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I. ÁÁÁ KKK

1. �½± O��%��± �O,¦��ê n����,¦��3�Sü�

ØÓ�: A,B ±9�±þ n�ØÓ�: P1, . . . , Pn,¦� OPi ²© ∠APiB.A

Ï/,� B3�� PAþ, O�3�� PAþ�,¡ OP ²© ∠APB.

2. �½ n, k���ê.� x1, . . . xn� (0, 1)¥�pÉ¢ê,¦
n∑
i=1

n∑
j=1

{xi − xj}k

����.Ù¥ {x}L« x��êÜ©,= {x} = x− [x], [x]�Ø�u x���

�ê.

3. �½��'u x, y, z�¢Xêõ�ª

f(x, y, z) =
∑
i,j,k∈N

Ci,j,kx
iyjzk,

Ù¥ Ci,j,k ¥�kk��Ø� 0.PÙgê d = max {i+ j + k | Ci,j,k 6= 0} ,é

u?�¢ê8 A, ½Â S = {(x, y, z) ∈ A3|f(x, y, z) = 0} . ¦y: e d > 0, K

|S| ≤ d|A|2.

4. �½k�8 X,� A1, . . . , An� X �pÉf8 (n ∈ N∗),½Â

bk = |{x ∈ X | x ∈ Ai1 ∩ . . . ∩ Aik , 1 ≤ i1 < i2 < . . . < ik ≤ n}| , 1 ≤ k ≤ n.

y²:
n∏
k=1

bk ≤
n∏
k=1

|Ak|.

?¾FÏ: 2019-06-30.
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K 1 �½± O��%��± �O,¦��ê n����,¦��3�Sü

�ØÓ�: A,B ±9�±þ n�ØÓ�: P1, . . . , Pn,¦� OPi ²© ∠APiB.

AÏ/,� B3�� PAþ, O�3�� PAþ�,¡ OP ²© ∠APB.

) ¤¦ n� 4.

± O��:, �O�»�ü �Ý,ïáXeE²¡.¿±�:���i1

L«§�éA�Eê.=: AéA�Eê� a,: B éA�Eê� b,: PiéA

�Eê� pi.

��¡,� a = −1
2
, b = 1

2
,Ké p1 = 1, p2 = i, p3 = −1, p4 = −i (i =

√
−1)

ùo�Eê¤éA�: Pj(1 ≤ j ≤ 4)þ÷v OPj ²© ∠APjB.� n = 4�±

��.

,��¡,5¿�:é 1 ≤ j ≤ n,

OPj ²© ∠APjB ⇔ ]APjO = ]OPjB

⇔ arg
pj − a
pj

= arg
pj

pj − b

⇔ (pj − a)(pj − b)
p2j

∈ R

⇔ (pj − a)(pj − b)
p2j

=
(pj − a)(pj − b)

p2j

⇔ (pj − a)(pj − b)
p2j

= (1− apj)(1− bpj)

⇔ abp4j − (a+ b)p3j + (a+ b)pj − ab = 0,

� p1, p2, . . . , pnþ��§

abx4 − (a+ b)x3 + (a+ b)x− ab = 0

��,Ï� a, bØ�� 0,KT�§Øð¤á,� n ≤ 4.
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nþ,¤¦ n����� 4. �

µ5 dK)ö6��Ø��X²A){,EêO�´g,�,Ï��²©

�^Eê�N´L«.

K 2 �½ n, k���ê.� x1, . . . xn� (0, 1)¥�pÉ¢ê,¦
n∑
i=1

n∑
j=1

{xi − xj}k

����.Ù¥ {x}L« x��êÜ©,= {x} = x− [x], [x]�Ø�u x���

�ê.

) ¤¦)�
1k + 2k + . . .+ (n− 1)k

nk−1
.

��¡,�

xi =
2i− 1

2n
, i = 1, 2, . . . , n.

K
n∑
i=1

n∑
j=1

{xi − xj}k =
n∑
i=1

n∑
t=1

{xi − xi+t}k (eI� n)

=
n∑
i=1

n∑
t=1

{
− t
n

}k
= n

n−1∑
t=1

(
− t
n
+ 1

)k
+ 0 (t = n�, {− t

n
} = 0)

=
1k + 2k + . . .+ (n− 1)k

nk−1
.

� 1k+2k+...+(n−1)k
nk−1 �±��.

