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1. ¦��ê| (a, b, c)÷v a2 + b+ 3 = (b2 − c2)2.

2. � n ≥ 3´Ûê.^ n × n�����iZ,·�3ù n2���¥Wê

i.z�Ú,ÀJ�������,3Ù¥W\ 1, 2, . . . , n2¥�,�êi,¿��

yL�¥�êiØ­E.XJW\�,ù��f¤31 (½ö¤3�)W�êi

�Ú´ n��ê,KP 1© (XJ¤31êi�Ú!¤3�êi�ÚÑ´ n��

êKP 2©).Á¯,iZ(å (= n2Ú��),�©���´õ�?

3. ¦¤k¼ê f : R+ → R+,÷vé?¿�¢ê x, y,k

f

(
f(y)

f(x)
+ 1

)
= f

(
x+

y

x
+ 1
)
− f(x).

4. � I ´ 4ABC �S%, ω ´ÙS��. M ´ BC ¥:.²L: A��

BC R����,�²L:M �� AI R����,��u: K.¦y:±�ã

AK ��»��� ω��.

5. � S ´��ê8Ü,e S ÷v:é?¿pØ�Ó� x, y, z ∈ S,k x, y, z

¥����´ x+ y+ z�Ïf,K¡ S´{©�8Ü.y²: ÷v±e^���

�ê N ´�3�, ¿¦Ù���. é?¿{©�8Ü S, �3Ø�u 2��ê

nS, ¦� S ¥Ø� nS �Ø����õk N �.
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K 1. ¦��ê| (a, b, c)÷v a2 + b+ 3 = (b2 − c2)2.

) (���������) k�ÄeãÚn.

ÚÚÚnnn é��ê x 6= y,k |x2 − y2| ≥ 2x− 1.

¯¢þ§d

|x2 − y2| ≥ min{x2 − (x− 1)2, (x+ 1)2 − x2} = 2x− 1,

Ún=�y.

£££������KKK. w, b2 − c2 6= 0,|^ügÚn,·�k

b+ 3 = (b2 − c2)2 − a2 ≥ 2|b2 − c2| − 1 ≥ 2(2b− 1)− 1 = 4b− 3.

�k b ≤ 2.

e b = 1,K a2 + 4 = (c2 − 1)2´²�ê,ùL² a = 0,ùØ�U.

e b = 2, K a2 + 5 = (c2 − 4)2 ´²�ê, ùL² a = 2, c2 = 1 ½ 7. �

(a, b, c) = (2, 2, 1),d=�N). �

µÛ ù�K��þÒ´`ü�²�ê�målØ¬��,^êÆ�ó�x

=�·��Ún.´�N´�¯K.

K 2. � n ≥ 3´Ûê.^ n× n�����iZ,·�3ù n2���¥W

êi.z�Ú,ÀJ�������,3Ù¥W\ 1, 2, . . . , n2¥�,�êi,¿�

�yL�¥�êiØ­E.XJW\�,ù��f¤31 (½ö¤3�)W�ê

i�Ú´ n��ê,KP 1© (XJ¤31êi�Ú!¤3�êi�ÚÑ´ n�

�êKP 2©).Á¯,iZ(å (= n2Ú��),�©���´õ�?

) (���������) ·�r�©©¤üa:=¤31�Ú´ n��êK¡�1�

©,¤3��Ú´ n��êK¡���©.

·�y²:1�©�õ� n(n+1)
2

,Ón,��©�õ� n(n+1)
2

.l
y²�©

�õ� n(n+ 1).

·�5�Ä1�©.2©�üa:d n��ê�z�1�©,� n��ê�

z�1�©.cö�õ�z n©,e¡y²�ö�õ�z n(n−1)
2
©.

�1�1W\� n ��ê�g� x1, x2, . . . , xk, ·���5¿�W\

xi, xi+1(1 ≤ i ≤ k − 1)�1Ú� n{êØÓ,=� xi, xi+1 �õ��z 1©1�
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©.25¿ x1 7,Ø¬�z1�©.�d��,1�1¥,� n��ê�z�1

�©�õ� k
2
©.

éz�1�aq©Û�,� n��ê�z�©ê�õ� n(n−1)
2

.(Ü n��

ê�õ�z n©,�1�©�õ� n(n+1)
2

.

Ón,��©�õ n(n+1)
2

,�o�©�õ n(n+ 1).

,��¡,·��Ñ���©� n(n + 1)��E.r��L1 i1 j ���

�IP� (i, j)(1 ≤ i, j ≤ n).·�rù
�f¥�

Xk = {(i, j)|1 ≤ i, j ≤ n, i+ j ≡ k (mod n)}

¡�1 k^é��.Kz^é��þTk n��f.

