
!/-.($6��1���
2014.4�2%: S a, b, n\��`, a, b ≤ n. �6:

1

n

n−1∑

k=0

Ca
kCb

k ≤ 1

a + b + 1
Ca

nCb
n.(: Z m < k X, �d Ck

m = 0.9�: vS� n ≥ k ≥ a �, \
Ca

k

Ca
n

=
k!

(k − a)!
· (n − a)!

n!

=
k(k − 1) · · · (k − a + 1)

n(n − 1) · · · (n − a + 1)
≤ (

k

n
)aT Ca

k ≤ 1
na Ca

nka. (1).nk � n ≥ k ≥ b �\
Cb

k ≤ 1

nb
Cb

n · kb. (2)[ (1)K (2)k 
1

n

n−1∑

k=0

Ca
kCb

k ≤ 1

na+b+1
Ca

nCb
n ·

n−1∑

k=0

ka+b. (3)℄vS�
na+b+1 =

n−1∑

k=0

((k + 1)a+b+1 − ka+b+1)

≥
n−1∑

k=0

(a + b + 1)ka+b,T n−1∑
k=0

ka+b ≤ na+b+1

a+b+1
. (4)[ (3)K (4)	 %l�"�. ��=: Rne\�x�Y^ Grüss zI_Z. �Q5poÆ��6Ms^ GrüssI_Z:

1

n

n−1∑

k=0

Ci
kC

j

kC
m
k − 1

n3
Ci+1

n+1C
j+1
n+1C

m+1
n+1 ≤ 1

8
Ci

nCj
nC

m
n ,

1



�" n ≥ 1, 1 ≤ i, j, m ≤ n, i, j, m ∈ N∗.�Q5^poÆ��6Ms^ Grüss-Landau I_Z: S ak ≥ 0, k =

0, 1, · · · , n, An =
n∑

k=0

Ck
nak,�

1

n

n−1∑

k=0

A2
k −

1

n2
(

n∑

k=0

Ak)
2 ≤ 4

45
(An − A0)

2.�A}/ 2013=����jL℄e, {L\Z=:h	w^�\℄e.`�e����9o�6, >sU!zi.�	%: S G \�x�Yi, G \ G ^Hi. �� G � G g\)g^, D G� G^����^-X�.(: i G^��\ G"K�+a�%^-X�.� 1 (Æ�8;'�30,< �&0���7���):Z G′ �� G !Æ1. � |G| = n, g n ≥ 4, 9g, G, G′ s�\P=�q-, ~0. � GK G′ !of8�4 nK r,:l� k + r ≤ max{6, n + 1}.
(1)� n, r s\P=��^ 4, �6� k ≥ 4,
� A, B  G !of!s=+$. / G s!�S'$ G, (T f(G) 4 A, G nYe G s!hm,(�#, f(A) = 0.Rm, / G s!�Ss='$ P, Q, � P, Q e G s>q, g |f(P ) −

f(Q)| ≤ 1. ���, �6� f(P ) ≤ f(Q), g[^ P ` A e G s!hm4
f(P ),2 P, Qe Gs>q, A f(Q) ≤ f(P ) + 1,^ |f(P ) − f(Q)| ≤ 1.[�k[�/ Gs!�Ss='$ P, Q,� |f(P )− f(Q)| ≥ 2,g P, Qe G s�>q, �2e G′ s>q.9�l�: r ≤ 2.���, 7�l�, /^ G′ s!�Ss='$ P, Q, P, Q e G′ shm��^ 2.

(i) � |f(P ) − f(Q)| ≥ 2, g P, Q e G s�>q, �2 P, Q e G′ shm4 1,a{�p.

(ii) � |f(P ) − f(Q)| = 0, g f(P ) = f(Q). ;� f(P ) = f(Q) 6= 0, 9g
P = Q = A, ~0. � f(P ) = f(Q) = 1, ge G s P, A >q, Q, A >q,2 f(B) ≥ 4, ^ e G s P, B �q, Q, B �q, %Qe G′ s\P,y:
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P → B → Q, a{�p; � f(P ) = f(Q) ≥ 2, ge G s P, A �>q, Q, A�>q, �2e G′ s\P,y: P → A → Q, a{�p.

