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)ö3�© [1]¥�K8�§w�XeK8:

K 1 (111 45 333 IMO ýýýÀÀÀKKK) � k ��u 1��½�ê, t = 4k2 − 5,¦

y: �3 a, b ∈ N∗,¦�Xe½Â�ê� x0 = a, x1 = b, xn+2 = xn+1 + xn (n =

0, 1, · · · ),Ù¤k�þ� tp�.

©Û dK��Y´����� Û��E “a = 1, b = 2k2 + k − 2”,,�

ØyÓ{5�,�u��o�� a = 1, b = 2k2 + k − 2,�)�p¿�J9.

)ö�Xe©Û:

Ï�dê���54íê�,¤±7��±Ïê�,F"�EÑ�� {xn},

¦z�þ���ê��Ó{.¤±� a = 1,- b = mk2 + nk + l (b�'u k�

�gª)gÓ{,2¦dê�mp�,=��y.

�Ñ {xn}cA� 1, b, 1 + b, 1 + 2b, 3b+ 2,=é� b,÷v
4b ≡ b2 (mod 4k2 − 5)

2b+ 1 ≡ b3 (mod 4k2 − 5)

3b+ 2 ≡ b4 (mod 4k2 − 5)

,

xn ≡ b0, b1, b2, b3, b4 (mod 4k2 − 5).

5¿��üª�d1 1ªíÑ,��Ä1 1ª,ò b�\

1 +mk2 + nk + l ≡ 4lk + n2k2 + 2lnk + l2 + 5k2 + 5nk,

���og,ng�,Ø��m = 2 (¦�ØÑy©ê),|^

4k2 ≡ 5 (mod 4k2 − 5),
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¤±

(4l + n2 + 5− 2)k2 + (2ln+ 4n)k + l2 − l − 1 ≡ 0 (mod 4k2 − 5).

�¦þª¤á,-  n2 + 3 = 4

2ln+ 4n = 0
,

�±íÑ  n = 1,−1

l = −2,−2
.

²u� l2 + 4l − 1 = −5¤á!¤±Ø�� b = 2k2 + k − 2.

�d·���
�K�E.Ï�

(2k2 + k − 2, 4k2 − 5) = (−2k − 1, 4k2 − 5) = (2k + 1, 4) = 1,

¤±£��K,8By² xn ≡ bn (mod t).

n = 1, 2w,,�(Øé ≤ n�¤á, K

xn+1 = xn−1 + xn

≡ bn + bn−1 = bn−1(1 + b)

≡ bn−1 · b2 = bn+1 (mod 4k2 − 5).

dêÆ8B{�, xn ≡ bn (mod t)¤á.

q (b, t) = 1,¤± (bn, t) = 1,¤± {xn}¥z��þ� tp�. �

2w��aq�K8,ù´)ö3�© [2]¥w��.

K 2 (2017 ccc<<<ÝÝÝIII[[[èèèÀÀÀooo���ÁÁÁ) ê� {an}, a0 = m, a1 = n, é?¿

k ≥ 1,þk ak+1 = 4ak − 5ak−1,P p��u 5�� 4{ 1��ê,¦y: �3

m,n ∈ N∗,÷v pØ�Ø ak, é?¿ k ≥ 0ð¤á.

©Û dKÓþK��,EIé���¦� ak ≡ nk (mod p).

y² ÓþK,-m = 1,Ï� p ≡ 1 (mod 4),¤± p�Ø t2 + 1 (�g�{).

ÓþK,F"é n÷v

4n− 5 ≡ n2 (mod t2 + 1).

-

n = at2 + bt+ c,

a2t4 + 2abt3 + (2ac+ b2)t2 + 2bct+ c2 ≡ 4(at2 + bt+ c)− 5 (mod t2 + 1).
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�ª ≡ a2t2 + 2abt+ (2ac+ b2)t2 + 2bct+ c2 (mod t2 + 1),

mª ≡ 4at2 + 4bt+ 4c− 5 (mod t2 + 1),

¤±

(a2 + 2ac+ b2 − 4a)t2 + (2ab+ 2bc− 4b)t+ c2 − 4c+ 5 ≡ 0.

��Bz{ 
c2 − 4c+ 5 = 1, (1)

2ab+ 2bc− 4b = 0, (2)

a2 + 2ac+ b2 − 4a = 1. (3)

d (1)ª c = 2,d (2)ªØ�� a = 0,3dª¥ b?¿,d (3)ª b = ±1,

¤±� b = 1, n = t+ 2.

eÓþK,y²é?¿ k ≥ 0,k ak ≡ nk (mod p).

k = 0, 1, w,.�é?¿ s = 0, 1 · · · k, as ≡ ns (mod p). K s = k + 1�,

ak+1 = 4ak − 5ak − 1 ≡ 4nk − 5nk−1 ≡ nk−1(4n− 5) ≡ nk+1 (mod p).

qe

p|n, p|t+ 2, t2 + 1 ≡ (−2)2 + 1 ≡ 5 (mod p).

� p = 5gñ, ¤± pØ�Ø n. � pØ�Ø ak. �

dKA´<Ý<��ýÀK�3dÄ:þU?¤�,�)Ø��.

ë�©z

[1] ¥�êÆ?6Ü?. IS	êÆc���ÁK°À (2002–2012):êØÜ©

[M], úô�ÆÑ��, 2015.10.

[2] ¥�êÆ?6Ü?. IS	êÆc���ÁK9°) (2016–2017) [M], M�

Tó��ÆÑ��, 2018.8.

3 êÆ#(�


