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I. ���ccc???

K 1. ²¡þ�z��:AÑD�
��¢ê f(A),�é?¿n�/ABC,

�M �4ABC�­%�,ok f(M) = f(A)+ f(B)+ f(C).y²:é²¡þ�

?Û: A,ok f(A) = 0.

y² é?¿ü�ØÓ�: A,B,� A,B �¥:� C, AC �¥:� D.L

: D �ü^� AB ØÓ��� l1, l2, 3 l1 þ�: X, Y, � D � XY �¥:,

3 l2 þ�: M,N,�
−−→
MD = 3

−−→
ND.Kd D � XY, AC �¥:� 4MXY �

4MAC �­%Ñ� N .¤±

f(N) = f(M) + f(X) + f(Y ) = f(M) + f(A) + f(C),

=k

f(X) + f(Y ) = f(A) + f(C). (1)

q
−−→
DB = 3

−−→
DC � D� XY ¥:,K C �4BXY ­%.¤±

f(C) = f(B) + f(X) + f(Y ),

�\ (1)ª��

f(A) + f(B) = 0.

?¾FÏ: 2019-07-10.
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d A,B?¿5�?¿�: A,2�ü�ØÓ: B,C k

f(A) + f(B) = 0, (2)

f(A) + f(C) = 0, (3)

f(B) + f(C) = 0. (4)

d (2) + (3)− (4)� f(A) = 0.��y. �

µÛ dK´��{üK,kõ«ØÓ�y²�{.dKwq�AÛ,¢K�

�êK.
�,é c 6= 3,^�U� cf(M) = f(A) + f(B) + f(C),(Ø�,¤á.

K 2. øÞÚ»�3
Xe���iZ,3ù�iZ¥¦�ü<�gæ�1

Ä,øÞk1Ä.�Ð,¦�Pk�¬é����Y.øÞ��g1Ä´r®²k

���YY¬¥��¬�¤?¿���n¬,
»���g1Ä´r®²k�

��YY¬¥�ü¬l¤�¬.XJ,g1Ä��3¤k���YY¬¥Ñy


 100¬­þ�����YY¬,@oøÞÒ¼�
.�¯:»�U{�øÞ¼

�í?

) Ø����Y�þ� 300.øÞ7�.

ÙüÑ�:�Ñy
�¬�þ���ê�Ø�u 3���Y�,�Ù�þ�

k ≥ 3,øÞòÙ©¤�þ©O� 1,1� k − 2�n¬.

e|þ¤k��Y�þ���ê,´�øÞÚ»��ö�Ñ¬�±¤kY

¬��þ���ê.
zgøÞö��Y¬êþO\ 2,zg»�ö��Y¬ê

~� 1,�z�Óö����Y¬êþ¬O\.
¤kY¬�þÚ�½� 300,z

¬�þ ≥ 1,¤±7k,���øÞÃ{¦^TüÑ.d�z�¬��Y��þ

� 1½ 2.

(Ü 300 = 1× 100 + 2× 100��þ� 1�Y¬��þ�2�Y¬��k�

«Ñy
 100¬,KøÞ¼�. �

µÛ dK´�N´�|ÜK.eU5¿�zÓ��Y�êO\�øÞU�

±��Y�þ�,�ê��ê�ù�5�,���¡�y²�{Ñ´g,�.�

�k��¯K´�ÄøÞA£Ü�U�y�|.

K 3. ��(SËA�Ðk 100 ���, §�©OU
NB 101 �, 102

�,· · · , 200��<.ù
��p��4k n��<.y3ËA=òk�  VIP

�<��,ËAP���ù  VIP�<üÕJø�m��.�
��ù�8�,
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P��±ÀJ A,Büm�,3ØUC�m B�N�þ��¹�e,r�� A�

¤k�<���� B,l
 VIP�<�±4?�m.¦ n����,¦�ÃØ�

Ð� n��<´XÛ©Ù3����p�,ËAP�ÑU
^þã�ª� VIP

�<Jø�m�.

) n����� 8824.

� n = 8824�,�1 i��mk xi��<, i = 1, 2, · · · , 100.¤± 0 ≤ xi ≤

100 + i�
100∑
i=1

xi = 8824.

eËAP�ØUX�,Ké?¿ 1 ≤ i < j ≤ 100,k xi + xj > 100 + j.�

xi + xj ≥ 101 + j.

ÄK�ò1 i����<£�1 j ���. �
100∑
i=1

xi =
50∑
i=1

(xi + x101−i) ≥
50∑
i=1

(101 + (101− i))

= 202× 50− 50× 51

2
= 8825,

gñ!

�ËAP��½U
X�.

� n ≥ 8825�,�E:k3c 50��mþSü 76��<,1 i��mSü

25 + i<, i = 51, 52, · · · , 100,K�Sü
 76× 50 +
100∑
i=51

(25 + i) = 8825 <,�e

� n − 8825<�¿Sü,Ké?¿ü�m i < j.e j ≤ 50,Kü�m<êÚ�

76× 2 > j + 100 > i+ 100.

e i ≤ 50 < j,Kü�m<êÚ� 76 + 25 + j > j + 100 > i+ 100.

e 50 < i < j,Kü�m<êÚ� 25 + i+ 25 + j > j + 100 > i+ 100.

�P�oØUX�. �

µÛ dK´��~��êK.ò 100���<ê�� x1, x2, · · · , x100,¿^

Ù=z^�ÑØJ,���J:3u3�O<ê�¡��=
Ø�ª´Ã^�,

=
Ø�ª´���.¢Sþ,�k� i ≤ 50 < j�,'u i, j�méA�Ø�ª

â´���.5¿�4à�¹� x1 ≤ x2 ≤ · · · ≤ x100 ´g,�,,�2?1�

¡�� ��E.

K 4. �4ABC ´��b�n�/� AC < BC.��ÏL A,B ü:��

��ãAC,BCØ:AÚ:B�	�,ü��:©O�:A1Ú:B1 .4ABC
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�	���4A1B1C �	���uØ C �	��: P .�ã AB1��ã BA1

�u: S.�: Q�: R©O�: S 'u�� CA��� CB �é¡:.y²:

P,Q,R,C o:��.

y² L: S� CB,CAR�©O�u CA,CBuM,N .Ï�4ABC�b

�n�/,¤±M,N �3�©O3 CA1, CB1ò��þ.

L:M,N � CA,CBR��u: T ,KM,S,N, T �¤²1o>/� S�

4CMN �R%,MN ⊥ CS.

� T 'u CA,CB é¡:� T1, T2, M,N©O� TT1, TT2 �¥:. 2d

²1o>/ MSNT � T1T2 L: S, � T1T2 � MN ²1, = T1T2 ⊥ CS. q

A,A1, B1, B��,¤±4A1SA�4B1SB�q,


∠A1MS = ∠CMS = 90◦ − ∠ACB = ∠CNS = ∠B1NS,

�

∠MA1S = ∠AA1S = ∠BB1S = ∠NB1S,

Ïd4A1SM �4B1NS �q,�

A1A

B1B
=
A1S

B1S
=
A1M

B1N
,

¤±
A1A

A1M
=
B1B

B1N
.

L: A1, B1 ©O� CA,CB R��u Y,L: A,B � CA,CB R��u

: X, 
 TM ⊥ CA, TN ⊥ CB. d M,A,A1 ��, N,B,B1��, ü��Ø

²1­Ü� A1A
A1M

= B1B
B1N

� Y,X, T ��. 
 C,P,A1, B1, Y ��, �»� CY,

C, P,A,B,X ��,�»� CX,K ∠CPY = 90◦ = ∠CPX, ¤± P,X, Y ��,

∠CPT = 90◦.
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 Q,S � T1, T ©O'u CA é¡, ¤± ∠CQT = ∠CST1 = 90◦, Ón

∠CRT = 90◦. ù�

∠CPT = ∠CQT = ∠CRT = 90◦,

¤± C,P,Q, T,R��,�y. �

µÛ dK´����(J�AÛK.�Ä�z�:��z�ªÑ'�Ä

:,¤±lO���Ý�TK´�1�.)ö��{��«y²o:���Ï^

�{:éÑ�y���^�»�y²n|R� (½�Ñü|R�y²1n|).d

udK P �AÏ5�,�=z�y²o:���¯K,���y²´g,�.

K 5. 3��r�	p,����
<Ñ n > 1������/M��¿r

ù n�M��©u� n��*l,z��*l�Ð<���M��.z��*l

2r<��M���¤eZ������/ (ØÓ��*l�����/��

��UØ��).�¤����Ü��/��ê´���ê.y²:�Ð�M��

7½´����/.

y² ���/� a × b.,1 i��*l���/>�� xi ∈ R+, i =

1, 2, · · · , n.