·�kr� n{ 1� n�êÑW\1 1^é��¥,d�zÚ� 0©.2

r� n{ n− 1� n�êÑW\1 n− 1^é��¥,d��zÚ� 2©.��

2n©.

±daí,©Oé 2 ≤ t ≤ n−1
2
,·�kr� n{ t� n�êÑW\1 t^é

��¥,d�zÚ� 0©.2r� n{ n − t� n�êÑW\1 n − t^é��

¥,d��zÚ� 2©.ù��ã¥,�� 2n©.

��,ò� n{ n� n�êÑ�\1 n^é��¥,d��zÚ� 2©.�

� 2n©.�o�©�

2n · n+ 1

2
= n(n+ 1).

d=���. �

µÛ ù�K�{'�È�.ÏL�
Á&·��±uy n ��ê´Ø@

o­��,��­��´rØ´ n�ê�@
êS�Ð.âd, ·�uy
1�

©��O,¿é�
�E.�´��ém¥�JÝ�|ÜK.

K 3. ¦¤k¼ê f : R+ → R+,÷vé?¿�¢ê x, y, k

f

(
f(y)

f(x)
+ 1

)
= f

(
x+

y

x
+ 1
)
− f(x).

y² (444²²²���) - x = y,� f(x) + f(2) = f(x+ 2).

e�3 a < b,¦� f(a) = f(b), ©O- y = a, b,K

f(x+
a

x
+1) = f

(
f(a)

f(x)
+ 1

)
+ f(x) = f

(
f(b)

f(x)
+ 1

)
+ f(x) = f

(
x+

b

x
+ 1

)
.

2-

x =
b− a

2
,
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K (
x+

b

x
+ 1

)
−
(
x+

a

x
+ 1
)
= 2.

� f(2) > 0,�

f
(
x+

a

x
+ 1
)
+ f(2) = f

(
x+

b

x
+ 1

)
,

gñ!� f �ü�.

- x = 2,K

f

(
f(y)

f(2)
+ 1

)
= f

(
3 +

y

2

)
− f(2) = f

(
1 +

y

2

)
,

�
f(y)

f(2)
+ 1 = 1 +

y

2
,

¤±

f(y) =
f(2)

2
· y.

-
f(2)

2
= c > 0,

K

f(y) = cy.

²��, f(x) = cx (c > 0)÷v�¦.¤±

f(x) = cx (c > 0).

�

µÛ ·��, f äk�½��\5,·�F"é���/ª�{ü�(Ø.

y²ü�´����Ú,¿�I��½�E|5.���Ú½��Xü��yÑ


C�w,
.

K 4. � I ´4ABC �S%, ω´ÙS��.M ´ BC ¥:.²L: A��

BC R����,�²L:M �� AI R����,��u: K.¦y:±�ã

AK ��»��� ω��.

y² (���������) e AB = AC,dé¡5�(Øw,¤á,e� AB 6= AC.

� E ´ D'u I �é¡:,� AE � BC �u: F .·�Ø\y²/Ú^

XeÙ�(Ø:

(((ØØØ M ´�ã DF �¥:.
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Äk, ·�y² KD ⊥ AF . �d, � G ��� MI ��� AK ��:.

Kdu MI � EF,AK � DE �, AGIE ´²1o>/.du I ´ DE ¥:,�

AGDI�´²1o>/.·���GD�AI ⇒ GD ⊥MK.(ÜMD ⊥ GK,·

���D´4MGK �R%,�KD ⊥MG.duMG �AF ,�kKD ⊥ AF .

� H ´�� KD��� AD��:,Kk4HDE �4HAK (± H �¥

%) q,�üö�	����u:H.��,5¿KD ⊥ AF ,ùL²4HDE�

4HAK �	��=� ωÚ± AK ��»��.�(Ø¤á. �

µÛ ù�K8¥1�Ú�(Ø´I�ÓÆ�ÙG�.ù�(Ø�y²�

�´æ^ q: L E � XY � BC, ¦� X 3 B þ, Y 3 C þ. K 4AXY �

4ABC  q.
 E ´ 4AXY �����:,�Ù qéA: F ´ 4ABC �

����:.

3ÙGù�(���,^�¥��ü�R�´éØg,�,·�úw�·¢

SþAT´<óMEÑ
��R%,Bé�
þã)�.

K 5. � S ´��ê8Ü, e S ÷v: é?¿pØ�Ó� x, y, z ∈ S, k

x, y, z¥����´ x + y + z�Ïf,K¡ S ´{©�8Ü.y²:÷v±e^

����ê N ´�3�,¿¦Ù���.é?¿{©�8Ü S,�3Ø�u 2�

�ê nS,¦� S ¥Ø� nS �Ø����õk N �.

y² (���ïïï,,,,���ÛÛÛ) ���� N ´ 6.

