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1�K � A,B,C,D S�u� O, AC � BD ��u E. P , Q ´o>/

ABCD ��é���Ý:. y²: ∠OPE = ∠OQE.

(úôÉ²p?¥Æ ÜA
 øK)

y² (�âúô	°¥Æ�h)ÓÆ�)��n):

ÚÚÚnnn 1 ��o>/ ABFCGD ¥ ABCD ��,�%� O, AC � BD u

E,K��o>/ ABFCGD���:� OE Ú FG��:.

y² ���:M,K GDCM � CBFM ©O��.¤±

∠CMG = ∠ADC = 180◦ − ∠ABC = 180◦ − ∠CMF,

¤± GMF ��.Ï� FG� E 4�,¤± OE ⊥ FG.


GM2 − FM2 = GM ·GF − FM · FG = GC ·GB − FC · FD = GO2 − FO2,

¤± OM ⊥ FG,¤± OEM ��,Ún�y!

ÚÚÚnnn 2 o>/����Ý:´�ü��C��éA:.

y² ��o>/ ABFCGD���:�M, P,Q(P1)��é���Ý:,

�Ä±ME ·MF ��,± ∠EMF ��²©�¤3���¶��ü��C�.
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w, AV,BD,EF ©O�éA:.

� P �éA:� P1.Ï�

∠AP1B = ∠AMB − ∠MAP1 − ∠MBP1

= ∠CMD − ∠MPC − ∠MPD

= ∠F − ∠CPD

= ∠F − 180◦ + ∠PCD + ∠PDC

= ∠F − 180◦ + ∠QCB + ∠QDA

= 180◦ − ∠CQD

= ∠AQB,

Ónk

∠BQC = ∠BP1C, ∠CQD = ∠CP1D, ∠DQA = ∠DP1A,

¤± P1, Q­Ü,Ún�y!

£££������KKK.

� AD� BC u G, AB� DC,��:�M.
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dÙâk½n, O�4EFG�R%;dÚn 1, OEM ⊥ FG.¤±

ME ·MO =MF ·MG,

¤± O,E ��ü��C��éA:.

dÚn 2,�

4QME ∼ 4OMP, 4PME ∼ 4OMQ,

¤±

∠QEM = ∠OPM, ∠QOM = ∠EPM,

�~=� ∠OQE = ∠OPE. �

µ5 ­�nÞ¥Æ�67, ì�N¥�fÍ, É²�¥4Ó�, �®��

Æ�w�Õ, uÀ���N¥4fw, à���[B½1�¥Æ_u��ÓÆ

��Ñ
�K��()�.

1�K �½��ê n, y²�3��ê m ÷v±e^�: éu?¿

{1, . . . ,m} �f8 G, e |G| ≥ m
2
, K�3 n + 1 ���ê x0, x1, . . . , xn, ¦�

{x1, . . . , xn} ¥?¿eZ��� x0 �ÚÑáu G.

(þ°�Æ Ç£´ øK)

y² (�âøKö�)��n):

·�ò(Ø\r, y²é?¿�½� δ ∈ (0, 1), ��mv
�� |G| ≥ δm,

K�±é�÷v^�� x0, . . . , xn. é n ?18B: � n = 1��Im > 1
δ
=�

�y Gkü�ØÓ�� a, b. K x0 = min{a, b}, x1 = |b− a|÷v^�.

b�·Ké n− 1¤á. äN/, - q�÷v±e^������ê: ��

m ≥ q � G ⊂ {1, . . . ,m − 1}÷v |G| ≥ δ
2
· m, KU3 G¥é�÷v^��

x0, . . . , xn−1. e¡�Ä?¿��êM ¦�M > (1 + 4
δ2
)q, ±9M > 2

δ
qn + q.

òM �¤

M = q · r + t, 0 ≤ t ≤ q − 1.

K r > 4
δ2
, δ
2
r > qn−1.

�G ⊂ {1, . . . ,M −1},� |G| ≥ δM . -Gi = G∩ ((i−1)q, iq), ∀1 ≤ i ≤ r,

K{ü�Oê����k R = δ
2
r �eI i ¦� |Gi| ≥ δ

2
q. u´d8

Bb�, éz�ù�� Gi, �3÷v^����ê xi,0, xi,1, . . . , xi,n−1. d

u xi,0 Ú xi,0 + · · · + xi,n−1 Ñáu Gi, §�Ñ�u (i − 1)q 
�u iq. Ïd
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xi,1, xi,2, . . . , xi,n−1z�Ñ�õ� q.

du·�k R > qn−1 �ØÓ�eI i, dÄT�n��3 i < j, ¦�

xi,k = xj,k éz� 1 ≤ k ≤ n− 1¤á. u´-

xk = xi,k, ∀0 ≤ k ≤ n− 1, xn = xj,0 − xi,0

=U÷vK8�¦. ù�Ò�¤
8By². �

µ5 (1). É²�¥4Ó�ÓÆ�Ñ
�K��()�.

(2). ù�K�/ªÚ�����½n±9.õ½n�C, Ïd8B{´'

�g,�. '�´�cu\r·K.

1nK �½��ê n, ¦����~ê cn ÷v±e^�: éu?¿ n g¢

Xêõ�ª f(x) =
nP
k=0

bkx
k, e f(x) �E��3ü �þ, Kk

������
nX
k=0

kX
j=0

 
n− j
k − j

!
bj

������ ≥ cn ·

������
nX
j=0

bj

������ .
(úôÉ²�¥Æ) �º¤ øK)

) (�â¤ÑÔ¥W�	I�Æ�/9UÓÆ�)��n):

�Y´ (3
2
)n. 5¿�

nX
k=0

kX
j=0

 
n− j
k − j

!
bj =

nX
j=0

bj ·
nX
k=j

 
n− j
k − j

!
=

nX
j=0

bj2
n−j = 2nf(

1

2
).

u´��y²éz�÷v^��õ�ª f , |f(1
2
)| ≥ (3

4
)n · |f(1)|, �ù�~êÃ

{U?. Ïd�Ò��y²� z´ü Eê�,

|1
2
− z| ≥ 3

4
|1− z|,

�Ò3 z = −1 (�Ò´ f(z) = (1 + z)n ) ���. - z = cos θ + i sin θ, K±þ

Ø�ª=z�

5/4− cos θ ≥ 9

16
(2− 2 cos θ),

�Ò´
1

8
+

1

8
cos θ ≥ 0.

w,¤á. �

µ5 LH{¢�¥îÕ,úô�	°¥Æ�h), 2Ü��N	êxó, ì

�N¥�fÍ, �[B½1�¥Æ_u�±9É²�¥4Ó��ÓÆ��Ñ


�K��()�.
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1oK � p ≡ 3 (mod 8) ´�ê, � p > 3. y²�3��ê a, b, c <
√
p,

¦�p = a2 + bc.

(�°�Æ +¡) øK)

y² (�âøKö�)��n):

·�òy²���r�(Ø: � pØ´��²�ê, ��3��ê x 6= y¦

� p = x2 + 2y2, K�±é� 0 < a, b, c <
√
p¦� p = a2 + bc. Ïd p��êù

�^��±�f.

