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K 1. ¼ê f : N+ → N+÷v:é¤k��ê nÑk

f(f(· · · f(n) · · · ))︸ ︷︷ ︸
f(n) � f

=
n2

f(f(n))
.

¦ f(1000)�¤k�U�.

) ¤¦��N�óê.

��¡,é�½��óê 2k, k ∈ N∗,�
f(1000) = 2k,

f(2k) = 1000,

f(n) = n, n 6= 2k, 1000.

N´�y f ÷v�¦.� f(1000)���?��óê.

,��¡,·�y² f(1000)ØU��Ûê.·�± f (t)L« f � tgS�,

t ∈ N+.

e¡·�y² f �ü�. (∗)

éu��êm, l ∈ N+,e f(m) = f(l),3�ª¥- n = m, l�

m2 = f (f(m))(m) · f (2)(m)

= f (f(m)−1)(f(m)) · f (2)(m)

= f (f(l)−1)(f(l)) · f (2)(l)

= f (f(l))(l) · f (2)(l)

?¾FÏ: 2019-06-10.
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= l2.

(Üm, l ∈ N+�m = l.� f �ü�.

Ïd�y f(1000)Ø��Ûê,�Iy²é 2 - m,k

f(m) = m. (>)

e¡ém8By²T·K.

m = 1�,�ª¥- n = 1,k

f (2)(1) · f (f(1))(1) = 1.

(Ü f (2)(1), f (f(1))(1) ∈ N+�

f (2)(1) = f (f(1))(1) = 1.

3�ª¥- n = f(1)�

f (2)(f(1)) · f(f(1)) = f 2(1).

ùp^�
 f(f(1)) = 1.

� f 2(1) = f(1).(Ü f(1) ∈ N+� f(1) = 1,m = 1�·K¤á!

�m��u 2k + 1��Ûê�(Ø¤á (k ∈ N+).

�m = 2k + 1�,3�ª¥- n = m�

f (2)(m) · f (f(m))(m) = m2.

d8Bb�9 (∗)� f (2)(m), f (f(m))(m)þØ��um�Ûê.q 2 - m,�

f (2)(m) = f (f(m))(m) = m.

3�ª¥- n = f(m),(Ü 2 - m, f(f(m)) = m�

f 2(m) = f (2)(m) · f (m)(f(m)) = f(m) ·m.

� f(m) = m, m = 2k + 1�(Ø¤á!

8B=� (>)¤á,k f(1000)Ø��Ûê.

nÜü�¡�¤¦��N�óê. �

µÛ êØ.¼ê�§¥�8B{��kü«:

(1)���é n?18B;

(2)é nØÓ�Ïf8B.

��^ (2)��¹�õ,ùNyêØ¥“È5”�Ð?.�I�5¿�´,8B

{�Ié����4ü�þ=�.Ïd�PäN^�©Û,AO/�%“��”�

^�.~X:éu�ê p, p− 1��Ïfþ�u p,ù�U�´“4ü”�å».
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K 2. ��S�o>/ ABCD ÷v AD2 + BC2 = AB2,o>/ ABCD

é���u E,: P 3> AB þ¦ ∠APD = ∠BPC.y²:�� PE ²©�ã

CD.

P(Q)

E

M

N

C

A B

D

y² � AB,CD¥:�M,N, EN � ABu Q. ·�y² P ≡ Q.

du4CED ∼ 4BEA,� N,M ��qéA:,�

∠MEB = ∠NEC = ∠AEQ,

� EQ�4AEB¥ ∠E S�� ¥�,(Ü4AED ∼ 4BEC,k
AQ

BQ
=

(
EA

EB

)2

=

(
AD

BC

)2

.

q

AB2 = AD2 +BC2,

�
AD2

AB2
=

AD2

AD2 +BC2
=

AQ

AQ+BQ
=
AQ

AB
,

= AD2 = AB · AQ, (Ü ∠QAD = ∠DAB, �4QAD ∼ 4DAB, k

∠DQA = ∠BDA.

aq/, ∠CQB = ∠BCA.�

∠DQA = ∠BDA = ∠BCA = ∠CQB.

q5¿�é�ã ABþ�: X,

∠DXA = ∠XDB + ∠DBA'u BX 4O;

∠CXB = ∠CAB + ∠XCA'u BX 4~,

� ABþ�õ�: P ÷v ∠CPB = ∠DPA. (Ü ∠DQA = ∠CQB�

P ≡ Q,

k EP ²© DC.y.! �

3 êÆ#(�



µÛ {üK.d{d(Ø�í��,I`² P ���5.

K 3. � K �¤k�?�L«¥Ø¹êè 7���ê�¤�8Ü.¦¤k

Xê�K��Xêõ�ª f,¦�é?¿ n ∈ K,þk f(n) ∈ K.

) ¤¦� f(n) = 10αn + m, α ∈ N, m = 0½ m < 10α � m ∈ K;½

f(n) = m, m ∈ K.

��¡,ù�� f w,÷v�¦ (Ï f(n)�?�L«¥�"êè�o� n

�êè,�o�m�êè).

,��¡,é÷v�¦� f,·�ky²��Ún.

ÚÚÚnnn e��ê a÷vé n ∈ K, an ∈ K,K a� 10��.

y² �

8

a
=

+∞∑
i=0

xi · 10−(β+i),

7

a
=

+∞∑
i=0

yi · 10−(β+i),

1

a
=

+∞∑
i=0

zi · 10−(β+i),

Ù¥ β ��K�ê, xi, yi, zi ∈ {0, 1, · · · , 9}, x0 > 0,�{xi}, {yi}, {zi}þØ��

ª�� 9 �ê�. du 1
a
> 1

10
· 8
a
, �

z0 + 10−1 · z1 > 0.

e�Ä z0´Ä� 0.

(I) z0 > 0,@o x0 ≥ y0 + z0 ≥ y0 + 1.

(i) e y0 6= 7,KÏ {yi}Ø¬�ª�� 9,7�3 j ∈ N+,÷v

7

a
≤ 10−β · y0 + 9(10−(β+1) + · · ·+ 10−(β+j)) < 10−β(y0 + 1) <

8

a
,

�k

a
(
10jy0 + 9(10j−1 + · · ·+ 100)

)
∈ [7 · 10j+β, 8 · 10j+β),

ÙÄ � 7�Ø3K ¥,�

10jy0 + 9(10j−1 + · · ·+ 100) ∈ K,

�Ún^�gñ!

(ii) e y0 = 7,d�

x0 ≥ y0 + 1 = 8,
8

a
≥ 8 · 10−β.
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e 8
a
> 8 · 10−β,K 7

a
< 10−β · 8 < 8

a
, k

8a ∈
(
7 · 10β, 8 · 10β

)
,

Ä � 7Ø3K ¥,� 8 ∈ K,ù�Ún^�gñ! �

8

a
= 8 · 10−β,

k a = 10β � 10��.

(II) z0 = 0,d z0 + 10−1z1 > 0� z1 > 0.d�, 1
a
< 10−β, k

7

a
< 10−β · 7,

= y0 < 7.

e x0 > y0,aqu (I)� (i)�ù�Ún^�gñ!

Ïd x0 = y0,k x0, y0 < 7.e�Ä x1� y1.du

10x0 + x1 ≥ 10y0 + y1 + 10z0 + z1,

k

x1 ≥ y1 + z1 ≥ y1 + 1.

aqu (I)�
1

a
= 10−(β+1),

�d� x0 = 0,� x0 6= 0gñ!

nÜ (I), (II)� a� 10��,Úny.!

£££������KKK.�

f(n) = akx
k + ak−1x

k−1 + · · ·+ a1x+ a0, ak, · · · , a0 ∈ N, k ∈ N, ak > 0.

·�ky² k ≤ 1.ÄK,e k ≥ 2,�

n0 = (3 · 10α + c) · 10γ,

α, γ, c �½, α, γ, c ∈ N∗. du 3k−1 · k · ak 7Ø� 10 ��, dÚn�, �3

c ∈ K, ¦ 3k−1kakc /∈ K. � α÷v

10α > 3k · ckak · 2k;

� γ÷v

10γ > ak(3 · 10α + c)k + · · ·+ a1(3 · 10α + c) + a0.

@o

f(n0) = a0 + a1(3 · 10α + c) · 10γ + · · ·+ ak−1(3 · 10α + c)k−1 · 10γ(k−1)
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+ 10γk
(
akC

0
k3
kc0 · 10αk + akC

1
k3
k−1c1 · 10α(k−1) + · · ·+ akC

k
k3

0ck · 10α·0
)
.

Ù�?�L«�

akC
0
k3
kc0, akC

1
k3
k−1c1, · · · , akCk

k3
0ck,

ak−1(3 · 10α + c)k−1, · · · , a1(3 · 10α + c), a0.

m\þeZ“0”�Ä�©�¤ (^� α, γ½Â).

q akC
1
k3
k−1c1 /∈ K,� f(n0) /∈ K. d c ∈ K � n0 ∈ K,ù�é n ∈ K k

f(n) ∈ K gñ!� k ≤ 1.

� k = 0�, f(n) = m, m�~ê.d�m ∈ K w,!

� k = 1�,� f(n) = an + m,� n = 10δ · n1, 10
δ > m, n1 ∈ N∗,ké

n1 ∈ K, an1 ∈ K;m ∈ K ½m = 0 (Ïé n ∈ K, f(n) ∈ K).

(ÜÚn� a� 10��,��

f(n) = 10αn+m, m ∈ K ½m = 0, α ∈ N.

d�em ≥ 10α,� 10α+i0 ≤ m < 10α+i0+1, i0 ∈ N,¿�mÄ � j0.

� n = (17− j0) · 10i0 ,K

f(n) = (17− j0) · 10α+i0 +m = 17 · 10α+i0 + A,

Ù¥ A < 10α+i0 , @o 10α+i0  éA�êè� 7,Ø3K ¥.

q 1 ≤ j0 ≤ 9,k n ∈ K,ù�é n ∈ K, f(n) ∈ K gñ!�m < 10α.

nþ,¤¦ f � f(n) = 10αn+m, α ∈ N, m = 0;½m ∈ K �m < 10α;½

f(n) = m,m ∈ K. �

µÛ dK´ÌSì?�ÐK.

(I)k?n�{ü��/,=Ún.

�¦����ê¥7¹,�êè,kü«�{.

(1)êØ�{:Ó{;

(2)�ê�{:

A · 10α+1 +B · 10α ≤ x < A · 10α+1 + (B + 1) · 10α (B ∈ {0, 1, · · · , 9}),

K x¹ B.~^fz: A = 0.

dK (1)��1,�}Á^� 10���� � 8�ê C,2^ 10γC −D�

/ª�� 75)û�Ü©�/.éu (2),·�3�)�Ä:þ2��ÚAz.

�Ä 1, a, a2, · · · §�þ3 K ¥,Ù¥7k�êÄ � 7 (d Dirichlet½

n´y!)
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(II)éE,�/,·�F"|^{ü�/,I�E“�g�”.Ïd·��E


“©ã”�/ª,ù3êè¯K¥~^.êè¥��Ü©kü«:

�´“©ã”,�±
z�ãg��5�.

�´ã�ã��.:,�U�\�u)? ��âC.

K 4. �½��ê n, (½kõ�«�ªÀ� (n + 1)2 �8Ü Sij ⊆

{1, 2, · · · , 2n},Ù¥ i, j = 0, 1, · · · , n,÷v±eü�^�:

(1)é?¿ i, j ∈ {0, 1, · · · , n},8Ü Si,j k i+ j ���;

(2)é?¿ 0 ≤ i ≤ k ≤ n, 0 ≤ j ≤ l ≤ n,þk Si,j ⊆ Sk,1.

) ¤¦� (2n)! · 2n2
.·�©üÚ(½¤¦8x:

(I)·�k(½8Üó

S0,0 ⊆ S0,1 ⊆ · · · ⊆ S0,n ⊆ S1,n ⊆ · · · ⊆ Sn,n.

5¿�,d (1)k S0,0 = ∅, Sn,n = {1, 2, · · · , 2n},¿�d (1), (2)k:TóþØ

S0,0	�z�8Ü,T'§�c��8Üõ����.

�ù����l� m�g� a1, a2, · · · , a2n,KT8Üó�S� a1, a2, · · · ,

a2n��éA,Ù=�

∅ ⊆ {a1} ⊆ {a1, a2} ⊆ · · · ⊆ {a1, a2, · · · , a2n},

¿� a1, · · · , a2n� 1, 2, · · · , 2n���ü�.

�ù��8ÜóT� (2n)!^.

(II)·�2�g(½ (Si,0, · · · , Si,n−1) (i = 1, 2, · · · , n),¦§�÷v

Si−1,j ⊆ Si,j ⊆ Si,j+1,

�

|Si,j| = i+ j, 0 ≤ j ≤ n− 1, 1 ≤ i ≤ n.

é�½� m ∈ N, m ≤ n − 1.� Si,j (0 ≤ i ≤ m, 0 ≤ j ≤ n)9 Sm+1,k+1,

Sm+1,k+2, · · · , Sm+1,n þ®(½� (0 ≤ k ≤ n− 1),du

|Sm,k| = m+ k, |Sm+1,k+1| = m+ k + 2.

���

Sm+1,k+1 \ Sm,k = {a, b},

T�3 2� A÷v

Sm,k ⊆ A ⊆ Sm+1,k+1,
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�

|A| = m+ k + 1.

= Sm,k ∪ {a}� Sm,k ∪ {b}.�d� Sm+1,k kü«ÀJ.

dd=�:� Si,j (0 ≤ i ≤ m, 0 ≤ j ≤ n)þ®�½�,

(Sm+1,0, · · · , Sm+1,n−1)

� 2n�ÀJ,� Si,j (1 ≤ i ≤ n, 0 ≤ j ≤ n− 1) � 2n
2
«ÀJ.¿�,3Xd(½

��8x�,é 0 ≤ i ≤ r ≤ n, 0 ≤ j ≤ l ≤ n,k

Si,j ⊆ Si,j+1 ⊆ · · · ⊆ Si,l ⊆ Si+1,l ⊆ · · · ⊆ Sr,l,

÷v^� (2).÷v^��8xw,÷v(½L§¥^�.

Ïd,ù�(½�8x=�¤¦.nÜ (I), (II),¤¦� (2n)! · 2n2
« (^�¦

{�n).

nþ,¤¦� (2n)! · 2n2
. �

µÛ dKáu{üK,é���{ü�)¤�{=�. “k½>.2 ¥

m”´~^�{.A5¿��éA¿�w,.

K 5. ç�þ�kü�knê m
n
Ú n

m
,Ù¥ m,n´p����ê.z�Ú,

D©�±À�ç�þ�ü�ê x, y,3ç�þVþ§���â²þ x+y
2
,½Vþ

§��NÚ²þ 2xy
x+y

.Á(½¤k (m,n),¦�D©�3k�ÚS3ç�þ�e

ê 1.

) ¤¦� (k, 2α − k), α ∈ N∗, k��u 2α��Ûê.

��¡,·�k8By²é β ∈ N∗9�u 2β ��Ûê l,

l

2β
· m
n

+
2β − l
2β

· n
m

(∗)

��3ç�þ.

β = 1�,d= 1
2

(
n
m
+ m

n

)
��3ç�þ,(Øw,¤á.

� β = γ�(Ø¤á.

� β = γ + 1�,e l < 2γ,d8Bb�

l

2γ
· m
n

+
2γ − l
2γ

· n
m

��3ç�þ.�

l

2γ+1
· m
n

+
2γ+1 − l
2γ+1

· n
m

=
1

2

((
l

2γ
· m
n

+
2γ − l
2γ

· n
m

)
+
n

m

)
��3ç�þ.
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e 2γ ≤ l < 2γ+1,d 2 - l� 2γ < l < 2γ+1.d8Bb�,

l − 2γ

2γ
· m
n

+
2r+1 − l

2r
· n
m

��3ç�þ.�

l

2γ+1
· m
n

+
2γ+1 − l

2γ
· n
m

=
1

2

((
l − 2γ

2γ
· m
n

+
2γ+1 − l

2γ
· n
m

)
+
m

n

)
��3ç�þ.

� β = γ + 1�(Ø¤á,8B=� (∗)¤á.

d (∗)�,� (m,n) = (k, 2α − k)�,

1 =
k

2α
· 2

α − k
k

+
2α − k
2α

· k

2α − k
��3ç�þ,� (k, 2α − k)÷v�¦.

,��¡,é÷v�¦� (m,n),·�y²m+ n� 2��.

�m+ n = 2α · P, α ∈ N, 2 - P, P ∈ N∗,ey P = 1.

·�k4í�(½ {Pt}t≥1 : P18Ü�
m
n
� n

m
�¤�8Ü, Pt�¤k Pt−1

¥,üê (Ø7ØÓ)��â²þ½NÚ²þ�ê�¤�8Ü.

e¡é t?18By²:é x
y
∈ Pt, x, yp�,k

P | x+ y. (∗∗)

t = 1�(Øw,¤á.

� t = r�(Ø¤á. K� t = r + 1�,�Ä x
y
�5,�Ù� x1

y1
� x2

y2
�

�â²þ½NÚ²þ,Ù¥ x1� y1, x2� y2p�, x1
y1
, x2
y2
∈ Pr.

d8Bb�, P | x1 + y1, P | x2 + y2, �

gcd(P, 2y1y2) = 1, (?)

ùp^� x1� y1, x2� y2p�.

e¡©ü«�¹?Ø:

(I) x
y
= 1

2

(
x1
y1

+ x2
y2

)
,K

x+ y

y
=

(x1 + y1)y2 + (x2 + y2)y1
2y1y2

.

q P | x1 + y1, P | x2 + y2, gcd(P, 2y1y2) = 1 (^� (?)9 P �Ûê), �

P | x+ y.

(II) x
y
=

2
x1
y1
·x2
y2

x1
y1

+
x2
y2

,K

y

x
=

1

2

(
y1
x1

+
y2
x2

)
.
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k
y + x

x
=

1

2

(x1 + y1)x1 + (x2 + y2)x1
x1x2

.

aqu (I)� P | x+ y.nÜ (I), (II)�

P | x+ y.

8B=� (∗∗)¼y!

qd (∗∗)9 13,� Pt¥� P | 1 + 1,� P = 1 (^� 2 - P ). �m+ n�

2��,� 2α.(Üm,n�p���ê�

(m,n) = (k, 2α − k), α ∈ N∗, k��u 2α��Ûê

nþ,¤¦� (k, 2α − k), α ∈ N∗, k��u 2α��Ûê. �

µÛ ;.�ü<ö�¯K¥�$�¯K.²;�g´´éØCþ,é$�

gê8B,ù�kÏu“z��"”.dKd (∗)�ßÑ�Y,g,ßØCþm+ n

� 2��k',BØJuy (∗∗),=y.

K 6. ¦¤k¢Xêõ�ª P, ÷vé?¿�"¢ê x, y, z, e 2xyz =

x+ y + z,K

P (x)

yz
+
P (y)

zx
+
P (z)

xy
= P (x− y) + P (y − z) + P (z − x).

) ¤¦ P (x) = t(x2 + 3), t ∈ R.