(iii) � |f(P ) − f(Q)| = 1, �6� f(P ) − f(Q) = 1, � f(P ) = 1, g
f(Q) = 0,�2 P, A>q, Q = A,� f(B) ≥ 4,%Qe Gs P, B �q, Q, B�q, %Qe G′ s\P,y: P → B → Q,a{�p; � f(P ) = f(Q) ≥ 2,ge Gs P, A�>q, Q, A�>q,�2e G′ s\P,y: P → A → Q,a{�p.y�	l�u r ≤ 2.V4 Gsq` A, B !y\ k + 1='$ (G A, B ),�jA'$OU,9g� {,y, ^ k + 1 ≤ n,%Q k + r ≤ k + 2 ≤ n + 1.

(2)� k, r )��^ 3, g k + r ≤ 6.[ (1)K (2)k k + r ≤ max{6, n + 1}.wP5�, � G  �4 n − 1 !r�, k + r = max{6, n + 1}.���, � n = 4, g G ` G′ ) �4 3 !r, k + r = 3 + 3 =

max{6, n + 1}.� n ≥ 5, g k = n − 1, /�Ss$ P, Q, �E P, Q e G s�>q�g P, Q e G′ s!hm4 1. �E P, Q e G s>q, g P, Q e G′ s!hm��^ 2. V4 P, Q e G′ s!*) n − 3, �*!K4 2n − 6, ^ , [�+bn, �_ n − 2 =$s, r�\P=$? P, Q nYq�#
≥ 2n−6

n−2
= (n−1)+(n−5)

n−2
≥ n−1

n−2
> 1, %Qr�\P=$` P, Q )\�>q, %Q P, Qe G′s!hm4 2. %Q, k+r = (n−1)+2 = n+1 = max{6, n+1}.y�%", %� k + r !{�p4 max{6, n + 1}. �� 2 (�4���#�):Z G′ �� G !Æ1, � |G| = n, g n ≥ 4. 9g, G, G′ s�\P=�q-, ~0.Z d(G), d(G′) 8��� G K G′ !of, Z d(A, B), d′(A, B) 8���s$ A, B e GK G′ s!hm, 7�℄ GK G′ |eP=1s, �s G!�Z����, G′ !�ZF���.:l�9�!a{: � d(G) ≥ 3, g d(G′) ≤ 3.�W�,� A, B G!of!s=+$, g d(A, B) ≥ 3,^ AB4F�, �/ A, B 3!�SP$ P , PA, PB ��) ��, 9g d(A, B) = 2,~0. %Q PA, PB sr�\P, F�.
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jz�Ss=$ M, N , �E {M, N} = {A, B}, g d′(M, N) = 1. �E
M ∈ {A, B}, N /∈ {A, B}, gV NA, NB sr�\P, F�, � AB  F�, %Q d′(M, N) ≤ 2. �E N ∈ {A, B}, M /∈ {A, B}, g.n\ d′(M, N) ≤
2. �E M /∈ {A, B}, N /∈ {A, B}, gV MA, MB sr�\P, F�,

NA, NB sr�\P, F�, � AB  F�,%Q d′(M, N) ≤ 3. ^ ,�{�t�l, )\ d′(M, N) ≤ 3, %Q d(G′) ≤ 3.eP�km, � d(G) ≥ 4, g d(G′) ≤ 2. 9g, d(G′) ≥ 3, e�"a{s℄ GQ� G′, \ d(G) ≤ 3,` d(G) ≥ 4 ~0.9�l�: d(G) + d(G′) ≤ max{6, n + 1}.
(1)� d(G) ≤ 3, d(G′) ≤ 3,g d(G) + d(G′) ≤ 6 ≤ max{6, n + 1}.
(2) � d(G) ≥ 4, g[��%l, \ d(G′) ≤ 2. ℄ G sq` A, B !y\ d(G) + 1 ='$ (G A, B ), �jA'$OU, 9g� {,y, ^ 

d(G) + 1 ≤ n. %Q, d(G) + d(G′) ≤ (n − 1) + 2 = n + 1 ≤ max{6, n + 1}.wP5�, � G �4 n− 1!r�, d(G) + d(G′) = max{6, n + 1}. �W�, � n = 4, g G ` G′ ) �4 3 !r, d(G) + d(G′) = 3 + 3 = 6 =

max{6, n + 1}.� n ≥ 5, g k = n − 1, /�Ss$ P, Q, �E P, Q e G s�>q, g
P, Q e G′ s!hm4 1. �E P, Q e G s>q, g P, Q e G′ s!hm��^ 2. V4 P, Q e G′ s!*) n − 3, �*!K4 2n − 6, ^ , [�+bn, �_ n − 2 =$s, r�\P=$? P, QnYq�# ≥ 2n−6

