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I. ÁÁÁ KKK

1. 4ABC ¥,M,N ©O� AB,AC �¥:.L A� 4ABC 	����

�,3��þ��: X.�� ωB ²L:M � B,��MX ��;� ωC ²L:

N � C,�� NX ��.y²:� ωB �� ωC ����:3�� BC þ.

2. � Z/nZL«3� n¿Âe��ê8 (Ïd, Z/nZk n���).¦¤

k���ê n,¦��3��V�¼ê g : Z/nZ → Z/nZ,÷v g(x), g(x) + x,

g(x) + 2x, · · · , g(x) + 100xþ� Z/nZþ�V�¼ê.

3. 3��dü���¤� n × n Ú�S, ½Â�^�Ý� k �“�”�

dÚ�S k �pØ�Ó�ü��|¤�kSS� (S1, S2, · · · , Sk), ÷vé

i = 1, 2, · · · , k− 1,ü�� Si� Si+1k�^ú�>.e3Ú�S��^�yéA

�ü��S�� (S1, S2, · · · , Sk),
 S �� S1 kú�>��ü��,KT��

±“£Ä”� (S, S1, S2, · · · , Sk−1).XJ�^��Ð�S�� (S1, S2, · · · , Sk),²

Lk���X�£Ä�,ÙS�C� (Sk, Sk−1, · · · , S1),K¡T�?1
“=�”.

¯´Ä�3��ê n > 1,¦��±3 n× nÚ�S���^�Ý��� 0.9n2,

��±?1=���?

?¾FÏ: 2019-04-15.
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4. ·�¡¼ê f : Z≥0 × Z≥0 → Z�“Ð”�,XJé?¿��K�êmÚ

n,k

f(m+ 1, n+ 1)f(m,n)− f(m+ 1, n)f(m,n+ 1) = 1

¤á. � A = (a0, a1, · · · ) 9 B = (b0, b1, · · · ) �ü��êS�, XJ�3�

�“Ð”�¼ê f ¦� f(n, 0) = an, f(0, n) = bné¤k�K�ê n¤á (AO/,

a0 = b0),KP�A ∼ B.y²:XJo��êS�A,B,C,D÷vA ∼ B, B ∼ C

9 C ∼ D,Kk D ∼ A.

5. � n���ê,ò 3n¬7��Ú 3n¬É��G¤���/�ó,�÷

vÃ �ëY�n¬���Ó�ôÚ. TastyÚ StacyÜ�
iZ,¦�Ó6U

Xe�5Kzg�r �ëY�n¬��:

(i)z�Ó� Tasty��,¦¤��n¬���ôÚ� �^S7L�g�

É,7,É;

(ii)z�Ó� Stacy��,¨¤��n¬���ôÚ� �^S7L�g�

7,É,7.

XJ¦��²L 2nÓ�r�Ü���,K¦�¼�.y²:XJ¦��±3

d Tastyk��¼�,K¦���±3d Stacyk��¼�.

6. �4ABC�S%� I,:D3��BCþ,÷v∠AID = 90◦.�4ABC

¥º:AéA�����BCu:A1.aq½Â:B1, C1.y²:XJAB1A1C1

��S�o>/,K AD�4DB1C1�	����.

///. )))������µµµ555

K 1. 4ABC ¥,M,N ©O� AB,AC �¥:.L A� 4ABC 	���

��,3��þ��: X.�� ωB ²L:M � B,��MX ��;� ωC ²L

: N � C,�� NX ��.y²:� ωB �� ωC ����:3�� BC þ.

y² dKkõ«){,·��Ù¥�k�L5�A«0��e.

���{{{���(���������������): Xã 1,� �(AMN),¿L X �Ù,�^��,�:

� Y.� AY ¥: L.e¡·�y² Y3 ωB þ.

dM�AB�¥:,L�AY �¥:�ML�BY.qdAX,XY ��(AMY )

����, MX � 4AMY ¥� M− � ¥�, l
 ∠XMB = ∠YML =

∠MYB. � XM � �(BMY )��,=k Y 3 ωB þ.
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ã 1

Ón, Y3 ωC þ.@o� ωB � BC �,��: Z,k

∠Y ZC = ∠YMB = ∠Y NA,

� Z �3 �(Y NC)þ.

� ωB, ωC � BC �u�:,�·K¼y! �

5 d{døKöMerlijn StapsJø.