��¡,� P (x) = t(x2+3)�,é�"¢ê x, y, z÷v 2xyz = x+ y+ z,k∑
cyc

P (x)

yz
= t
∑
cyc

x3 + 3x

xyz
=

t

xyz

(∑
cyc

x3 + 6xyz

)

=
t

xyz

(
1

2

(∑
cyc

x

)(∑
cyc

(x− y)2
)

+ 9xyz

)

= t

(∑
cyc

(x− y)2 + 9

)
=
∑
cyc

P (x− y),

� P (x) = t(x2 + 3)÷v�¦, Ù¥1�1�ª^�ð�ª∑
cyc

x3 =

(∑
cyc

x

)(
1

2

∑
cyc

(x− y)2
)

+ 3xyz.

,��¡,é÷v�¦� P (x),·�y²Ù7/X t(x2 + 3), t ∈ R.

P Q(x, y, z) =
∑
cyc

xP (x)− xyz
∑
cyc

P (x− y),d^��

Q

(
x, y,

x+ y

2xy − 1

)
= 0, (∗)
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é x 6= 0, y 6= 0, x+ y 6= 0� 2xy 6= 1�¤k¢ê x, y¤á.

@o�3 (∗) ü>Ó¦± (2xy − 1)α, α �¿©����ê, ¦ (∗) C�

R(x, y) = 0,Ù¥ R�'u x, y �õ�ª. ?¿�½ x = x0 ��"¢ê�,

Ï�3Ãê� y,÷v y 6= 0, y + x0 6= 0, 2x0y 6= −1,��3Ãê� y ∈ R,¦

� R(x0, y) = 0.�é y ∈ R, R(x0, y) = 0. �é x, y ∈ R, R(x, y) = 0. ?é

x, y ∈ C, R(x, y) = 0.

e� (x, y) = (u,−u), u ∈ R,k R(u,−u) = 0,= Q(u,−u, 0) = 0.=

u (P (u)− P (−u)) = 0.

k P (u) = P (−u) é u ∈ R¤á. (1)

2� (x, y) =
(
x, i√

2

)
, i =

√
−1,k R

(
x, i√

2

)
= 0, du

x+ i√
2

2x · i√
2
− 1

= − i√
2
,

k Q
(
x, i√

2
,− i√

2

)
= 0. l

xP (x) +
i√
2

(
P

(
i√
2

)
− P

(
− i√

2

))
=
1

2
x

(
P

(
x− i√

2

)
+ P (

√
2i) + P

(
− i√

2
− x
))

.

(Ü (1)�,d=

2P (x)− P
(
x− i√

2

)
− P

(
x+

i√
2

)
= P (

√
2i). (2)

e� P (x) = anx
n + · · ·+ a1x+ a0, an 6= 0.

·�y² n ≤ 2.ù´Ï� n ≥ 3�, (2)ª�> xn−2�Xê�

−2anC2
n ·
(

i√
2

)2

6= 0,

 (2)ªm>�~ê,ùØ�U!

(Ü (1)�� P (x) = cx2 + d,�\ (2)� c = −2c+ d, � d = 3c.=k P (x)

/X t(x2 + 3), t ∈ R.

nÜü�¡�,¤¦�

P (x) = t(x2 + 3), t ∈ R.

µÛ dK'�3u¿£�^� x+ y + z = 2xyz�“�gª”,�)Ñ z,l

¦¯KC���õ�ª¯K,2ÏLDAÏ�{z.��%ù“üÚr”,k½

&��,2“\è”`z.�,��'� R(x, y)Xê“�1”,�²wæ�,ØX2

��Ú:´ÄkAÏ�.
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dK� (x, x, 2x
2x2−1), (x,

1
x
, x + 1

x
)þ�1,ØXd{{².,	,õ�õ�ª

��Ø¯K��I^� Cþ^�, RþØ��dKk“�3 Rþ�":”,ÄK

Ø�1.=: “e R(x, y, z) = 0�, Q(x, y, z) = 0,é x, y, z ∈ R¤á,Ø�½k

R(x, y, z) | Q(x, y, z)”,ù�:I3%.
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