n−2
=

(n−1)+(n−5)
n−2

≥ n−1
n−2

> 1,%Qr�\P=$` P, Q)\�>q, %Q P, Q e
G′ s!hm4 2. %Q, d(G) + d(G′) = (n − 1) + 2 = n + 1 = max{6, n + 1}.y�%", %� d(G) + d(G′) !{�p4 max{6, n + 1}. ��=: �i.", ��#�^~(^ Nordhans-Gaddum Problem,��#ne\ki.�` f(G)��

f(G) + f(G)�
f(G) · f(G)^Q��s�. `me\&7i.)� J. A. Bondy 1970 =�� f(G) k��X^��. pvN"^��Oh~yQ-� Bondy ub^�o, g\g�$`^}�!V[8D.
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��%: S v1, v2, · · · , vn \?5Q^ n xYlv,, n \A`, �6: T� εi ∈ {−1, 1}, i = 1, 2, · · · , nY℄
|

n∑

i=1

εivi| ≤ 1.� 1 (Æ��>��:0)�+��
7���):�6� v1 = (1, 0), 9g℄%\ vi (1 ≤ i ≤ n) .�JwP=_, 2 |vi|K |
n∑

i=1

εivi| i�
. .�, �6� v2, v3, · · · , vn ie���5
�, 9g,�\�= vj e9��5
�, gZ −vj �* vj , −εj �* εj 	k.eP�,7�k� v1, v2, · · · , vn ���k	Ie���5
�.vS� n  �#, Nl�)sa{�p, 7�dGl�:

|v1 − v2 + v3 − v4 + · · ·+ vn−2 − vn−1 + vn| ≤ 1. (1)4�, x n = 2k + 1 (k ∈ N∗), α1 = v3 − v2, α2 = v5 − v4, · · · , αk = vn − vn−1,j�Nl (1), wP4l
|v1 + α1 + · · ·+ αk| ≤ 1. (2)V α = v1 + α1 + · · · + αk, � l  Fb$�5?
D^ α !o=, �$

A′(1, 0) K$ C ′(−1, 0) e l �!/Y8�4 A, C, l `���5
^^ B.�6�%\?t αi i�` l >^^7+$, 9g, V αi =
−→
PQ,℄ αi 84

−−→
PB K −−→

BQ	k.�N ⌢

A′B �!?t4 α1, · · · , αj, N ⌢

BC ′ �!?t4 αj+1, · · · , αk. g
α1, · · · , αj e l�!/Y β1, · · · , βj i|e=- AB �,�ss8>?�8,5?i` −→

AB .?. V γ1 = β1 + · · ·+ βj ,g
|γ1| ≤ |AB|. (3).M, αj+1, · · · , αk e l�!/Y βj+1, · · · , βk i|e=- BC �,ss8>?�8, 5?i` −−→

BC >.. V γ2 = βj+1 + · · ·+ βk, g
|γ2| ≤ |BC|. (4)℄;�, v1 e l �!/Y4 −→

OA, � |OA| = |OC|. A[?t!8b4gkm
α = γ1 +

−→
OA + γ2.
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V�
|α| = ||γ1| + |OA| − |γ2|| = ||γ1| + |OC| − |γ2||. (5)℄[ (3)K (4) k 

|γ1| + |OC| − |γ2| ≥ |OC| − |BC| = −|OB| = −1, (6)

|γ1| + |OC| − |γ2| ≤ |AB| + |OA| = |OB| = 1. (7)yM (5) (6)K (7)�	 |α| ≤ 1,jg Nl! (2)�. �� 2 (Æ��}*
�:~5���2���
7���):� n = 2k + 1 (k ∈ N∗), vi = (xi, yi), i = 1, 2, · · · , 2k + 1. �6� yi ≥ 0,9gZ −vi �* vi, −εi �* εi 	k. 
��6� x1 ≤ x2 ≤ · · · ≤ x2k+1. 9�Z#KD�4l�
|
2k+1∑

i=1

(−1)i−1vi| ≤ 1.� k = 1 �a{;��p.X�a{/ k �p, <jz k + 1 !�l.!:7�H"P=��:� f(x) =
√

1 − x2, x ∈ [−1, 1],g f(x) [−1, 1]�!�H#, T f ′′(x) ≤
0,A/�L! 0 ≤ d ≤ 1, gd(x) = f(x + d)− f(x) x ∈ [−1, 1− d]�!�%�iH#. (*)V