�Ä��/�>�©�� a
xi
∈ Z+, b

xi
∈ Z+, i = 1, 2, · · · , n.¤± a

b
∈ Q+.

� a
b
= p

q
, p, q ∈ N+,� (p, q) = 1,d Bezout½n�,�3 u, v ∈ Z¦�

up+ vq = 1.

¤±
a

xip
=

b

xiq
=

a

xi
u+

b

xi
v ∈ Z, i = 1, 2, · · · , n.

���/�oê�
n∑
i=1

(
a

xi
· b
xi

)
= pq

n∑
i=1

(
a

xip
· b

xiq

)
��ê.

d n > 1�
n∑
i=1

(
a

xip
· b

xiq

)
��u 1��ê,¤± pq = 1, p = q = 1, a = b.

=���/���/,�y. �

µÛ dK´�{üêØK,ò�Ý/�°�Ñ,$^�Ä:��ê�½Â
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=�íÑ(Ø.

K 6. � L´b�n�/ ABC �� ∠B��²©�� AC >��:.
:

DÚ: E ©O�4ABC �	��¥�l AB ��l BC �¥:.: P Ú: Q

©O��ã BD��ã BE ò��þ�ü:,�÷v: ∠APB = ∠CQB = 90◦.

y²:�ã BL�¥:3�� PQþ.

y² ò� BP,BQ� P1, Q1,¦� BP1 = 2BP,BQ1 = 2BQ.

d AP ⊥ BP,CQ ⊥ BQ�4AP1B,4CQ1B���n�/.¤±

∠P1AB = 180◦ − 2∠ABP.

q: D��l AB�¥:,K

∠ABP = ∠ABD =
1

2
∠ACB, ∠P1AB = 180◦ − ∠ACB.

Ón ∠Q1CB = 180◦ − ∠BAC. ¤±

∠P1AB + ∠BAC + ∠BCA+ ∠BCQ1 = 360◦,

?
 AP1� CQ1²1.q BL²© ∠ABC,�

AL

LC
=
AB

BC
=
AP1

CQ1

,

¤±ã/ LAP1�ã/ LCQ1�q (�U�òzn�/),¤± P1, L,Q1��.

� BL ¥: L1. Ï�
−→
BL = 2

−−→
BL1,

−−→
BP1 = 2

−−→
BP,

−−→
BQ1 = 2

−−→
BQ, d q�

P,L1, Q��,= PQL BL�¥:. �

µÛ dK´�~5�AÛK,$^¥ �½ö���ã�,�ò(Ø=z

��q/�¯K,�¡���´N´�.
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K 7. 24�Æ)ë\��êÆ��¹Ä.é?Û��d 6�Æ)|¤��

�è, P��±@½ù�è�o`D�oûÐ.éë\ùgêÆ�¹Ä� 24�

Æ),P��r¦�©� 4�è,z�èk 6¶Æ).�¯:´Ä�U�3ù«�

¹:z��ù��y©Ñ�Ðkn�`D�è½��`D�è,
���k��

y©�ÐÑyn�`D�è,��k,��y©�ÐÑy��`D�è?

y² T�¹´�3�.é 21�Æ)D� 0,�e 3�Æ)D� 1.é?¿�

è 6<,e¤k<D��Ú�Ûê,K�`D,ÄK�ûÐ.¤±,?�y©, 24�

Æ)D�Ú 3,´��Ûê,¤±z�èD�Úk 3�Ûê½��Ûê,= 3�`

Dè½ 1 �`Dè.


y©� 000000; 000000; 000000; 000111 �,k��`Dè.

y©� 000000; 000001; 000001; 000001�,kn�`D�è.

�÷vK¿. �

µÛ dKØJ,e�m©ß�(ØéN´Ø\Üå.dK��þ� 6, 24Ã

',é��� n, 4nþk(Ø¤á.l�Ä�N��Ý��EN´
,
��EØ

��.

K 8. � P (x)´���Xê,�~ê�õ�ª,� n´����ê.S�

a0, a1, · · · Uìe¡�úª(½: a0 = n, ak = P (ak−1),ùp k�?¿���ê.

b�éz���ê bþãS�¥Ñ�¹,��u 1���ê� bg�. y²:

P (x)´���gõ�ª.

y² d�Xêõ�ª�5�,é?¿� x 6= y, x, y ∈ Z,k

(x− y) | (P (x)− P (y)) .

Äk,é?¿���ê c, {an}¥k����u 1��ê� cg� ≥ 2c ≥ c,

¤± {an}Ãþ..


e�3 0 ≤ i < j, i, j ∈ Z,¦� ai = aj,K

ai+1 = P (ai) = P (aj) = aj+1.

l i�m© {an}�±Ïê�,gñ!� {an}¥�üüØÓ.


(ai − ai−1) | (P (ai)− P (ai−1)) ,∀i ∈ N+,

= (ai − ai−1) | (ai+1 − ai). K4í� ∀i, j ∈ N+,k

(ai − ai−1) | (ai+j − ai+j−1),
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¤±

ai+j ≡ ai+j−1 ≡ · · · ≡ ai−1 (mod ai − ai−1),

Ïdl1 i− 1�å¤k�þ� ai−1� ai − ai−1Ó{.


é?¿ pα ‖ ai − ai−1, p��ê, α ∈ N+,k ϕ(pα) | ϕ (|ai − ai−1|) , �

ϕ (|ai − ai−1|) ≥ ϕ(pα) ≥ α,

Ù¥ ϕ(x)�î.¼ê.

dî.½n�é?¿ x ∈ Z, s ∈ N+k

xs·ϕ(|ai−ai−1|) ≡ 0½ 1 (mod pα).

�¿©�� s¦ 2s·ϕ(|ai−ai−1|) �u ai−1 c�¤k�.
 {an}¥7k����

u 1��ê� s · ϕ (|ai − ai−1|)g�.¤±T�� ai−1� ai − ai−1Ó{,K�3

y ∈ N+,¦�

ai−1 ≡ ys·ϕ(|ai−ai−1|) (mod ai − ai−1),

�

ai−1(ai−1 − 1) ≡ ys·ϕ(|ai−ai−1|)
(
ys·ϕ(|ai−ai−1|) − 1

)
≡ 0 (mod ai − ai−1).

¤±

(ai − ai−1) | ai−1(ai−1 − 1), ∀i ∈ N+,

q�3 N ∈ N+,¦ i ≥ N,�, |ai| > 2,Kd� ai(ai − 1) > 0,¤±

|ai+1 − ai| ≤ ai(ai − 1), 2ai − a2i ≤ ai+1 ≤ a2i ,

Ïd

2ai − a2i ≤ P (ai) ≤ a2i ,

é?¿ i ∈ N+, i ≥ N ¤á.

q {an}Ãþ.,¤±�� ai ¿©�,� P (x)Ø��gõ�ª�, P (x)�

U��gõ�ª�Ä�Xê� ±1.

���/// 1: P (x) = x2 + bx+ c, b, c ∈ Z,K(
a2i + ai(b− 1) + c

)
| (a2i − ai),

(
a2i + ai(b− 1) + c

)
| (bai + c), i ∈ N+, i ≥ N.

� ai ¿©�K�� b = c = 0,¤± ai = n2i ,
 {an}¥k����u 1��ê

� 2n+ 1g�.¤±T��

n2i0 = y2n+1 (y ≥ 2).
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Ï� (2i0 , 2n+ 1) = 1,¤±�3 z ∈ N+, z ≥ 2¦�

n = z2n+1 ≥ 22n+1 > n,

gñ!

���/// 2: P (x) = −x2 + bx+ c, b, c ∈ Z,K(
−a2i + ai(b− 1) + c

)
| (a2i − ai),

(
−a2i + ai(b− 1) + c

)
| (2− b)ai − c,

� ai¿©�K�� b = 2, c = 0.¤±

ai = 1− (n− 1)2
i

, i ∈ N+.

� ai ≤ 1, ∀i ∈ N+.ù� {ai}i∈N+ Ãþ.gñ!

nþ¤ã, P (x)7��gõ�ª. �

µÛ dK´� J�êØK.I�Ù�(Øé?¿� x 6= y, x, y ∈ Z,þ

k (x − y) | (P (x) − P (y)),¿(¹A^.Ï�Tê�´õ�ª?O�,¤±�

degP ≥ 2�, |an|�O��Ý´é¯�.�íÑ (ai − ai−1) | ai−1(ai−1 − 1)�,

Ò�±�Ä�^�ê� 
,�¡�L§�k
�¡,�Ñ´²��.

II. ������ccc???

K 1. Ó�c?1�K.

K 2. ´Äéz�é�"�ê aÚ�"�ê b,e¡��§| tan(13x) tan(ay) = 1

tan(21x) tan(by) = 1

Ñ��k�|),¿y²\�Øä.

) - a = 5, b = 8e�§|¤á,K

13x+ ay = kπ +
π

2
, k ∈ Z,

21x+ by = lπ +
π

2
, l ∈ Z.

?


(21a− 13b)y = (21k − 13l + 4)π,

� 21a− 13b = 1,¤±

y = mπ,m ∈ Z, tan(ay) = 0.

gñ!�é (a, b) = (5, 8)Ø¤á,=Ø´o¤á. �
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µÛ dK�{ü,�Y�éÐß,^ Bezout½n��E=�.

K 3. ��<Pk n�*d­þpØ�Ó�M1Ú n�U²,ùp n > 2.

z�g¡­#Nrü�M1��Ù¥���U²�ü�÷�þ,l
'�ùü

�M1�­þ,2rùü�M1l÷�þ<e.®�ù
U²¥k�� (X�Ø

��´=��)�U´��,
�ù��
�U²zg�Ñ�(J´�Å� (k

��Ñ�(�(J,k��Ñ�Ø�(J).(½���¡­gê,¦�ù�<U

(½ù
M1¥=�â´�­�.

) k`² 2n− 2gØU�y¡Ñ.

Äk-c 2n− 3g¤kU²Ñ�Ñ�((J.
é n�M1ÑDþ�,�m

©�� 0.��g¡­ü�M1�,eTU²�Ñ�(J´M1 A�­þ�uM

1B�­þ.Kò AD��\ 1,� 2n− 3g�¤kD�Ú� 2n− 3 < 2(n− 1),

¤±�õk n− 2�M1D�≥ 2,d��Ñ�­�M1 Y �,��D�< 2�

M1 X,K´� Y �D�� 0.

���/// 1: e1 2n− 2g¡­�À¥ X,K-U²3���g�N�((J,

ù�¤kM1­þUý¢�¹ü� (Pdü���),½ X �­,Ù§¤kM1

Uý¢�¹ü� (Pdü���)Ñ´�U�.

�¥?��U²���þ¤á,�¥�¦XD�\ 1�U² (vkK?�)

���=¤á.

���/// 2: e1 2n− 2g¡­À¥ X,K-U²3���g�N(J� X �

­.K¤kM1­þUý¢�¹ü� (Pdü���),½X �­,Ù§¤kM1

Uý¢�¹ü� (Pdü���)Ñ´�U�.

�¥����g�U²���=¤á,�¥�¦ X D�\ 1�U² (vk

K?�)���=¤á.

nþ, 2n− 2gØU�y=���.

éu 2n − 1güÑXe: �U² 1,2,3,zgö�,�ü�M1©O^U²

1,2¡.

e(J��,K�K��M1 (TM1�½��),2ò�e�M1UY?1

ö�. · · · · · · (∗)

e(JØ��§Kò¤k�eM1zg� 2�^U² 3¡ (U² 3�½´

Ð�),,��K��,�e�UY^U² 3¡. · · · · · · (4)

e (∗)��?1�����M1,K�K
 n − 1�M1,ö�
 2n − 2 <
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2n− 1g.

e (∗)?1
 ag�,1 2a − 1g� 2ag¡­�(JØ��,Kd��k

n − (a − 1)�M1,Ù¥ a ≤ n − 1, a ∈ N+,K2^ (4)¡ n − ag=�.�^

2a+ n− a = n+ a ≤ 2n− 1g.

�^ 2n− 1gU(½�­�M1.¤±,���gê� 2n− 1. �

µÛ dK´��J�|Ü¯K,�±ÏL�� n�}ÁßÑ�Y,¿��

U²�ê� nÃ',��U²�ê ≥ 3,dK�(Ø´���.éuK8�Øy

Ü©,��â�EÜ©�4à�¹5�Ñ.���Eü«ØÓ��M1�ü�,

�I��´ý¢�ü�,,���ý¢�¹aq,�¡��gê4�=�.

K 4. � ABCD´��ncI.��¥¡ ωA ÚncI�	L¡ BCD 9

ncI�Ø¡ BCD 	�Ù§n�¡��.,��¥¡ ωB ÚncI�	L¡

ACD 9ncI�Ø¡ ACD �	�Ù§n�¡��.�¥¡ ωA �²¡ ACD

�u:K,¥¡ ωB �²¡ BCD�u L:.eX, Y ©O´�ã AK ��ã BL

ò��þ�:,�÷v

∠CKD = ∠CXD + ∠CBD, � ∠CLD = ∠CYD + ∠CAD.

y²:: X Ú: Y ��ã CD�¥:ål��.

y² �o¡N�S�¥�ω,��¡BCD,CDA,DAB,ABCuL1, K1,M1,

N1.� ω�¥%� O,�»� r,K

AK1 =
√
AO2 − r2 = AM1 = AN1.
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Ón

BL1 = BM1 = BN1, CL1 = CK1 = CN1, DL1 = DK1 = DM1,

¤±

4AM1B ∼= 4AN1B, ∠AM1B = ∠AN1B , α12,

Ón��

α13 = ∠AK1C = ∠AN1C,

α14 = ∠AK1D = ∠AM1D,

α23 = ∠BL1C = ∠BN1C,

α24 = ∠BL1D = ∠BM1D,

α34 = ∠CL1D = ∠CK1D,

¤±34BCD¥,

α23 + α34 + α24 = 2π, (1)

34CDA¥,

α34 + α14 + α13 = 2π, (2)

34DAB¥,

α14 + α12 + α24 = 2π, (3)

34ABC ¥,

α12 + α23 + α13 = 2π, (4)

d (1) + (2)− (3)− (4)� α34 = α12, Ón α13 = α24, α14 = α23, ¤±

∠AK1C = ∠BL1D.

2�Ä ω� ωAü¥þ�¡ ABC,ACD,ADB ��,¤±ü¥'u: A 

q.

� ωA�¡ ABC,BCD,DABu N2, L2,M2,Ón��

AK = AN2 = AM2, BN2 = BL2 = BM2,

CK = CN2 = CL2, DK = DL2 = DM2.

dü¥ q� A,K1, K ��, A,M1,M2 ��, A,N1, N2 ��.Óþ�±�� 6
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|n�/��,¤±

∠BCL1 + ∠BCL2 = ∠BCN1 + ∠BCN2

= ∠AN1C − ∠AN2C

= ∠AK1C − ∠AKC

= ∠K1CD + ∠KCD

= ∠L1CD + ∠L2CD.

q

∠BCL1 + ∠L1CD = ∠BCL2 + ∠L2CD = ∠BCD,

¤±

∠BCL1 = ∠L2CD.

Ón��

∠BDL1 = ∠CDL2,

¤± L1, L2�4BCD����Ý:,?
k

∠CXD = ∠CKD − ∠CBD

= ∠CL2D − ∠CBD

= ∠BCL2 + ∠BDL2

= ∠DCL1 + ∠CDL1

= π − ∠CL1D

= π − ∠CK1D,

¤± X,K1, C,D��,�

∠XDC = ∠XK1C = π − ∠AK1C = π − ∠BL1D,

Ón

∠CYD = π − ∠CK1D = π − ∠CL1D = ∠CXD,

∠Y CD = ∠Y L1D = π − ∠BL1D = ∠XDC,

¤±

4XCD ∼= 4Y DC.

Ïd: X Ú: Y ��ã CD�¥:ål��.�y. �

13 êÆ#(�



µÛ dK´��áNAÛJK.¢Sþ,dK�±dáNAÛ��=z�

o�ã/,¿�Ä¦��'X.duS��,	��5�ÚS�¥,	�¥�5�

aq,�òS�¥�Ñ,¿�Ñ¤k��:,��ïáo�ã/�'X,�¡�L

§d�í½�íÑ�±��.þã�{ë�
(��Y.

K 5. Ê�Ó%� w1, w2, w3, w4, w5 ��» (Uþã^S) �¤��ú'

� q ��'ê�.¦ q �U������¦��3ò� A0A1A2A3A4 ÷v^

�: Ai ∈ wi, i = 0, 1, 2, 3, 4,
�ò� A0A1A2A3A4 �Ðdo^�Ý����ã

A0A1, A1A2, A2A3, A3A4|¤.

) �¦���,·�3 q > 1�^�e�Ä.Ø�� w0�»´ 1,Kw,

AiAi+1 ∈ [qi+1 − qi, qi+1 + qi], i = 0, 1, 2, 3

�� Ai�½, a ∈ [qi+1 − qi, qi+1 + qi]�,7U�Ñ Ai+1 ∈ wi+1¦�

AiAi+1 = a, i = 0, 1, 2, 3.

¤±K�¤á�du�3 a ∈ R+,¦� a ∈ [qi+1 − qi, qi+1 + qi], i = 0, 1, 2, 3.

Ï� q > 1,¤±

�¯K⇔ a ≥ q4 − q3 > 0, a ≤ q + 1

⇔ 0 ≥ q4 − q3 − q − 1 = (q2 + 1)(q2 − q − 1)

⇔ 0 ≥ q2 − q − 1 =

(
q −
√
5 + 1

2

)(
q +

√
5− 1

2

)

⇔ q ≤
√
5 + 1

2
.

¤±, q > 1��3 q÷v^��.�¤¦��� q�
√
5+1
2
. �

µÛ dK´�{üK,�I5¿�AiAi+1�Õá/�H [qi+1−qi, qi+1+qi]

�¤k¢ê=�.

K 6. � 4ABC ´± BC �.>���n�/.: D´� AC þ��:.

: K ´4BCD�	����l CDþ��:.L A:� BC �²1�,T²

1���� CK �u: T.�:M ��ã DT �¥:,y²: ∠AKT = ∠CAM .

y² 3> AB þ�� AD1 = AD, Ko>/ BD1DC ���F/,

B,D1, D, C o:��.¤± B,D1, D,K,C Ê:��,ù�k

∠D1KT = 180◦ − ∠D1KC = ∠D1BC = 180◦ − ∠D1AT.
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¤± D1, A, T,K ��, ∠AKT = ∠AD1T.

ò�AM �A1¦�A1M = AM,(ÜM �DT �¥:,�o>/ATA1D

�²1o>/, ¤± A1, D,D1 n:��. d AD1 = AD = TA1 �o>/

ATA1D1���F/.?
k

∠CAM = ∠AA1T = ∠AD1T = ∠AKT,

��y! �

µÛ dK´�~5AÛK,K¥:,�´é��,'X�é�,�I¿©|

^K¥é¡5òTK=z�o:��¯K=�.

K 7. Ó�c?1lK

K 8. � n´����ê.y5�E�� 3 × 3 × 3�á�N,ù�á�N

d 26�xÚ�ü á�NÚ 1�çÚ�ü á�N�¤,�çÚ�ü á�

N3ù� 3 × 3 × 3�á�N�¥%.3dÄ:�þ25�E��d n3 �þã

3 × 3 × 3�á�N�¤� 3n × 3n × 3n�á�N.(½ T ����,k�Ur

Ù¥� T �xÚ�ü á�N/¤ùÚ��¦�z�xÚ�ü á�NoÚ

,�ùÚ�ü á�Nk��ú��º:.

) T ����� n3 + n2.

ky: (1)é�1 3n�:,�©¤ n|ëY 3�:,z 3�:�¥m:/¤

çÚ,Ù{/¤xÚ.òù 3n�:¥,
:/ù,¦z�x:�,ù:��,�

k a�x:�/ù, s�:�/ù,K s ≥ n+ a
n+1

.

(1)�y² é1 3k − 1�,�k bk �:/ù, k = 1, 2, · · · , n.�1 1�k

a0�:/ù,1 3k� 3k+ 1��k ak�:/ù, k = 1, 2, · · · , n− 1,1 3n�k

15 êÆ#(�



an�:/ù.¤±

s =
n∑
i=1

bi +
n∑
i=0

ai, a =
n∑
i=0

ai.

�Ä1 3k + 1��

ak + bk+1 ≥ 1, k = 0, 1, 2, · · · , n− 1.

�Ä1 3k��

bk + ak ≥ 1, k = 1, 2 · · · , n.

¤±é i0 ∈ {0, 1, · · · , n},k

s = ai0 +

i0−1∑
i=0

(ai + bi+1) +
n∑

i=i0+1

(ai + bi) ≥ ai0 + i0 + (n− i0) = n+ ai0 ,

�

s ≥ n+

n∑
i0=0

ai0

n+ 1
= n+

a

n+ 1
.

(Ø (1)�y.

2y: (2)é�� 3n× 3n�L©¤ n2� 3× 3��¬,z��¬¥m/ç,

Ù{/x.òù 3n× 3n�L¥ s��/ù¦z�x��,ù�kú�:,�k

a�x��/ù,K s ≥ n2 + a
n+1

.

(2)�y² é1 3k − 1��k bk ��/ù, ck �x�/ù, k = 1, 2, · · · , n.

�1 1�k a0��/ù,1 3k� 3k+1��k ak��/ù, k = 1, 2, · · · , n−1,

1 3n�k an��/ù.¤±,

s =
n∑
i=1

bi +
n∑
i=0

ai, a =
n∑
i=0

ai +
n∑
i=1

ci.

�Ä1 3k + 1�,d (1)�

ak + bk+1 ≥ n+
ck+1

n+ 1
, k = 0, 1, · · · , n− 1.

�Ä1 3k�,d (1)�

bk + ak ≥ n+
ck

n+ 1
, k = 1, 2, · · · , n.

¤±é i0 ∈ {0, 1, · · · , n},k

s =

i0−1∑
i=0

(ai + bi+1) +
n∑

i=i0+1

(ai + bi) + ai0

≥
i0−1∑
i=0

(n+
ci+1

n+ 1
) +

n∑
i=i0+1

(n+
ci

n+ 1
) + ai0 .
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=k

s ≥ n2 +

n∑
i=1

ci

n+ 1
+ ai0 ,

¤±

s ≥ n2 +

n∑
i=1

ci

n+ 1
+

n∑
i0=0

ai0

n+ 1
= n2 +

a

n+ 1
.

(Ø (2)�y.

2y: (3)é�� 3n × 3n × 3n�á�N©¤ n3 � 3 × 3 × 3�¬.z�¬

¥%�/ç,Ù{/x.ò 3n × 3n × 3n�á�N¥ s��/ù,¦z�x��

,ù�kú�:,�k a�x��/ù,K s ≥ n3 + a
n+1

.

(3)�y² òá�N©� 3n�,1��k a0 ��/ù,1 3k − 1�k bk

��/ù,Ù¥k ck �x�, k = 1, 2, · · · , n.1 3k � 3k + 1��k ak ��/

ù, k = 1, 2, · · · , n− 1,1 3n�k an��/ù.¤±,

s =
n∑
i=1

bi +
n∑
i=0

ai, a =
n∑
i=0

ai +
n∑
i=1

ci.

�Ä1 3k + 1�,d (2)�

ak + bk+1 ≥ n2 +
ck+1

n+ 1
, k = 0, 1, · · · , n− 1.

�Ä1 3k�,d (2)�

bk + ak ≥ n2 +
ck

n+ 1
, k = 1, · · · , n.

¤±é i0 ∈ {0, 1, · · · , n},k

s =

i0−1∑
i=0

(ai + bi+1) +
n∑

i=i0+1

(ai + bi) + ai0

≥ ai0 +

i0−1∑
i=0

(n2 +
ci+1

n+ 1
) +

n∑
i=i0+1

(n2 +
ci

n+ 1
).

=k

s ≥ n3 +

n∑
i=1

ci

n+ 1
+ ai0 ,

¤±

s ≥ n3 +

n∑
i=1

ci

n+ 1
+

n∑
i0=0

ai0

n+ 1
= n3 +

a

n+ 1
.

(Ø (3)�y.
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£��K,�/
 T ��,d (3)�

T ≥ n3 +
T

n+ 1
,

Kk

T ≥ n3 + n2.

�E:òá�N©� 3n�,ò1 3k ��1 1� (k = 1, 2, · · · , n)� n2 �

3× 3�¥%þ/ù.´�÷vK�^�.

nþ¤ã, T ����� n3 + n2. �

µÛ dK´��J�|ÜOêK.dK��E´éN´���,�dun

�ã/�E,�Ä�5�±k��Ä{ü���,����/,��2òK8\

r�x�/ù��ê�ç�/ù�ê�'X�±uy���ªf´TÐ÷v�

E�,
��±uy3K¥//X (a, b, c)�� ( a, b, c¥Ã� 3Ó{ 2�ê)´

Ã¿Â�.
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