Äk`²N ≥ 6.�8Ü {1, 2, a, b, c, d, e}÷v a, b, c, d, e� 5�Ø� 1��

Ûê,pØ�Ó� (a, b) = 1,  c ≡ b (mod a)

c ≡ −a (mod b)
,
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
d ≡ −b (mod a)

d ≡ −a (mod b)

d ≡ −b (mod c)

,



e ≡ −b (mod a)

e ≡ a (mod b)

e ≡ b (mod c)

e ≡ −a (mod d)

.

d¥I�{½nù�� c�3�Ú a, bp�.

Ó��,ù�� d, e�3� a, b, c, d, eüüp�.ù�

a | a+ b+ d, b | a+ b+ c, a | a+ b+ e, a | a+ c+ d, a | a+ c+ e,

b | b+ d+ e, b | b+ c+ e, c | b+ c+ d, c | c+ d+ e, d | a+ d+ e.

�� x, y ∈ {1, a, b, c, d, e} �, 2|2 + x + y; � m,n ∈ {2, a, b, c, d, e} �,

1|1 +m+ n.

¤±8Ü {1, 2, a, b, c, d, e}�{©�,
 1, 2, a, b, c, d, eüüp�,Ïdé?

¿ x ≥ 2, x ∈ N∗, x�õ�Ø {1, 2, a, b, c, d, e}¥ 1�ê. u´?� nsÑk��

6�ê3 {1, 2, a, b, c, d, e}¥�§�þØ� ns�Ø. � N ≥ 6.

e¡·�y² N = 6¤á.e S ¥�õk 7���,� ns�§�,�Ø�

u 1��,K N ≤ 6.e� S ¥¹k�� 8���,��§��� 8���l�

��ü��g� x1, x2, x3, x4, x5, x6, x7, x8. ·��e5y²ù 8���ØUü

üp�.

·�æ^�y{y². eù 8�êüüp�,KÙ¥�õk 1�óê, 1�

1.¤± x1, x2, · · · , x8 ¥�3 6�üüp���u 1��Ûê.l����g�

� y1, y2, y3, y4, y5, y6,÷v y1 < y2 < y3 < y4 < y5 < y6.

e a | a+ b+ c,= a | b+ c.·�¡n�| (a, b, c)� a)û
.

�e5,·�y² y1, y2, y3, y4, y5, y6©O�õ�)û {y1, y2, y3, y4, y5, y6}n

�f8|¥� 6,6,4,2,1,0� (� y1, y2, y3, y4, y5, y6üüp��).

é?¿ i1, i2 ∈ N∗, 1 ≤ i1 < i2 ≤ 5,e y6 | yi1 + yi2 ,Ï� yi1 < y6, yi2 < y6,

K yi1 + yi2 < 2y6. �

yi1 + yi2 = y6.


 yi1 + yi2 �óê, y6 �Ûê,gñ!Ïd y6 Ø)û?Û {y1, y2, · · · , y6}�n�

f8|.

Ón�y:é?¿ 1 ≤ i1 < i2 < i3 ≤ 6, yi3 - yi1 + yi2 .

�e5�Ä y5.e 1 ≤ i1 < i2 ≤ 4,K y5 - yi1 + yi2 .¤±e 1 ≤ a < b ≤ 6�

a 6= 5, b 6= 5, y5 | y1 + yb,Kk b = 6.
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e�3 1 ≤ a1 < a2 ≤ 4,- y5 | y6 + ya1 , y5 | y6 + ya2 ,Kk

y5 | (y6 + ya2)− (y6 + ya1),

= y5 | ya2 − ya1 . 


0 < ya2 − ya1 < ya2 ≤ y5,

¤±gñ!� y5�õ)û
��n�|.

�e5�Ä y4.e 1 ≤ i1 < i2 ≤ 3,K y4 - yi1 + yi2 .

e y4 | y5+y6,KØ�3 i1, i2 ∈ N∗,- 1 ≤ i1, i2 ≤ 3, y4 | y5+yi1 , y4 | y6+yi2 .

ù´Ï�e i1 6= i2,K

y4 | (y5 + yi1) + (y6 + yi2)− (y5 + y6),

= y4 | yi1 + yi2 . 
 i1 6= i2, 1 ≤ i1, i2 ≤ 3,gñ!e i1 = i2,K

y4 | y6 − y5,

l
 y4 | 2y6. 
 y4�Ûê, y4 | y6,� y4, y6p�gñ!

a' y5�y² y4���õ)û 1�¹ y5Ú yi (i ≤ 3, i ∈ N∗)�n�|. y4

���õ)û 1�¹ y6Ú yj (j ≤ 3, j ∈ N∗).qÏ� y4 | y5 + y6�üöØÓ�

¤á,¤± y4�õ)û 2� 3�|.

�e5�Ä y3.Äk y3 - y1 + y2,Ùg y3 | y1 + yiÚ y3 | y2 + yiØÓ�¤á

(é i ≥ 4),2Ùg y3 | y4 + y5, y3 | y4 + y6, y3 | y5 + y6 �,

y3 | 2(y4 + y5 + y6).

Ï� y3�Ûê,¤± y3 | y4 + y5 + y6. l
 y3 | y6,� y3, y6p�gñ!�

y3 | y4 + y5, y3 | y4 + y6, y3 | y5 + y6

ØÓ�¤á. ekü�¤á, �

y3 | yi1 + yi2 , y3 | yi1 + yi3 , y3 - yi2 + yi3 ,

(i1, i2, i3)� (4, 5, 6)�,�ü�,
d�e y3 | yi1 + yj1 , j1 = 1½ j1 = 2, K

y3 - yi2 + y1, y3 - yi2 + y2,

y3 - yi3 + y1, y3 - yi3 + y2.

ÄK y3 | 2y1½ y3 | y1 + y2,þgñ!¤±

y3 | yi1 + yi2 , y3 | yi1 + yi3 , y3 - yi2 + yi3

�,du

y3 | y1 + yi2 , y3 | y2 + yi2
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ØÓ�¤á,¤± y3�õ�)û 2+2=4|n�|.

e y3 | y4 + y5, y3 | y4 + y6, y3 | y5 + y6¥�k��¤á½þØ¤á,K y3�

õ�)û 1 + 3 = 4|n�|.¤± y3�õ�)û 4|n�|.

�e5�Ä y2.ò y1, y3, y4, y5, y6z¤Ê�: A1, A3, A4, A5, A6.

e y2)û
n�| (y2, yi, yj),K3 AiÚ Aj �më�^�ã.

e y2)û
�� 7�n�|,K3 A1, A3, A4, A5, A6�m��k 7��ã.

z^�ãz¤¢�,eü:�m�k�ë�,Ky3ë�^J�.¤±z^¢�

½J�T?3 3�n�/¥.ã¥�k 10�n�/.�z�n�/S¢�^ê

� a1, a2, · · · , a10,Ïd

a1 + a2 + · · ·+ a10 ≥ 7× 3 > 2× 10.

dÄT�n a1, a2, · · · , a10¥��k 1�� 3.�4Ai1Ai2Ai3 k 3^¢�,K

y2 | yi1 + yi2 , y2 | yi1 + yi3 , y2 | yi2 + yi3 ,

l
 y2 | 2(yi1 + yi2 + yi3). Ï� y2�Ûê,¤± y2 | yi1 + yi2 + yi3 , = y2 | yi1 ,�

(y2, yi1) = 1gñ!� y2�õ)û 6�n�|.

Ón�y y1�õ�)û 6�n�|.

¤± y1, y2, y3, y4, y5, y6 ���õ�)û 6+6+4+2+1+0=19�n�|.


{y1, y2, · · · , y6}�k C3
6 = 20�n�|,¤±k��n�| {yi1 , yi2 , yi3}.

- 1 ≤ i1 < i2 < i3 ≤ 6,

yi1 - yi1 + yi2 + yi3 , yi2 - yi1 + yi2 + yi3 , yi3 - yi1 + yi2 + yi3 ,

ù� S ´{©�8Ügñ!

Ïd y1, y2, · · · , y6Ø�Uüüp�,l
 x1, x2, · · · , x8Ø�Uüüp�.

� (xi, xj) 6= 1, 1 ≤ i < j ≤ 8,Ké S¥?¿�� r, rØ3 {x1, · · · , x8}¥,

r > xi, r > xj, �ok r | xi + xj, d�(Ü xi + xj < 2r� xi + xj = r. �ok

xj | x+ ri, �ok xi | xj + r. ÃØ=«�¹,Ñk

(xi, xj) | r.

� ns = (xi, xj),Ïdk 6�êØ� ns�Ø.

¤± N = 6¤á,(Ø�y. �

µÛ ù�Kg´5guy:XJ a < b < c÷v a + b + c� a, b, c¥?�

��Ø,K gcd(a, b) | c.u´,ù�K�±=z�¦){©�8Ü¥�õ�±k

A�êüüp�.Ø� 1,2	, 6��ÛêØUüüp��y²JÝ�é���
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?Ø'��¡ (ù�Ü©d�ï,)û).K8J:�Ü©3Ïé 5�Ûêüü

p���E,��¥I�{½n'�g,�I��ã�m}Á (ù�Ü©d�Û

)û).

F��Ào�Ý¥´vk8ÔèÿÁ�,�Ò´`ù|�Á´��'X�

ÙI[èÀÃÀo�.�d,ù|�Á�(�¥,co�KÑ��u·I�ém

JÝ,
����KK�C8ÔèJÝ,8�Ò´çÀÑI[èè
.
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