I��Ñü:.�´ Y �4MZN é4ABC �Miquel:,3�Ä
 ωB �

ωC ��¹e�Ä Y ¿Ø¿	,ßÿ Y �,��:,k AX �J«�´Ün�À

J;�´dK����{'�k�,|^
���5=z,3�9¥� /� ¥

� /S(�)���: /�S(�)���:k'��¥�Uk^.

���{{{���: Xã 2,� ωB � BC �,��: S,ë( SM ¿ò�,� CAu Y.

C

Y

S

NM

A

BX

ã 2

e¡·�y²: (1)4MXS ∼ 4AXN ; (2) S 3 ωC þ.
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(1)���yyy²²² du��½n�

∠XMS = 180◦ − ∠ABC = ∠XAN, ∠XMB = ∠MSB, ∠XAB = ∠ACB,

�(Ü�u½nk

AN

MS
=
AN

MB
· MB

MS
=
AC

AB
· sin∠MSB

sin∠ABC
=

sin∠MSB

sin∠ACB
=

sin∠MSB

sin∠XAB
=

AX

MX
,

(Ü ∠XAN = ∠XMS �4XAN ∼ 4XMS. � (1)y.!

(2)���yyy²²² d

∠AXM = ∠XMB − ∠XAB = ∠MSB − ∠ACB = ∠MYA

� A, Y,X,M o:��.d (1)� ∠MSX = ∠ANX, �k Y,X, S,N o:��.

l
 ∠ACB = ∠XAB = ∠XY S = ∠XNS, � XN � �(CNS)��,= S 3

ωC þ, (2)y.!

nÜ (1),(2),�·K¼y! �

5 d{d Jetze ZoethoutJø,�¢��~5Ã{,I�5¿�´,¥:^

��^�
 AN
AC

= BM
BA

,�^u)ûí2�¯K.

���{{{nnn (���������ÝÝÝ:::���===zzz): Xã 3,�4AMN ¥X ����Ý: Y,�

Y 'uMN �é¡: S.

Y

S

NM

C

A

B

X

ã 3

Ï� ∠Y AN = ∠XAM = ∠ACB, � AY � BC. (ÜM �4ABC ¥ BC

>�¥ ��� S 3 BC þ.

ey ωB L S.ù´Ï�

∠XMB = ∠YMN = ∠SMN = ∠MSB.

Ón ωC L S.� ωB, ωC , BC �u: S.�·K¼y! �

5 d{d Anant MudgalJø.¯¢þ,dKkXe��..Xã 4,
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R

ã 4

� P,Q�4ABC ����Ý:�,é Q'u BC �é¡: R,k

∠RBC = ∠QBC = ∠PBD, ∠RCB = ∠QCB = ∠PCA,

� A� R�4PBC ����Ý:.

dKN´uy S�A�4XMN ����Ý:,^d�.�==kd){.

���{{{ooo (ÝÝÝKKK{{{): Xã 5, � ωB, ωC � BC �,��: S, S ′,LM,N �

BC �R�,Rv� E,F,L X � CA,BA�R�,Rv� Y, Z.

Z

FS(S')

Y

E

M
N

C

A

B

X

ã 5

e¡·�y² S = S ′.�d·��Iy² ES + FS ′ = EF.

5¿�

ES =ME · cot∠MSE = (MB · sin∠ABC) · cot∠XMB

=MB · sin∠ABC · AZ − AM
XZ

=MB · sin∠ABC · cot∠ACB − AM2 · sin∠ABC
AX · sin∠ACB

=
1

2
AC · cos∠ACB − 1

4
· 1

AX
· AB · AC,

Ón

FS ′ =
1

2
AB · cos∠ABC +

1

4
· 1

AX
· AB · AC,
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(Ü

BC = AC · cos∠ACB + AB · cos∠ABC, EF =MN =
1

2
BC

� FS ′ + ES = EF. �

S = S ′,

=k ωB, ωC � BC �u�: S.�·K¼y! �

µÛ ÝK{��±)û����/,,«§ÝþÙ�«
dK�´��Ý

�'.¢Sþ,du ∠XMS,∠XNS ′ þ�½�, X → S, X → S ′ ��Ýþ�±

�'ØC,�I(½n� X éA� S � S ′­Ü=�.

K 2. � Z/nZL«3� n¿Âe��ê8 (Ïd, Z/nZk n���).¦

¤k���ê n,¦��3��V�¼ê g : Z/nZ→ Z/nZ÷v g(x), g(x) + x,

g(x) + 2x, · · · , g(x) + 100xþ� Z/nZþ�V�¼ê.

