/,b½ a®©)� a1 + a2 + a3 + · · ·+ an = a,¦

X = {a1, a2, a3, · · · , an}´/�XÚ08Ü,KdíØ 1,é?Û i = 1, 2, · · · , n,

Ñk ai ≤ 2i−1.?
,k

a = Sn = a1 + a2 + · · ·+ an ≤ 20 + 21 + · · ·+ 2n−1 = 2n − 1. (∗)

=yyy©©©êêê���>dd��± 2��ê��y©ê�5©��½���ê a.

é�½� a,Ø�� 2r ≤ a < 2r+1,d (∗),N´y² n = |X| ≥ r + 1. ÄK,

n ≤ r,d (∗),k

a ≤ 2n − 1 ≤ 2r − 1 < 2r ≤ a,
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gñ!¤± n ≥ r + 1. qd 2r ≤ a < 2r+1, ü>�éê,� r ≤ log2 a < r + 1, l


 r = [log2 a]. Ïd

n ≥ [log2 a] + 1.

=ÏÏÏªªª���EEE>� n = r + 1�,Ù¥ r = [log2 a],¦�U� 2��áu8Ü

X,-

ai = 2i−1 (i = 1, 2, · · · , r), ar+1 = a+ 1− 2r,

K X = {a1, a2, a3, · · · , ar+1}÷v^�.

=���yyy555���> ¢Sþ,d�?���, X �Ø¹k ar+1 �f8 (=

{a1, a2, a3, · · · , ar}�f8)�Ú�H
 1, 2, · · · , 2r − 1ù
ê.

Ø�� X � 2r − 1�f8 Ai÷v S(Ai) = i (1 ≤ i ≤ 2r − 1).

�	 X �¹k ar+1� 2r − 1�f8: Ai ∪ {ar+1} (1 ≤ i ≤ 2r − 1),ÙÚ�

H


ar+1, ar+1 + 1, ar+1 + 2, · · · , ar+1 + 2r − 1 = a.

Ï�d 2r ≤ a < 2r+1, k

ar+1 = a+ 1− 2r < 2r+1 + 1− 2r = 2r + 1,

¤± ar+1 ≤ 2r.u´

{1, 2, · · · , 2r − 1} ∪ {ar+1, ar+1 + 1, ar+1 + 2, · · · , a} = {1, 2, · · · , a}.

� X �f8�Ú�H
 1, 2, · · · , a.

nþ¤ã, n�����

[log2 a] + 1.

�
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