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I. ÁÁÁ KKK

1. e��êU�Ù���Ïf�²��Ø,K¡Ù�/Ðê0.e x�

x+ 1Ñ´Ðê,K¡ x´/�?Ðê0.y²:�3Ã¡õ��?Ðê.

(�u�Æ���øK)

Γ

Ω

ω
C

A

B
O

T

2. Xã,: O´� Ω��%,� Ω�� ωS�u:

T .� ΓL: O, T ��%3 ω þ. Γ©O� Ω, ω �uØ

Óu T �ü: A,B,L T � Γ���� ω�uØÓu T

�: C.y²: TB2 = TA · TC.

(¥I<¬�ÆNá¥ÆÜà�øK)

3. � n ∈ N∗Ø� 2��.y²: nn�±L«�

nn = a2
1 + a2

2 + · · ·+ a2
n,

Ù¥ ai���ê,� n - ai, i = 1, 2, · · · , n.

(�®�Æ5[»øK)

4. ��ê n ≥ 2.Ø��"�¢ê x1, x2, · · · , xn ÷v
n∑
i=1

xi = 0,�é?¿

�¢ê t,�õk 1
t
é (i, j),¦� |xi − xj| ≥ t. y²:

n∑
i=1

x2
i <

1

n

(
max
1≤i≤n

xi − min
1≤i≤n

xi

)
.

?¾FÏ: 2019-05-03.
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(¥I<¬�ÆNá¥ÆÜà�øK)

5. ®�o>/ ABCD kS��, �%� I, �� AC,BD �u K, ��

AB,DC �u E,�� AD,BC �u F ,�4ABK �4CDK �	���u,

�: Q,4ADK �4BCK �	���u,�: P .e E,P,Q, F o:��,y

²:: I �3d�þ.

(àH�x²½�¥Ü`øK)

6. � n´�½���ê,��8x Γ÷v:

(1)

∣∣∣∣ ⋃
A∈Γ

A

∣∣∣∣ = n;

(2)eA,B ∈ Γ,K�3C ∈ Γ¦�A4B ⊂ C,Ù¥A4B = (A\B)
⋃

(B\A).

y²: max
A∈Γ
|A| > n

2
.

(þ°�ÆektøK)

///. ))) ���

K 1 e��êU�Ù���Ïf�²��Ø,K¡Ù�/Ðê0.e x�

x+ 1Ñ´Ðê,K¡ x´/�?Ðê0.y²:�3Ã¡õ��?Ðê.

y{� é?¿Û�ê p, ·�y² 4p2(p− 1)(p+ 1)´�?Ðê.

5¿� (2p2 − 1)
2
´²�ê,l
§�½´Ðê. q(

2p2 − 1
)2 − 1 = 2p2

(
2p2 − 2

)
= 4p2(p− 1)(p+ 1),

du p + 1� p− 1����Ïfþ�u p ,� 4p2(p− 1)(p + 1)����Ïf

� p,� 4p2(p− 1)(p+ 1)� p2�Ø,� 4p2(p− 1)(p+ 1)�´Ðê.

nþ��,�3Ã¡õ��?Ðê. �

y{� �Ä���§ n2 − 2m2 = 1,dÙ��(Ø�T�§kÃ¡õ|�

�ê),�(n,m)�Ù¥�|).

- x = 2m2,5¿� m > 1 ,l
 m����ÏfØ�u 2 ,� x�Ù��

�Ïf�²��Ø,ù`² x´Ðê.5¿� x+ 1 = n2´��²�ê,K x+ 1

�´Ðê,¤± x´�?Ðê.u´,�3Ã¡õ��?Ðê. �

y{n ´� 8´�?Ðê.e¡^8B{�EÃ¡õ��?Ðê.

·�y²:éu�?Ðê k, 4k(k + 1)�´�?Ðê.
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¯¢þ, du (k, k + 1) = 1,� k + 1, kþ´Ðê,� 4k(k + 1)´Ðê;q

4k(k + 1) + 1 = (2k + 1)2

´��²�ê,�½´Ðê,� 4k(k + 1)´�?Ðê.

ùÒy²
�3Ã¡õ��?Ðê. �

µ5 ù´��{ü�êØK,�©Ç� 75%.�K�±æ^���E!8

B�EÚ���§ùn«�{5é�÷vK¿�ê,´��Ôö�Eg��Ð

K.

K 2 Xã,: O´� Ω��%,� Ω�� ωS�u: T .� ΓL: O, T �

�%3 ωþ. Γ©O� Ω, ω�uØÓu T �ü: A,B,L T � Γ���� ω�

uØÓu T �: C.y²: TB2 = TA · TC.