,��¡,·�y²:éu?¿ x1, . . . xn� (0, 1)¥�pÉ¢ê,
n∑
i=1

n∑
j=1

{xi − xj}k ≥
1k + 2k + . . .+ (n− 1)k

nk−1
.

dé¡5,Ø�� x1 < x2 < . . . < xn,K

�ª =
n∑
i=1

n−1∑
t=0

{xi+t − xi}k (eI� n)

≥ n

n−1∑
t=0

( n∑
i=1

{xi+t − xi}

n

)k

(�²þØ�ª)

= n
n−1∑
t=1

( n∑
i=1

{xi+t − xi}

n

)k
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= n
n−1∑
t=1

(n−t∑
i=1

(xi+t − xi) +
n∑

i=n−t+1

(1 + xi+t − xi)

n

)k

= n

n−1∑
t=1

(
n− t
n

)k
=

1k + 2k + . . .+ (n− 1)k

nk−1
.

nþ,¤¦)�
1k + 2k + . . .+ (n− 1)k

nk−1
. �

µ5 dKáu{üK,'�3u^�«“ò x1, x2, . . . , xn�u�±þ”�*

:5w��ª¥��êÜ©.

K 3 �½��'u x, y, z�¢Xêõ�ª

f(x, y, z) =
∑
i,j,k∈N

Ci,j,kx
iyjzk,

Ù¥ Ci,j,k ¥�kk��Ø� 0.PÙgê d = max {i+ j + k | Ci,j,k 6= 0} ,é

u?�¢ê8 A, ½Â S = {(x, y, z) ∈ A3|f(x, y, z) = 0} . ¦y: e d > 0, K

|S| ≤ d|A|2.

y² ·�y²Xe����(Ø.

éu n ∈ N+9 n��"¢Xêõ�ª

f(x1, x2, . . . , xn) =
∑

α1,...,αn∈N

Cα1,...,αnx
α1
1 x

α2
2 . . . xαn

n

( Cα1,...,αn ¥�kk��Ø� 0),P deg f = max{α1 + . . .+ αn|Cα1,...,αn 6= 0},é

u?�k�¢ê8 A,½Â S = {(x1, . . . , xn) ∈ An|f(x1, . . . , xn) = 0}, K

|S| ≤ deg f · |A|n−1. (*)

�K=� (∗)¥ n = 3, deg f > 0��/.

(∗)�y²:é n8B.

� n = 1�,=“�� dg�"¢Xê�§�õ d�ØÓ¢�”,w,¤á.

b� n = m(m ∈ N+)�(Ø¤á.

� n = m+ 1�,±eÏLé deg f ?18By²,ly²·K¤á.

� deg f = 0�(Ø²w¤á.

b� deg f = k(k ∈ N+)�(Ø¤á,@o� deg f = k + 1�,·�Iy²:

éu x1, x2, . . . , xm, xm+1 ∈ A,K

|S| ≤ (k + 1) · |A|m.
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±e©ü«�/?Ø:

(1)eé x ∈ A,P fx(x1, x2, · · · , xm) = f(x1, x2, · · · , xm, x),

� fx(x1, x2, · · · , xm)þØ�"õ�ª,d n = m��8Bb���,

|{(x1, x2, . . . , xm) ∈ Am | fx(x1, x2, . . . , xm) = 0}| ≤ (k + 1)|A|m−1.

�

|S| ≤ |A| · (k + 1) · |A|m−1 = (k + 1)|A|m.

(Ø¤á.

(2)e�3 x0 ∈ A, fx0(x1, x2, . . . , xm)�"õ�ª,@o

(xm+1 − x0) | f(x1, x2, . . . , xm+1),

P

f ∗(x1, . . . xm+1) =
f(x1, x2, . . . xm+1)

xm+1 − x0
,

S∗ = {(x1, x2, . . . , xm+1) ∈ Am+1|f ∗(x1, x2, . . . , xm+1) = 0},

�� deg f ∗ = deg f − 1.d8Bb���,

|S∗| ≤ k|A|m.

qd

S ⊆ S∗ ∪ {(x1, . . . , xm, x0) | x1, x2, · · · , xm ∈ A},

K

|S| ≤ (k + 1)|A|m,

�(Ø¤á.

nÜ (1), (2)�, deg f = k + 1�, n = m+ 1�(Ø¤á,= (∗)¤á.

AO/,�·K¤á,y.! �

µ5 dKIAO�%"õ�ª�/,ù���½ x, y��UØ� d� z¦

f(x, y, z) = 0,¿£�ù�:�dKg´�©�ß.