) n�¤¦��=� nÃØ�L 101��Ïf.

��¡,� nØ¹Ø�L 101��Ïf�,� g : Z/nZ→ Z/nZ� g(x) = x,

K ∀ 0 ≤ k ≤ 100,k g(x)+kx = (k+1)x.5¿� 1 ≤ k+1 ≤ 101,� (k, n) = 1,

l
 k+1, 2(k+1), · · · , n(k+1)�¤��mod n��X,� g(x) + kx� Z/nZ

�g��V�.

,��¡,·�ky²XeÚn.

ÚÚÚnnn � p��ê, α ∈ N∗,Kk pα -
pα∑
r=1

rp−1.

Úny² � α = 1�,
p∑
r=1

rp−1 ≡ p− 1 6≡ 0 (mod p),

ùp^� pp−1 ≡ 0 (mod p)9 ∀1 ≤ r ≤ p− 1, rp−1 ≡ 1 (mod p).

b�(Øé α¤á,e¡�Ä α + 1��/.

5¿� ∀ 0 ≤ u ≤ p− 1, 1 ≤ r ≤ p2,k

(upα + r)p−1 ≡ rp−1 + (p− 1) · rp−2 · upα (mod pα+1)

(^� pα+1|pjα, 2 ≤ j ≤ p− 1), �

pα+1∑
k=1

kp−1 =

p−1∑
u=0

pα∑
r=1

(upα + r)p−1

≡
p−1∑
u=0

pα∑
r=1

(
rp−1 + (p− 1) · rp−2 · upα

)

www.nsmath.cn 6



≡ p

pα∑
r=1

rp−1 + pα(p− 1)

pα∑
r=1

rp−2
p−1∑
u=0

u

≡ p

pα∑
r=1

rp−1 + pα(p− 1) · p(p− 1)

2

pα∑
r=1

rp−2

≡ p

pα∑
r=1

rp−1 (�p = 2�, 2 |
pα∑
r=1

rp−2, �dª�¤á)

6≡ 0 (mod pα+1) (^�pα -
pα∑
r=1

rp−1).

�d,Ún¼y.

£££������KKK.�Äeª��

S =
t∑

k=1

n∑
m=1

(−1)kCk
t (g(m) + km)t,

Ù¥, 1 ≤ t ≤ 100.

du g(m) + km (m = 1, · · · , n)�¤ mod n��X,¤±

S =
t∑

k=0

(−1)kCk
t

n∑
m=1

(g(m) + km)t

≡
t∑

k=0

(−1)kCk
t

n∑
m=1

mt

≡
n∑

m=1

mt · (1− 1)t

≡ 0 (mod n). (*)


P fm(x) = (g(m) +mx)t,K fm(x)�Ä�Xê� mt � tg�Xêõ�

ª,u´

4(t)fm(x) = t! ·mt,

Ù¥4h(x) = h(x+ 1)− h(x).Ïd

S =
n∑

m=1

t∑
k=0

(−1)kCk
t (g(m) + km)t

=
n∑

m=1

(−1)t · 4(t)fm(0)

= (−1)t · t! ·
n∑

m=1

mt.

b� nkØ�L 101��Ïf p,� n = lpα (α ∈ N∗, l ∈ N∗, p - l),K
n∑

m=1

mt =
l−1∑
u=0

pα∑
r=1

(upα + r)t

7 êÆ#(�



≡
l−1∑
u=0

pα∑
r=1

rt

≡ l

pα∑
r=1

rt (mod pα).

� t = p− 1, (K1 ≤ t ≤ 100),dÚn9 p - l, p - t!=�

S ≡ (−1)p−1 · (p− 1)! · l
pα∑
r=1

6≡ 0 (mod pα).

ù� (∗)gñ!

nþ¤ã, n÷v�¦�¿�^�� nØ¹Ø�L 101��Ïf.y.! �

µÛ ù�K��N�{´�üg.��¡�½ g(m) + km� k,|^�X

��Nþ�5��O�,,��¡�½ g(m) + km� m,z�'u k�õ�ª,

�|^�©��4ù�õ�ª¤�~êõ�ª,2?1¦Ú.oN5`´��'

�Ð�êØÔöK,�9
'�õ�ÀÜ.

K 3. 3��dü���¤� n × nÚ�S,½Â�^�Ý� k �“�”�

dÚ�S k �pØ�Ó�ü��|¤�kSS� (S1, S2, · · · , Sk), ÷vé

i = 1, 2, · · · , k− 1,ü�� Si� Si+1k�^ú�>.e3Ú�S��^�yéA

�ü��S�� (S1, S2, · · · , Sk),
 S �� S1 kú�>��ü��,KT��

±“£Ä”� (S, S1, S2, · · · , Sk−1).XJ�^��Ð�S�� (S1, S2, · · · , Sk),²

Lk���X�£Ä�,ÙS�C� (Sk, Sk−1, · · · , S1),K¡T�?1
“=�”.

¯´Ä�3��ê n > 1,¦��±3 n× nÚ�S���^�Ý��� 0.9n2,

��±?1=���?

) e¡�Ñü«)��{.

���{{{���: �Y´�½�,·��Ñ�«�E�{:� n÷v (n− 4)(n− 5) >

0.9n2� 2 - n.� n = 2k + 1.k ∈ N∗.

e¡·�3 n× nÚ�¥�\�^�� (n− 4)× (n− 5)�“�,”¿¦§�

±“=�”.Xã 6.

¡7¢�I5�«��“Ì´”;¡7J�I5�«��“B´”;¡ç¢�I

5�«��“A−ë�´”;¡çJ�I5�«���“B−ë�´”.

e¡·�ò“�”��3 A1 �,¿4“�”U“Ì-B´”^SòÐ,d�“�”Þ

A�� Ak−1� (ÄK� 1 + (n− 4)(n− 5)�).

e¡·�©Úö�¦“�”=�.

www.nsmath.cn 8



A૚

A૛ ૚ܤ

A૜ ૛ܤ

A࢓ି࢑ ૚ି࢓ି࢑ܤ

࢓ି࢑ܤ

૚ି࢑ܣ ૛ି࢑ܤ

࢑ܣ ૚ି࢑ܤ

࢑ܤ

ã 6

1�Ú:4“�”÷“Ì-B´” (= A1 → B1 → A2 → B2 → · · · → Ak → Bk)

r� Bk−1.2÷X“B−ë�´”r� Bk,2÷“Ì-B´”r£ Ak,2÷“A−ë�

´”r� A1.d�“�”�®÷“Ì-B´”rL A1.

1mÚ:4“�”÷“Ì-B´”r� Bk−m, 2 ≤ m ≤ k.d�“�”�®rL Bk.

(ÄK“Ì-B´”¥, A1 � Bk−m 9 Ak−m+2 � Bk þ�“�”�Ü©. (^� (m-1)

Ú½Â)d���Ø�u (n − 4)(n − 5) + 1 ,ùØ�U!) 24“�”÷“B−ë

�´”r� Bk,24“�”÷“Ì-B´”r� Ak−m+1,24“�”÷“A−ë�´”r£

A1.d�“�”�®rL A1.

XdB�1 kÚ�, “�”®=�.� (∗)¤á.

AO/,Ï 0.9n2 < (n− 4)(n− 5),� n÷v^�!

nþ,�3÷v^�� n,�K�Y´�½�. �

���{{{���: � n = 1010,¿-m = n− 3,e¡^���/L«����L,�

��/L«��L1 2�1m+ 119��¤�f��L.

Äk,ò�Ý� 0.9n2��Uã 7-1�ª��,Ù¥�ÞL«�Ä� �,¢

�L«��� � (���Ý�	�Ü©Ã��).

òã 7-1¥��÷ã 7-2¥J�9¢�$Ä,��ã 7-2 (l�Þ¤3?÷J

�Ñu,��r,2÷¢�,Uã 7-2¥¤«´»��ã 7-2¤« �) (ã 7-2¥

���/�Ü�Ñ 3�).

·�`²3þã$ÄL§¥�Ø¬-��N (���$ÄL§¥Ø¬-�

gC�y²�{��aq).

9 êÆ#(�



︰
︰︰
︰

图 7-1 图 7-2

�3ã 7-2¥���/S¢��"à��� A,�cà (=�Þ¤3?)�

�� B.b��3þã$ÄL§¥3�� 5?-��N.

K÷Xã 7-1¥¢�,l S � B�ùã��d�þ��Ó4,÷ã 7-2¥¢

�,l A� S ùã��þ��Ó4.

q÷ã 7-1¥¢�,l S� B�ùã���¹
÷ã 7-2¥¢�,l S� B

�ùã��.