Γ

Ω
ω

Y

X

D

C

A

B

O1

O

T

y² � O1©O´ Γ��%. d O1T ⊥ TC, � O1B ⊥ BC, ¤± CB´ Γ

���, u´ ∠TBC = ∠TAB.L T � Ω, ω�ú�� XY .ò� TC � Ω�u

: D.Ï�

∠TBC = ∠Y TC = ∠Y TD = ∠TAD,

¤± ∠TAB = ∠TAD,l
 A,B,Dn:��.

·�y² TA = TD.¯¢þ, Ï�

∠XTA =
1

2
∠TOA =

1

2
∠TBA,

∠XTB = 180◦ − ∠TO1B = 180◦ − 2∠TAB,

q ∠XTA+ ∠ATB = ∠XTB,¤±

1

2
∠TBA+ ∠ATB = 180◦ − 2∠TAB.
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Ï�

∠TBA+ ∠ATB + ∠TAB = 180◦,

¤± ∠TBA = 2∠TAB.ù�,

∠D = ∠TBA− ∠BTD = 2∠TAB − ∠TAB = ∠TAB,

¤± TA = TD. d�, ∠TBC = ∠TAB = ∠D,¤±4TBC ∼ 4TDB,�

TB2 = TD · TC = TA · TC. �

µ5 ù´��{ü�AÛK.�©Ç� 90%.þã){Ì�´ÏL��Ï

é�qn�/��y�(Ø.

K 3 � n ∈ N∗Ø� 2��.y²: nn�±L«�

nn = a2
1 + a2

2 + · · ·+ a2
n,

Ù¥ ai���ê,� n - ai, i = 1, 2, · · · , n.

y{� Ï� nØ´ 2��,��� p� n���Û�Ïf.

·�y²Xe�\r·K:

é?¿��ê α, nαUL«¤ n�Ø� p�Ø��ê�²�Ú. (1)

é α^êÆ8B{.

� α = 1�, nα = 12 + 12 + · · ·+ 12︸ ︷︷ ︸
n�

,(Ø¤á.

� α = 2�, nα = n2 = (n− 2)2 + (n− 1) · 22,5¿� p�Û�ê9 p | n ,K

p - n− 2� p - 2 ,(Ø¤á.

b�(Øé α = k(k ∈ N∗)¤á.

� α = k + 2�,d8Bb�,�3 a1, · · · , an ∈ Z, p - a1, · · · , an,¦�

nk = a2
1 + · · ·+ a2

n.

e¡·�À� b1, · · · , bn ∈ Z, p - b1, · · · , bn,¦�

(na1)2 + (na2)2 + · · ·+ (nan)2 = (na1− b1)2 + (na2− b2)2 + · · ·+ (nan− bn)2. (∗)

¯¢þ,

(∗)⇔ b2
1 + b2

2 + + · · ·+ b2
n = 2n(a1b1 + a2b2 + · · ·+ anbn).

²�y,

b1 = b2 = · · · = bn = 2(a1 + a2 + · · ·+ an)
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�

−b1 = b2 = · · · = bn = 2(−a1 + a2 + · · ·+ an)

�÷vþª.


 p | 2(a1 + a2 + · · ·+ an)� p | 2(−a1 + a2 + · · ·+ an)ØUÓ�¤á.ÄK,

üª�\�� p | 4a1,du p´Û�êK p | a1,ù�8Bb�gñ!

ù�þ¡ü|)¥�½k�|÷v^�,�Ñ÷v^��) b1, · · · , bn.

@od (∗)98Bb�á�

(na1 − b1)2 + (na2 − b2)2 + · · ·+ (nan − bn)2 = nk+2.

�� α = k + 2�,(Ø¤á.

dd,�� (1)é¤k��ê αþ¤á.

AO/,3 (1)ª¥� α = n���K(Ø¤á. �

y{� (ÀÀÀ������âââ¥¥¥ÆÆÆ���fff���) � p´ n�Û�Ïf.

·�y²�r�·K:é?¿�ê k ≥ 2, nk kXeL«:

nk = a2 + (n− 1)b2, (∗)

Ù¥ p - a, p - b.

é k8B.

� k = 2�, n2 = (n− 2)2 + (n− 1)22.d nØ´ 2��, p - n− 2, p - 2,d

� (∗)¤á.

b�(Øé k¤á.=k nk = a2 + (n− 1)b2, � p - a, p - b.u´

nk+1 = n[a2 + (n− 1)b2]

= [(n− 1)b+ a]2 + (n− 1)(b− a)2

= [(n− 1)b− a]2 + (n− 1)(b+ a)2.