X =

2k+1∑

i=1

(−1)i−1xi, Y =

2k+1∑

i=1

(−1)i−1yi.98st�l'{:

(i) � Y ≥ 0 �.x
v′

1 = (x3 + x1 − x2, f(x3 + x1 − x2)),

v′

2 = (x3, f(x3)),

v′

i = vi, i = 3, 4, · · · , 2k + 1.
V
v′

i = (x′

i, y
′

i), i = 1, 2, · · · , 2k + 1,
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X ′ =

2k+1∑

i=1

(−1)i−1x′

i, Y ′ =

2k+1∑

i=1

(−1)i−1y′

i.g;�\
X ′ = X. (8)℄vS� x1 ≤ x2 ≤ x3, 
[�� (*) k 

Y ′ − Y = y′

1 − y′

2 − y1 + y2

= f(x3 + x1 − x2) − f(x3) − f(x1) + f(x2)

= gx2−x1
(x1) − gx2−x1

(x3 + x1 − x2)

≥ 0.T
Y ′ ≥ Y. (9)A, vS� v′

2 = v′

3, 
[ (8)K (9)SD�X�k 
|
2k+1∑

i=1

(−1)i−1vi| =
√

X2 + Y 2 ≤
√

X ′2 + Y ′2

= |
2k+1∑

i=1

(−1)i−1v′

i| = |v′

1 +
2k+1∑

i=4

(−1)i−1vi| ≤ 1.

(ii) � Y ≤ 0 �.x
v′

1 = (−1, 0),

v′

2 = (−1 − x1 + x2, f(−1 − x1 + x2)),

v′

i = vi, i = 3, 4, · · · , 2k + 1,
V
v′

i = (x′

i, y
′

i), i = 1, 2, · · · , 2k + 1,

X ′ =

2k+1∑

i=1

(−1)i−1x′

i, Y ′ =

2k+1∑

i=1

(−1)i−1y′

i.dx
v′′

2k+1 = (1, 0),

v′′

2k = (1 − x′

2k+1 + x′

2k, f(1 − x′

2k+1 + x′

2k)),
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v′′

i = v′

i, i = 1, 2, · · · , 2k − 1.
V
v′′

i = (x′′

i , y
′′

i ), i = 1, 2, · · · , 2k + 1,

X ′′ =

2k+1∑

i=1

(−1)i−1x′′

i , Y ′′ =

2k+1∑

i=1

(−1)i−1y′′

i .g;�\
X ′′ = X ′ = X. (10)℄vS� x1 ≥ −1, x′

2k+1 ≤ 1,8�XZ�� (*)k 
Y ′ − Y = y′

1 − y′

2 − y1 + y2

= f(−1) − f(−1 − x1 + x2) − f(x1) + f(x2)

= gx2−x1
(x1) − gx2−x1

(−1)

≤ 0.

Y ′′ − Y ′ = y′′

2k+1 − y′′

2k − y′

2k+1 + y′

2k

= f(1) − f(1 − x′

2k+1 + x′

2k) − f(x′

2k+1) + f(x′

2k)

= gx′

2k+1
−x′

2k
(1 − x′

2k+1 + x′

2k) − gx′

2k+1
−x′

2k
(x′

2k)

≤ 0.T\
Y ′′ ≤ Y ′ ≤ Y ≤ 0. (11)A, vS� v′′

1 + v′′

2k+1 = 0,
[ (10)K (11)SD�X�k 
|
2k+1∑

i=1

(−1)i−1vi| =
√

X2 + Y 2 ≤
√

X ′2 + Y ′2 ≤
√

X ′′2 + Y ′′2

= |
2k+1∑

i=1

(−1)i−1v′′

i | = |
2k∑

i=2

(−1)i−1v′′

i | ≤ 1.yM (i) K (ii), 	m n = k + 1 �a{O�p.A[#KD�kma{�p. �
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� 3 (Barany �):V P = conv{±vi, i = 1, 2, · · · , n}, g P  P=�`^�5
!sB/�01�C. V4Z −vi �* vi �;
6)!,\`a{, V��6�
P !'$ v1, v2, · · · , vn,−v1,−v2, · · · ,−vn ���k	ve�5
�.V n �#, 7�dGl�

|v1 − v2 + v3 − · · · − vn−1 + vn| ≤ 1. (12)4�,x u = 2(v1−v2 +v3−· · ·−vn−1 +vn). 
x ai = vi+1−vi, i = 1, 2, · · · , n−
1, an = −v1 − vn, w = a1 − a2 + a3 − · · ·+ an. g[ ai (1 ≤ i ≤ n) !(T\