�d�÷ã 7-2¥¢�,l A� B�ù�ã��þ��Ó4.�

0.9n2 > m2 − 3m = (n− 3)2 − 3(n− 3),

ù� n = 1010gñ!

aq/,�4�lã 7-2$Ä�ã 7-3,ã 7-4,ã 7-5, · · · ,���ã 7-6.�

d,·�4�_��^=
 90◦,2?1�Óaq�ö�,K�C�ã 7-7,=�¤


=�.

Ïd,ù�� n�3. �

图 7-3 图 7-4

图 7-5 图 7-6

…

图 7-7

µÛ (1). dK�1�Ú´ß�Y,�Y´�½�´Ä½éA
óÆ¥�

ü�ÀÜ:þCÚ�C.Õ3�½ù>,ÒF"ÏLþC�È\5r?�C;Õ3
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Ä½ù>,ÒF"é��CzL§¥ØC�“�”,=ØCþ.

(2). éu�E,dK'�3u¯gCùü�¯K¿�±)�:

(i) “�”XÛ=�?

(ii) 0.9n2 (�ßÿ� cn2, c < 1 )¿�X�o?

(ii)´N´£��. “�”A�Óâ
���.Ù��À��mÒ�k (A´)

n−g?O.Ïde�=�,=�L§¥7k��Ü©E3�5“�”� �þ.�

�ØEþù
Ü©,Ò�¦�U/“Þ��”,
éu (i)�£�K��
ü«)

{��).

{�â Nikolai Beluhov (øKö))��n.â�)�,Ùkòã{z�
²

¡ã,wÍ{z
�·K,l
�¦�L§ék^n.{�k�:k�,�
=�

¦vkÀJ“��”,
´ÀJ
“^=”,��u©üÚ�¤
“=�”,ùI��

:cÇ�ú1.

K 4. ·�¡¼ê f : Z≥0 × Z≥0 → Z�“Ð”�,XJé?¿��K�êm

Ú n,k

f(m+ 1, n+ 1)f(m,n)− f(m+ 1, n)f(m,n+ 1) = 1

¤á. � A = (a0, a1, · · · ) 9 B = (b0, b1, · · · ) �ü��êS�, XJ�3�

�“Ð”�¼ê f ¦� f(n, 0) = an, f(0, n) = bné¤k�K�ê n¤á (AO/,

a0 = b0),KP�A ∼ B.y²:XJo��êS�A,B,C,D÷vA ∼ B, B ∼ C

9 C ∼ D,Kk D ∼ A.

y² e¡�Ñü«y²�{.

���{{{���: d A ∼ B, B ∼ C, C ∼ D � a0 = b0 = c0 = d0.PÙ� k. �

f, g, h©O� (A,B), (B,C), (C,D)éA�¼ê,¿�EXeÃ�
�



. . .
...

...
...

...
...

...
...

. . . · · · · · · b3 · · · · · · · · · · · ·

· · · · · · g(2, 2) g(2, 1) b2 f(1, 2) f(2, 2) · · · · · ·

· · · · · · g(1, 2) g(1, 1) b1 f(1, 1) f(2, 1) · · · · · ·

· · · c3 c2 c1 k a1 a2 a3 · · ·

· · · · · · h(2, 1) h(1, 1) d1

· · · · · · h(2, 2) h(1, 2) d2

d3
...


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e¡�I31o��¥W\÷v�¦�ê=�.

5¿�,�¦�:é?� 2× 2fÝ
a b

c d

 ,
k ∣∣∣∣∣∣a b

c d

∣∣∣∣∣∣ =
 1, eÙ3�,o��

−1, eÙ3�,n��
, (∗)

��Iy²Xe(Ø: e·�®k�� 3× 3f
�
a b c

x y z

p q

 ,
Ù��� 2× 2fÝ
þ÷v (∗),K�3me�W��ê,¿�±T5�ØC.

¯¢þ,�I�ÄÙ��31o��¥��¹ (ÄK�·��U a, b, c, x, p

��KÒ,me���÷v^�ØC),@o�3Ù¥W\ê

r =


qz+1
y
, e y 6= 0; · · · · · · · · · · · · (1)

1, e y = 0, · · · · · · · · · · · · (2)

éu (1),k ∣∣∣∣∣∣y z

q r

∣∣∣∣∣∣ = 1,

�Ï bz ≡ xq ≡ −bx ≡ 1(mody), �

zq ≡ −1(mody),

k r ∈ Z.