Ï� p - a, p - b,(Ü p | n�, pØUÓ��Ø (n− 1)b− a� (n− 1)b+ a.

e p - (n−1)b−a,K nk+1 = n[a2+(n−1)b2] = [(n−1)b−a]2+(n−1)(b+a)2,

÷v�¦.

e p - (n−1)b+a,K nk+1 = n[a2+(n−1)b2] = [(n−1)b+a]2+(n−1)(b−a)2,

÷v�¦.

ù`² k + 1�, (∗)E,¤á.� (∗)�y.

3 (∗)¥� k = nB��·K¤á. �
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µ5 ù´���©(J�êØK,�©Ç=� 2%.ü«�{Ñ´^8B{

y²\r·K,{�´38BLÞ¥?1N�¦�z��þØ� n�Ø,{�Ì

�|^
/X x2 + (n− 1)y2�êäk�¦ÈØC55ÏéÜ·��.·�3À

K�$�
dK�JÝ.

K 4��ê n ≥ 2.Ø��"�¢ê x1, x2, · · · , xn÷v
n∑
i=1

xi = 0,�é?¿

�¢ê t,�õk 1
t
é (i, j),¦� |xi − xj| ≥ t. y²:

n∑
i=1

x2
i <

1

n

(
max
1≤i≤n

xi − min
1≤i≤n

xi

)
.

y² d.�KFð�ª,

n

n∑
i=1

x2
i =

(
n∑
i=1

xi

)2

+
∑

1≤i<j≤n

(xi − xj)2 ,

¤±�Iy² ∑
1≤i<j≤n

(xi − xj)2 < max
1≤i≤n

xi − min
1≤i≤n

xi.

�8Ü

{|xi − xj| |1 ≤ i < j ≤ n} = {y1, y2, · · · , ym} ,

Ù¥ y1 < y2 < · · · < ym. 2é 1 ≤ k ≤ m, �k ak é (i, j), ¦� |xi − xj| = yk.

é 1 ≤ k ≤ m,3^�¥� t = yk �, �õk 1
yk
é (i, j), ¦� |xi − xj| ≥ t,

¤±

ak + ak+1 + · · ·+ am ≤
1

yk
.

P Sk = ak + ak+1 + · · ·+ am, K Sk ≤ 1
yk

.

dC��C�,∑
1≤i<j≤n

(xi − xj)2 =
1

2

m∑
k=1

aky
2
k =

1

2

m∑
k=1

Sk
(
y2
k − y2

k−1

)
≤ 1

2

m∑
k=1

y2
k − y2

k−1

yk
,

Ù¥ y0 = 0.Ï� yk−1 < yk, ¤±

y2
k − y2

k−1

yk
=

(yk + yk−1) (yk − yk−1)

yk
< 2 (yk − yk−1) .

� ∑
1≤i<j≤n

(xi − xj)2 <

m∑
k=1

(yk − yk−1) = ym = max
1≤i≤n

xi − min
1≤i≤n

xi. �

µ5 ù´��¹kJÝ��êK,�©Ç� 8%.�K¤^��{Ø�~
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5,Äk^.�KFð�ª�ÐÚ�z{,,��Ä¤küü���¤�8Ü,

��|^K�^�¦^C��C�?1� Ò�±y�(Ø.

��5¿�´,K8¥� (i, j)An)�kSé.en)�ÃSé,K(Ø�

7¤á.~X, n = 3�, a1 = 7
18
, a2 = 1

18
, a3 = −4

9
B´���~.

�KU?g Andreescu T.� Dospinescu G.¤Í�Ö5Problems from the

book61�ÊÙSK 19, �K´

� x1, x2, · · · , xn, y1, y2, · · · , yn´�¢ê, ÷vé?¿�¢ê t, �õk 1
t
é

(i, j), ¦� xi + yj ≥ t. y²:(
n∑
i=1

xi

)(
n∑
i=1

yi

)
≤ max

1≤i,j≤n
(xi + yj) .

�Kæ^
ØÓu�)� (È©)��{, ���
�r�(Ø.

K 5. ®�o>/ ABCDkS��,�%� I,�� AC,BD�u K,��

AB,DC �u E,�� AD,BC �u F ,�4ABK �4CDK �	���u,

�: Q,4ADK �4BCK �	���u,�: P .e E,P,Q, F o:��,y

²:: I �3d�þ.

y² �K¿� P ���o>/ FDAKBC ���:, Q���o>/

ABECDK ���:.

1�«�¹: e B,E, F,Do:��, K ∠ABC = ∠ADC, u´ E,B, P,Q,

D, F 8:��, ¤±

∠BID = ∠BAD + ∠ABI + ∠ADI

= ∠BAD +
1

2
∠ABC +

1

2
∠ADC
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= ∠BAD + ∠ABC

= 180◦ − ∠AFB

= ∠BPD,

� B,P, I,Do:��,= E,B, P, I,Q,D, F Ô:��.

1�«�¹: e B,E, F,Do:Ø��.

é� PQFE, � BEDQ, � BPDF ^�F½n�, �� BD,PF,EQn�

�:. é� PQFE, � AECQ, � APCF ^�F½n�, �� AC,PF,EQn

��:.u´�� QE,PF ÑL:K.

q B,P,D, F o:��,¤± BK ·KD = KP ·KF = KC ·KA.u´��

A,B,C,Do:��, l
o>/ ABCD´V%o>/.u´

∠EIF = 180◦ − ∠IEF − ∠IFE

= 180◦ − ∠IEC − ∠IFC − ∠BCE

= 180◦ − 1

2
(∠BEC + ∠DFC + 2∠BCE)

= 180◦ − 1

2
(∠ABC + ∠ADC) = 90◦.

3��o>/ ADFCBK ¥, PE, PC, PF, PD�NÚ�å.(Ü

∠CPK = ∠CBK = ∠DAK = ∠DPK

�� PK ⊥ PE, � ∠EPF = ∠EIF = 90◦, ¤± E,P, I, F o:��, =

E,P, I,Q, F Ê:��. �

µ5 �K´k�½JÝ�AÛK.�©Ç� 14%.)�¥�1�«�¹´

AÏ�/,1�«�¹´���/.�KnÜ$^
�F½n!V%o>/!�
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�o>/ÚNÚ:��5�,�	
Æ)AÛ�¡�nÜUå.k��´,ü«

�¹eÑk (1) IK ⊥ EF¶ (2) EP, FQ,KI n��:.

K 6. � n´�½���ê,��8x Γ÷v:

(1)

∣∣∣∣ ⋃
A∈Γ

A

∣∣∣∣ = n;

(2)eA,B ∈ Γ,K�3C ∈ Γ¦�A4B ⊂ C,Ù¥A4B = (A\B)
⋃

(B\A).

y²: max
A∈Γ
|A| > n

2
.

y{� (���ggg¥¥¥ÆÆÆ���222ÌÌÌ) é n^8B{.

n = 1�,·Kw,¤á.

b�·Ké�u�u n− 1�¤á,e¡�Ä n���/.

� Γ¥���ê�õ�8Ü,�� A1,� |A1| = M.ey:

|B\A1| ≤
1

2
M, ∀B ∈ Γ. (∗)

¯¢þ,d^��,�38Ü C,¦� A14B ⊂ C,(Ü A1���5�,

|A14B| ≤ |C| ≤ |A1|,

=k |B\A1| ≤ |A1 ∩B|,5¿� |B\A1|+ |A1 ∩B| = |B|,l
k

2|B\A1| = |B| − |A1 ∩B|+ |B\A1| ≤ |B| ≤M.

(∗)�y.

P Γ1 = {A\A1

∣∣ A ∈ Γ},K∣∣∣∣∣ ⋃
A1∈Γ1

A

∣∣∣∣∣ =

∣∣∣∣∣⋃
A∈Γ

A

∣∣∣∣∣− |A1| = n−M, (1)

é?¿ D,E ∈ Γ1,k D ∪ A1 ∈ Γ, E ∪ A1 ∈ Γ,d^��,�3 C ∈ Γ,¦

(D ∪ A1)4(E ∪ A1) ⊂ C,=k

D4E ⊂ (C\A1).

q C\A1 ∈ Γ1,ù`² Γ1E÷vK�^� (2).

é Γ1^8Bb�,(Ü (1)�

max
A∈Γ1

|A| >

∣∣∣∣ ⋃
A1∈Γ1

A

∣∣∣∣
2

=
n−M

2
,

d (∗)�, M
2
≥ max

A∈Γ1

|A|,l
kM > n
2
,ù`² n�·KE¤á. �

y{� (WWW���½½½������¥¥¥ÆÆÆ���yyyÌÌÌ) du¹u�� n�8�f8�õ 2n �,
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� Γ�k�8.

