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Ún � a > 0, c > 0,∆ = 4ac − b2 > 0, f(x, y) = ax2 + bxy + cy2,K�3

Ø�� 0��ê x, y,¦�

f(x, y) ≤
√

∆

3
.

y² Äk,Ï� a > 0, c > 0,∆ = 4ac− b2 > 0,¤±

ax2 + bxy + cy2 =
1

a

((
ax +

by

2

)2

+
∆

4
y2

)
=

1

c

((
bx

2
+ cy

)2

+
∆

4
x2

)
≥ 0

ð¤á,5¿� f(1, 0) = a,¤±� x, y ´�ê�Ø�� 0�, f(x, y)����

≤ a.

q f(x, y) ≤ a ⇒ ∆y2 ≤ 4a2,∆x2 ≤ 4ac, `²d��êé (x, y)k�,l

�3Ø�� 0��êé (u, v),¦� f(u, v)����,P�M . w, u, v´p�

�,d�Þ½n:�3�ê s, t,¦� us− vt = 1.

,��¡,- x = uz + t, y = vz + s, )� z = sx − ty, 1 = uy − vx, l

x, yØ�� 0. K

f(x, y) = ax2 + bxy + cy2 = a(uz + tw)2 + b(uz + t)(vz + s) + c(vz + s)2

= z2M + z(2aut + btv + bus + 2cvs) +
(
at2 + bst + cs2

)
= M

(
z +

(2aut + btv + bus + 2cvs)

2M

)2

+
(
at2 + bst + cs2

)
− (2aut + btv + bus + 2cvs)2

4M

= M

(
z +

w(aut + btv + bus + cvs)

M

)2

+
∆

4M
.
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¤±�3�ê z,¦�∣∣∣∣z +
w(aut + btv + bus + cvs)

M

∣∣∣∣ ≤ 1

2
,

d�,

M ≤ f(x, y) ≤ M

4
+

∆

4M
,

lM ≤
√

∆
3

. Ún�y. �

íØ éu��êm,n, k, l,emn = k2 + l,K�3Ø�� 0��ê x, y,¦

�

0 < mx2 + 2kxy + ny2 ≤
√

4l

3
.

l�±��Xe·K:

·K 1 em | k2 + 1,K�3�ê x, y,¦�m = x2 + y2.

y² ¯¢þ,3íØ¥� l = 1=��3�3Ø�� 0��ê u, v,¦�

mu2 + 2kuv + nv2 = 1,

=m = m2u2 + 2kmuv + mnv2 = (mu + kv)2 + v2�ü��ê�²�Ú. �

·K 2 em|k2 + 2,K�3�ê x, y,¦�m = x2 + 2y2.

y² 3íØ¥� l = 2=��3�3Ø�� 0��ê u, v,¦�

mu2 + 2kuv + nv2 = 1,

=

m = m2u2 + 2kmuv + mnv2 = (mu + kv)2 + 2v2.

- x = mu + kv, y = v=�. �

·K 2∗ eÛ�ê p ÷v p ≡ 1, 3 (mod 8), K�3�ê x, y, ¦� p =

x2 + 2y2.

y² eÛ�ê p÷v p ≡ 1, 3 (mod 8),Kd�g�{�±�
(

−2
p

)
= 1,

l�3��ê k,¦� p|k2 + 2,ld·K 2=�(Ø¤á. �

·K 3 em | k2+3,K�3�ê x, y,¦�m = x2+3y2½ö 2m = x2+3y2.

y² 3íØ¥� l = 3,��3�ê u, v,¦�

0 < mu2 + 2kuv + nv2 ≤ 2,
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lmu2 + 2kuv + nv2 = t, t = 1½ö 2,l

tm = m2u2 + 2kmuv + mnv2 = (mu + kv)2 + 3v2,

- x = mu + kv, y = v=�. �

·K 3∗ e�ê p÷v p ≡ 1 (mod 3),K�3�ê x, y,¦� p = x2 + 3y2.

y² �ê p÷v p ≡ 1 (mod 3),d�g�{��3��ê k,¦� p|k2 +3.

ld·K 3 ���3�ê x, y,¦� p = x2 + 3y2½ö 2p = x2 + 3y2,qÏ�

x2 + 3y2 ≡ 0, 1 (mod 3),¤± 2p = x2 + 3y2Ø¤á,l p = x2 + 3y2. �

·K 4 em | k2+5,K�3�ê x, y,¦�m = x2+3y2½ö 2m = x2+3y2.