éu (2),Ï −bx = bz = xq = 1, � zq = 1,k∣∣∣∣∣∣y z

q r

∣∣∣∣∣∣ = 1,

�þ÷v�¦!

Ïd,�31o��¥W\÷v�¦�ê,=k A ∼ D,y.! �

���{{{���: ·�ky²��Ún.

ÚÚÚnnn éê� A = {a0, a1, · · · } 9 B = {b0, b1, · · · }, A ∼ B ��=�

a0 = b0, a0 | a1b1 + 1,� an | an−1 + an+1, bn | bn−1 + bn+1 (n ∈ N+) (þãªf¥,

� 0�Øê�,“�Ø”¿��Øê� 0 ).
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Úny² Äky7�5.w,

a0 = b0, (1)

d a0f(1, 1)− a1b1 = 1 �

a0|a1b1 + 1. (2)


é n ∈ N+,du

f(n, 1)an−1 − f(n− 1, 1)an = 1, f(n+ 1, 1)an − f(n, 1)an+1 = 1,

�

an | f(n, 1)an−1 − 1, an | f(n, 1)an+1 + 1.

Ïd

an | f(n, 1)(an−1 + an+1).

� an = 0�, f(n, 1)an−1 = 1, f(n, 1)an+1 = −1. �

(an−1 + an+1) · f(n, 1) = 0, � f(n, 1) 6= 0,

Ïd an−1 + an+1 = 0, k

an | an−1 + an+1.

� an 6= 0�, (f(n, 1), an) = 1, an | an−1 + an+1. �ok

an | an−1 + an+1. (3)

Ón

bn | bn−1 + bn+1. (4)

nÜ (1), (2), (3), (4),7�5�y.

ey¿©5.

·�ky²:�±kW\ f(1, 1), f(2, 1), · · · ,¦�÷v�¦,Ó�÷vê�

(b1, b2, · · · )� (b1, f(1, 1), f(2, 1), · · · )÷v^� (1), (2), (3), (4). (∗)

·�k^8B{W\ f(1, 1), f(2, 1), · · · ,À� f(1, 1) ∈ Z,¦�

f(1, 1)a0 = a1b1 + 1,

d (2)��d�1.

� f(1, 1), f(2, 1), · · · , f(n, 1)®�½�,�

f(n+ 1, 1) =

 1, � an = 0

f(n,1)an+1+1
an

, � an 6= 0

13 êÆ#(�



éucö,k f(n, 1)an−1 = 1,9 an−1 + an+1 = 0,� f(n, 1)an+1 = −1, k

f(n+ 1, 1)an − f(n, 1)an+1 = 1.

éu�ö,Ï

f(n, 1)an+1 − f(n− 1, 1)an = 1, f(n+ 1, 1)an − f(n, 1)an+1 = 1,

(Ü an | an−1 + an+1�

f(n+ 1, 1) + f(n− 1, 1) ∈ Z,

�

f(n+ 1, 1) ∈ Z.

Xd·���
÷v�¦� f(1, 1), f(2, 1), · · · ,P� P1, P2, · · · ,¿P P0 = b1,

Ké P = (P0, P1, · · · )9 Aaqu7�5y²�: Ï

an−1Pn − anPn−1 = 1, anPn+1 − an+1Pn = 1,

�

Pn | Pn−1 + Pn+1.

aq/,

b1|b2P1 + 1.

� P � B∗ = (b1, b2, · · · )÷v (1), (2), (3), (4).

Xd�E=��1�1/W÷1���,¿©5�y!

nþ¤ã,Ún¼y!

£££������KKK. d A ∼ B,B ∼ C,C ∼ D� a0 = b0 = c0 = d0,P� k.�

k | a0b0 + 1, k | b0c0 + 1, k | c0d0 + 1,

�

k | a0d0 + 1.

qd A ∼ B,C ∼ D�

an | an−1 + an+1, dn | dn−1 + dn+1.

� A,D÷v (1), (2), (3), (4),k A ∼ D.y.! �

µÛ dK�AO�% “0”.

ü«�{Nyéy²ü�¯Ô A� B�m'X�¯K�ü«w{.�´�

A ∼ B.·��I��Ä A� B�m�'X.~X�y A = B,y A−B = 0.{
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�æ�
ù«*:,d{d Nikolai BeluhovJø,¹ä|g;�´� A ∼ B.·

��÷ A� Bg��5�,uy§�äk,�5� P,l
�� A ∼ B.~X�

y A = B,©O�Ñ AÚ B.{�æ�
ù«*:,��g,.I��Ñùü«

w{��^u|^ùa^�,¿�§�¿vk`��©,$��vkg,½Øg

,�`{,�´ü«ØÓ�"À¯K�ú1
®.�ÐÑ�¿£�,¿©O?1

Á&,ÀJ�U¿©|^^�,�Uâ»�´.

K 5. � n���ê,ò 3n¬7��Ú 3n¬É��G¤���/�ó,�

÷vÃ �ëY�n¬���Ó�ôÚ. TastyÚ StacyÜ�
iZ,¦�Ó6

UXe�5Kzg�r �ëY�n¬��:

(i)z�Ó� Tasty��,¦¤��n¬���ôÚ� �^S7L�g�

É,7,É;

(ii)z�Ó� Stacy��,¨¤��n¬���ôÚ� �^S7L�g�

7,É,7.

XJ¦��²L 2nÓ�r�Ü���,K¦�¼�.y²:XJ¦��±3

d Tastyk��¼�,K¦���±3d Stacyk��¼�.

y² ^ B�L7��, G �LÉ��.

Ï�Ã �ëY�n¬��ÓÚ,¤±�ò��þ���UôÚ©���

1,2�eZã.5¿�7�ãê�É�ãê�Ó,�7,É��oê�Ó,�7,É

��� 1�ãê�Ó,�� a,7,É��� 2�ãê�Ó,�� b.

ey: �3 Tastyk��¼���=� a ≥ b (�= b ≤ n).

ky7�5.

b� b > n. e�Ä�±þ��ÝØ�u 2 �7ã�Ý~ 1 �Ú (=∑
l≥2

(l − 1)),P� S.

…  B  G  B  G  G …
…  G  G B  G  G …
…  B  G  B  G  B  …

…  B  B G  B  G  …
…  G  B  G  B  G  …
…  B  B G  B  B …

B    G
B             G

G    B

B    G
G             B

B    G

…  G  B  B G  B  G  …
…  G  B  B G  B  B G …

5¿� Tasty ö��, S Ø~, � Stacy ö��, S �õ~ 1. 
�m©

S = b > n,�ª S = 0,� Stacy�ö�
 ng.�gñ!

7�5¼y.

2y¿©5.
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·�æ^êÆ8B{?1y².
…  B  G  B  G  G …
…  G  G B  G  G …
…  B  G  B  G  B  …

…  B  B G  B  G  …
…  G  B  G  B  G  …
…  B  B G  B  B …

B    G
B             G

G    B

B    G
G             B

B    G

…  G  B  B G  B  G  …
…  G  B  B G  B  B G …

� n = 1�,d��±þ�kü«�¹,N´�y(Ø¤á.

b�(Øé n− 1¤á.e¡�Ä n��/.

e b = 0,d�(Øw,¤á. (züÓü<ëY/�K B G B G B G=�)

e� b ≥ 1.

…  B  G  B  G  G …
…  G  G B  G  G …
…  B  G  B  G  B  …

…  B  B G  B  G  …
…  G  B  G  B  G  …
…  B  B G  B  B …

B    G
B             G

G    B

B    G
G             B

B    G

…  G  B  B G  B  G  …
…  G  B  B G  B  B G …

5¿��� 1�7,Éã��õ9 b ≥ 1,¤±7�3���� 1�Éã�

���� 2�7ã��. Tasty3TÚ�K±TÉ���¥mö�ëYn¬�

�,Kí��EØ¬ÑyëYn¬��ÓÚ,��� 2�7ã�ê7~ 1,�� 2

�Éã�êØC.

aq/,e�Ú Stacy�±ö�,¦�EØÑyëYn¬��ÓÚ,��� 2

�Éã�ê~ 1,�� 2�7ã�êØC (ù�I^��� 1�7ã�êØ�u

�� 1�Éã�ê).

u´,ù�ö�üÓ±�,á=C� n− 1���/ (Ïdd� b′ = b− 1 ≤

n− 1).d8Bb�áy.

¿©5�y.

Ón,k�3 Stacyk��¼���=� a ≥ b.

ddá�¤y(Ø. �

µÛ dK2gNy
K 45¥Ny�ü«ú1,4<¹�¯ç�´,q�

¦Ñ¿�^��A´(J�,�3dK¥�Äü«ö��ª�pz´4�(J

�.�)�5¥AOJ9±en::

(1) “Ã �ëY�n¬��ÓÚ”´7��.X G G B G B G B G G B B B

=��~.

(2)Ï~8B{Ã{�yþã^��D45.

(3)=ù\r8B,8BLÞ�¿ØN´. (¿Ø�½é)

��k
KÃ{^“1�<�”5�ä���,�Ny
ü:Ñ�}Á�­

�5.
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K 6. � 4ABC �S%� I,: D 3�� BC þ,÷v ∠AID = 90◦.�

4ABC ¥º: AéA����� BC u: A1.aq½Â: B1, C1.y²:XJ

AB1A1C1��S�o>/,K AD�4DB1C1�	����.

dKAÛ�{Ø��,�Ã�~	/�eãy²¥�9�AÛ�.k'.

y² � 4ABC ¥ ∠A,∠B,∠C ¤é��%©O� IA, IB, IC ,S�� �I

3 AB,AC þ�:� X, Y,L I � AD�R�,Rv� E; B1C1� ADuM.·

��y²:

(1) A1, C1, IC n:��;

(2) I 3 B1C1þ;

(3) AD� �(AC1B1)���;

(4) AD� �(DC1B1)���.

O

M

E
Y

X

C1

IC

B1

IB

A1

IA

D

I

A

B C

ã 8

(1)���yyy²²²:

·�5¿� ICC1, IBB1, IAA1n:��u4IAIBIC 	% O,�

∠OC1A = ∠OB1A = 90◦,

k A,C1, B,O o:��.du O,A1 þ3 A1IA þ,�þ3 �(AB1C1)þ,�3

B1C1Óý,�

O ≡ A1.

=k IC , C1, A1n:��. (1)y.!
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(2)���yyy²²²:

é�� ICAIB 9�� BA1C,d Pappus½n,(Ü (1)=y!

(3)���yyy²²²:

du

∠DIB =
1

2
∠ACB = ∠ICB, ∠AID = ∠IED = 90◦,

�

DB ·DC = DI2 = DE ·DA,

k A,E,B,C o:��.qA,E,X, I, Y Ê:��,�

∠EBX = ∠ECY, ∠EXB = ∠EY C,

Kk4EBX ∼ 4ECY. �
EB

EC
=
BX

CY
=
AC1

AB1

.

q ∠BEC = ∠C1AB1, �

4BEC ∼ 4C1AB1.

Ïd ∠AB1C1 = ∠ECB = ∠EAB, k AD� �(AB1C1)��. (3)y.!

(4)���yyy²²²:

d (3)�

∠MAI = ∠MAC1 +
1

2
∠B1AC1 = ∠AB1C1 + ∠IAB1 = ∠AIM.

q AI ⊥ DI, � AM =MI = DM. (Ü (3)�

DM2 = AM2 =MC ·MB,

d���½n�_� (4)y.!

nþ,�·K¼y. �

µÛ ·�J�Ñ@A�AÛ�..

Xã,4ABC¥,S%� I,∠A,∠B,∠C¤é��%©O� IA, IB, IC ; D,E,

F ©O�BC,CA,AB�����:,L I � AI �R�,�BCuR, M � AR

¥:,K �l BC ¥:, L�l BAC ¥:, P � LI � �(ABC)�:,Kk

(1) ICF, IBE, IAD n:��u 4IAIBIC 	% V, V �� 4DEF 'u

4ABC �Miquel:;

(2) A,L, F,E o:��,ù¿�X L��Miquel:;

(3) K,P,Rn:��,ù�«
�S���:�dK'é,��k AD,AP
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V

P

L

K

M

R

F

IC

E

IB

D

IA

I

CB

A

ã 9

� ∠BAC ����;

(4) AR� �(AFE)���.ddá� FE � IM.

XJ®�þã(Ø,Ké¯ßÑ'�.y² I 3 FE þ, Pappus½n�)�

�
,�ewÑ (2),(3)�,�^O� AI � LI © FE�'��5y²,{ü�g

,.

oµ 8c{II[èÀo�Á�8�¯K,JÝ·¥,��²­,äk�

½�«©Ý,K8#L,¿5­��Æ)é)KüÑ (
��£@^)�&¢U

å.o�5`,����,��g�¬�.
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