Ïd,�PM = max
A∈Γ
|A|.¿�UXe�ª(½8Ü� A1, A2, · · · , At (t ∈

N∗), A1 � Γ ¥���ê�õ�8Ü; � A1, · · · , Ai−1 ®�½ (i ≥ 2) �, e

A1 ∪ · · · ∪Ai−1 6=
⋃
A∈Γ A,� Ai� F ¥�K A1 ∪A2 ∪ · · · ∪Ai−1¥���Ø�

�8��{���ê�õ�8Ü.ÄK,=� A1 ∪ · · · ∪ Ai−1 =
⋃
A∈Γ

A�,KÊ�

ö� (d Γ�k�8�eZÚ�ö�7Ê�, t7�3).

e¡·�y²:

|Ai \ (A1 ∪ · · · ∪ Ai−1)| ≤ 1

2i−1
|Ai|, 1 ≤ i ≤ t,

i = 1�= |A1| ≤ |A1|.

P Bj = (Ai ∩ Aj) \ (A1 ∪ · · · ∪ Aj−1), 1 ≤ j ≤ i (j = 1�,= Ai ∩ A1),K

Ai = B1 ∪B2 ∪ · · · ∪Bi,

� B1, · · · , BiüüØ��.

¤y(Ø=

|Bi| ≤
1

2i−1
|Ai|. (∗)

d |Aj \ (A1 ∪ · · · ∪ Aj−1)|��5�:?� C ∈ Γ,

|C \ (A1 ∪ · · · ∪ Aj−1)| ≤ |Aj \ (A1 ∪ · · · ∪ Aj−1)|, ∀1 ≤ j ≤ i− 1.

AO/,d^��:�3 C ∈ Γ,¦� Aj4Ai ⊆ C.�k

|(Aj4Ai) \ (A1 ∪ · · · ∪ Aj−1)| ≤ |Aj \ (A1 ∪ · · · ∪ Aj−1)|


P Aj \ (A1 ∪ · · · ∪ Aj−1) = Cj (1 ≤ j ≤ i− 1)k

(Aj4Ai) \ (A1 ∪ · · · ∪ Aj−1)

=(Cj \ Ai) ∪ (Ai \ (A1 ∪ · · · ∪ Aj))

=(Cj \ Ai) ∪ (Bj+1 ∪Bj+2 · · · ∪Bi)

=(Cj \ (Cj ∩ Ai)) ∪ (Bj+1 ∪Bj+2 · · · ∪Bi)

=(Cj \Bj) ∪Bj+1 ∪Bj+2 · · · ∪Bi,

(Ü Cj ∩ (Bj+1 ∪Bj+2 · · · ∪Bi) = ∅�

|Cj| − |Bj|+ |Bj+1|+ · · ·+ |Bi| ≤ |Cj|.

�

|Bj| ≥ |Bj+1|+ · · ·+ |Bi|, ∀1 ≤ j ≤ i− 1,

www.nsmath.cn 10



k

|Bj| ≥ 2i−1−j · |Bi|,

q Ai = B1 ∪B2 ∪ · · · ∪Bi,��

(1 + 1 + 2 + 22 + · · ·+ 2i−2)|Bi| ≤ |Ai|.

� (∗)�y,l


|Bi| ≤
1

2i−1
|Ai| ≤

1

2i−1
M.

5¿� ⋃
A∈Γ

A =
t⋃
i=1

Ai =
t⋃
i=1

(Ai \ (A1 ∪ A2 ∪ · · · ∪ Ai−1)),

�

n =

∣∣∣∣∣⋃
A∈Γ

A

∣∣∣∣∣ =

∣∣∣∣∣
t⋃
i=1

Ai \ (A1 ∪ A2 ∪ · · · ∪ Ai−1)

∣∣∣∣∣
≤ (

t∑
i=1

1

2i−1
)M

< 2M,

=M > n
2
, �·K¼y! �

µ5 ù´��¥�JÝ�|ÜK,�©Ç� 8%.�K��{'�´�Ä!

���8Ü����,Ù{8Ü��e���Ø�L!����8Ü����

ê���.3dÄ:þ,y{ 2,æ^�%�{,Øä��{���ê�õ�f8,

��#������ê���f8����ê�m�Ø�'X.du¤k��

¬3k�Ú��,ù�ò�8?1©
,|^Ø�'XB��
(J;y{ 1K

æ^8B{,;�
�¡�8Ü$�,��Ù{'.

���Ñ�´,3�Á(å�,G�ÊÚ�Lz�uyù�KÚ1n�Ï�

)K�1�K1�¯��´���.
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