é���õ�õ�ª g(x, y, z)Ú f(x, y, z),´Ã{3“é÷v g(x, y, z) = 0

�¢ê) (x, y, z)þk f(x, y, z) = 0 ”�^�eíÑ g(x, y, z) | f(x, y, z),ù�

:I��%.

K 4 �½k�8 X,� A1, . . . , An� X �pÉf8 (n ∈ N∗),½Â

bk = |{x ∈ X | x ∈ Ai1 ∩ . . . ∩ Aik , 1 ≤ i1 < i2 < . . . < ik ≤ n}| , 1 ≤ k ≤ n.
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y²:
n∏
k=1

bk ≤
n∏
k=1

|Ak|.

y² P ak = |Ak|, k = 1, 2, . . . , n.Ø�� a1 ≥ a2 ≥ . . . ≥ an,P

Tk = A1 ∪ A2 ∪ . . . ∪ Ak, k = 1, 2, . . . , n.

é x ∈ Tk,P

dk(x) = |{i|1 ≤ i ≤ k, x ∈ Ai}|.

e¡·�y²:é 1 ≤ k ≤ n,

b1 + b2 + . . .+ bk ≥ a1 + a2 + . . .+ ak. (∗)

¯¢þ, é 1 ≤ i ≤ k, biØ�uÑy3 A1, . . . Ak ¥�� i�8Ü����

�ê,= bi ≥ |{x|dk(x) ≥ i}|.�
k∑
i=1

bi ≥
k∑
i=1

 ∑
x∈Tk,dk(x)≥i

1

 =
∑
x∈Tk

dk(x)

=
∑
x∈Tk

∑
x∈Ai

1 =
k∑
i=1

∑
x∈Ai

1

=
k∑
i=1

ai.

(∗) y..¿�d (∗) y²L§�
n∑
i=1

bi =
n∑
i=1

ai.

eP

Sk =
k∑
i=1

bi, Rk =
k∑
i=1

ai, 1 ≤ k ≤ n,

K Sk ≥ Rk.�Ø�ª3 an = 0�w,¤á, d� bn = 0.

� an > 0�, a1 . . . an > 0,�y²�Ø�ª¤á,=y²
n∏
k=1

bk
ak
≤ 1,

�Iy²
n∑
k=1

bk
ak
≤ n. (A−GØ�ª)

5¿�
n∑
k=1

bk
ak

=
n−1∑
k=1

(
1

ak
− 1

ak+1

)Sk +
Sn
an

(Abelúª)
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≤
n−1∑
k=1

(
1

ak
− 1

ak+1

)Rk +
Rn

an
(ak ≥ ak+1, Rn = Sn, Rk ≤ Sk)

=
n∑
k=1

ak
ak

(Abelúª)

= n =mª.

K
n∑
i=1

bi
ai
≤ n ¤á,�

n∏
k=1

bk ≤
n∏
k=1

|Ak|

¤á.y.! �

µ5 dK��Ü©y²�Ø�ª��{aqu`�Ø�ª�y².¯¢þ

(∗)=`�^�,�Ø�ª�`�Ø�ª�A~.

dK��|^`z�Ú� .

Äk,Äu8Ü����éó*:,P T = A1 ∪ . . . ∪ An,¿é x ∈ T,P

C(x) = {i|x ∈ Ai}.K bk = |{x ∈ T ||C(x)| ≥ k}|.aqu�)��,

b1 + . . .+ bn = a1 + . . .+ an.

é x, y ∈ T,

|C(x)| ≤ |C(y)|.

e C(x) \ C(y) 6= ∅,� j ∈ C(x) \ C(y),= x ∈ Aj, y 6∈ Aj.@o,ò Aj ¥�� x

U� y,¿�

|C(x)| = a, |C(y)| = b.

KCz� |A1|, . . . , |An|ØC, ba ~ 1, bb+1 \ 1,Ù{ bk ØC,k b1b2 · · · bn O�

(ÏCz� baØ�u bb+1).

��Ø��:e |C(x)| ≤ |C(y)|,K C(x) ⊆ C(y).

Xd´�,Ø�� |A1| ≥ |A2| ≥ . . . ≥ |An|,K |Ai| = bi, 1 ≤ i ≤ n,�·K

w,¤á.

k�|Üþ�`zÏ�Ð/|^
|Ü¿Â,'�êþ�N���kå.
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