w = −2(v1 − v2 + v3 − · · · − vn−1 + vn) = −u.A |u| = |w|. jMNl (12)��p, 7�dGl�
|w| ≤ 2. (13)� l  Fb$�5?
D^ w !P,o=, &` P !�
^^$

b,−b. [/�E, �6� b |e P !� [v1,−vn] �. A w Æ �?t
a1,−a2, a3, · · · , an L
D^ [v1,−vn] !5?e l �!/YnK. jA/Y �u&! (�u+$3), 
�ÆI:< l�!=- [b,−b],A |w| ≤ 2,T
(13)� l. ��=: `Neb
\�x�bne. n = 3 ^C \ 2007 =/0<�^℄e. -� I. Barany _J�Discrete Math. 13(2013) Q#y��-�xne. `Ne\
3m�"^`�x��.�℄(�, n \A`^f�\C|^, I�F
. 
3���m�"Æ�6-Ms�E^�.: S v1, v2, · · · , vn \?5^Ylv,, �T�
εi ∈ {−1, 1}, i = 1, 2, · · · , n Y℄

|
k∑

i=1

εivi| ≤ 2,k2xA` k ∈ {1, 2, · · · , n} P(.
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�"%: kyd^��` n ≥ 8,�6: T�*I`^�� AY℄ |A| = nB
|A − A| < |A + A|.�" A − A = {a − b|a ∈ A, b ∈ A}, A + A = {a + b|a ∈ A, b ∈ A}.9�: !:WePAVJK(T: !:(T a − A = {a} − A. �E

a∗ ∈ A �� A = a∗ − A, g� AB^ a∗ /�. �E A B^ a∗ /�, g
|A + A| = |A + (a∗ − A)| = |a∗ + (A − A)| = |A − A|.9��f n = 8 �!ox: V

A1 = {0, 2, 3, 4, 7, 11, 12, 14}.d$� A1 }zN�. ���, V A∗ = A1 \ {4}, vS� A∗  B^ 14/�!. %Q |A∗ + A∗| = |A∗ − A∗| = |A1 − A1|. ℄ 8 ∈ (A1 + A1) \ (A∗ + A∗),

A∗ + A∗ ⊆ A1 + A1, A |A1 + A1| > |A1 − A1|, A1 }zN�.hM℄ n = 8 !aE2C�P�! n �? vS A1 k��4
A1 = {0, 2, 3, 7, 11, 12, 14} ∪ {4}

= {0, 2} ∪ {3, 7, 11} ∪ {14 − {0, 2}} ∪ {4}.j
37��fP� n(n ≥ 8)!ox.V A∗ = {0, 2} ∪ {3, 7, 11, · · · , 4k − 1} ∪ {4k, 4k + 2}, �s k > 2, g A =

A∗ ∪ {4} g }z |A − A| < |A + A| ! n aR.9�l� A ��}zN�. vS� A∗ B^ 4k + 2 /�, V�
|A∗ + A∗| = |A∗ − A∗|.℄ A∗ + A∗ ⊆ A + A, � 8 ∈ (A + A) \ (A∗ − A∗). A, |A + A| > |A∗ + A∗|.jMNla{�p, dGl�
|A − A| = |A∗ − A∗|.jqGl�: A∗ − {4} ⊆ A∗ − A∗ 	k. j={.k\9�U=Z�
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��2�:

1 = 3 − 2 ∈ A∗ − A∗

4 = 7 − 3 ∈ A∗ − A∗

4k − 4 = (4k − 1) − 3 ∈ A∗ − A∗

4k − 2 = 4k − 2 ∈ A∗ − A∗.l�. ��=: �,�`.", 1+ |A + A| > |A − A| ^�� A �.�BNl^�� (more sums than differences), �O MSTD �. ~� MSTD �^��mtIR. `ae\`~� Nathanson � 2007 =nE�J. Combin. Number

Theory � Q�.m^��. ��;\�` MSTD �^`�x explicit|�.�℄�Q^\, Hegary �6-IT� n < 8 ^�` MSTD �. o3Lk, `ae\�x	:^ne, �$j��~w^%_Sh~�X*mWa"^	�
h~;yQRne^�H|�, �℄�P.-�,o3uxrÆq"V�'TM-`me^GJ�W, {t�&-%_Sh~^�W. ux0?�"V�'
�"V�rf4G[K�-`Ned., �QFe�-
!^Uq.
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