·K 4 �y²Ú·K 3 �y²aq,íØ¥� l = 5=�.

k,��Öö�±?�Úg� l������/.

e¡2�Ñü�~f.

~ 1 ¦¤k��ê p,¦��3��ê x, y, p = x2 + 5y2.

) ¤¦ p´� 20{ 1½ö 9��ê.

w,,e�3��ê x, y, p = x2 + 5y2,K x, y�½´�Û�ó¿� x, yp

�,l

p ≡ x2 + y2 ≡ 1 (mod 4), p ≡ x2 ≡ ±1 (mod 5),

¤± p ≡ 1, 9 (mod 20).

,��¡,� p ≡ 1, 9 (mod 20)�,V4�ÎÒ(
−5

p

)
=

(
−1

p

)(
5

p

)
= (−1)

5−1p−1
2

(p
5

)
= 1,

¤±�3�êm,¦� p|m2 + 5,�m2 + 5 = pq.

�Ä¼ê f(u, v) = pu2 + 2muv + qv2,∆ = 4pq − 4m2 = 20 > 0.

dÚn��,�3Ø�� 0��ê u0, v0,¦�

0 < f (u0, v0) ≤
√

20

3
< 3,

l f (u0, v0) = 1½ 2.

e f (u0, v0) = 1,K

p = pf (u0, v0) = p2u2
0 + 2mpu0v0 + pqv2

0 = |pu0 + mv0|2 + 5v2
0,

- x = |pu0 + mv0| , y = |v0| , x 6= 0, y 6= 0,l p = x2 + 5y2.
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e f (u0, v0) = 2,K

2p = pf (u0, v0) = p2u2
0 + 2mpu0v0 + pqv2

0 = |pu0 + mv0|2 + 5v2
0,

l 2p ≡ |pu0 + mv0|2 ≡ ±2 (mod 5),gñ.

nþ,¤¦ p´� 20{ 1½ö 9��ê. �

~ 2 (2006 CMO) ��ê m,n, k ÷v mn = k2 + k + 3, y²: �§

4m = x2 + 11y2Ú 4n = x2 + 11y2��k���§kÛê) (x, y).

y² � f(x, y) = mx2 + (2k + 1)xy + ny2,∆ = 4mn− (2k + 1)2 = 11 > 0,

dÚn,�3Ø�� 0��êé (x0, y0)¦�

0 < f (x0, y0) ≤
√

11

3
< 2,

¤± f (x0, y0) = 1.=

1 = mx2
0 + (2k + 1)x0y0 + ny2

0,

w, x0, y0¥��k��Ûê.

e y0´Ûê,

4m = (2mx0 + (2k + 1)y0)2 + 11y2
0, x = 2mx0 + (2k + 1)y0, y = y0,

K 4m = x2 + 11y2ÎÜ.

e x0´Ûê,

4n = (2ny0 + (2k + 1)x0)2 + 11x2
0, x = 2ny0 + (2k + 1)x0, y = x0,

K 4n = x2 + 11y2ÎÜ.

nþ,(Ø¤á. �

5 ù´���~J�K,dK3�c�Á��k� ÓÆ���Ñ. éd

K�±?1�
{ü�í2:

(1)��êm,n, k÷vmn = k2+k+1,y²: 4m = x2+3y2Ú 4n = x2+3y2

��k���§kÛê) (x, y).

(2)��êm,n, k÷vmn = k2+k+2,y²: 4m = x2+7y2Ú 4n = x2+7y2

��k���§kÛê) (x, y).

(3)��êm,n, k÷vm | k2+k+n, n ∈ {4, 5, 6},y²: 4m = x2+(4n−1)y2

Ú 8m = x2 + (4n− 1)y2��k���§k�ê) (x, y).

k,��Öö�±��õ�í2.

www.nsmath.cn 4