Äkb� x > y. 5¿�XJ y <
√
p

2
K·K�y. ÄKb� y >

√
p

2
, K·

�k

p = x2 + 2y2 = (3y − x)2 − y · (7y − 6x).

du y >
√
p

2
� p = x2 +2y2, ·�k 6x− 7y <

√
p. ¤±XJ 6x− 7y > 0, Kþ

¡��ª�Ñ÷v^�� a, b, c. Ø, 7y > 6x,d p = x2+2y2�Ñ y > 6
11

√
p±

9 x < 7
11

√
p. �e5·�ò p ��

p = x2 + 2y2 = (5x− 4y)2 + 2(2x− y)(7y − 6x).

du 0 < 2x− y < √p, �� 7y − 6x <
√
p

2
K·K�y. ÄK�±UY�Ä

p = x2 + 2y2 = (25y − 23x)2 − (7y − 6x)(89y − 88x).

d 7y − 6x >
√
p

2
�� 88x− 99y <

√
p. u´XJ 88x > 89y, Kþ¡��ªq�

Ñ÷v^�� a, b, c. u´�I�Ä 89y > 88x ��¹.

5¿�·�ÏL x > y ù�b�ÅÚ ���� 7y > 6x, ±�y3ù�

�î��Ø�ª 89y > 88x. XJù�L§U
��òYe�, �ªU�Ñ�

x > y gñ. e¡·�Ò5í2ù�L§. �d½Âü�48ê�:

u0 = 0, u1 = 6, u2 = 88, . . . , (un+1 = 4vn + 2− un);

v−1 = −1, v0 = 1, v1 = 23, v2 = 329, . . . , (vn+1 = 4un − vn).

�±�yéz� n ≥ 0, (un, vn−1)±9 (un, vn)ùü�ê|Ñ÷v�§

(u− v)2 = 2uv + 2u+ 1.

XJ x > y, Ké?¿ n ≥ 0, ·�kXe�ª

p = x2 + 2y2 = [(vn + 2)y − vnx]2 − [(un + 1)y − unx] · [(un+1 + 1)y − un+1x].

5¿�3 n = 0� unx = 0 < (un + 1)y, �du x > y, � nv
���½k

unx > (un + 1)y. u´�3����K�ê n, ¦� un+1x > (un+1 + 1)y. d�
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�

a = |(vn + 2)y − vnx|, b = (un + 1)y − unx, c = (un+1 + 1)y − un+1x.

K p = a2 + bc� a, b, c ≥ 0. 5¿� b < y <
√
p, ��� c <

√
p =�.

�d�Ä,���ª

p = x2+2y2 = [(un−vn−1)x−(un−vn−1−1)y]2+2·[(un+1)y−unx]·[(vn−1+1)x−vn−1y].

5¿� 2[(un + 1)y − unx] = 2b Ú (vn−1 + 1)x − vn−1y Ñ´��ê. ¿�d

(un + 1)y − unx > 0±9 x2 + 2y2 = p�±�Ñ

y >
un
√
p

2un − vn−1
, x <

(un + 1)
√
p

2un − vn−1
.

¤±

(vn−1 + 1)x− vn−1y <
un + vn−1 + 1

2un − vn−1
√
p <
√
p.

ÏdXJ 2b = (un + 1)y − unx <
√
p, Kþ¡��ª�Ñ
÷v^��L«.

,
XJ b = (un + 1)y− unx >
√
p

2
, Kd x2 + 2y2 = p±9 un+1 < 16unN

´y²

c = un+1x− (un+1 + 1)y <
√
p.

u´ÃØÛ«�¹·�Ñé�
÷v^�� a, b, c.

éu x < y��¹, y²´aq�. ·�^e¡ü��ª:

p = x2+2y2 = [(un+1+1)x−(un+1−1)y]2−[(vn+1)x−vny]·[(vn+1+1)x−vn+1y],

~X x2 +2y2 = (x+ y)2− y · (2x− y) = (7x− 5y)2− (2x− y)(24x− 23y). ±9

p = x2+2y2 = [(vn+1−un)y−(vn−un)x]2+2 · [(vn+1)x−vny]· [(un+1)y−unx],

~X x2 + 2y2 = (2y− x)2 + 2(2x− y)y = (18y− 17x)2 + 2(24x− 23y)(7y− 6x).

�ªI�y² (vn + 1)x− vny >
√
p,K vn+1y − (vn+1 + 1)x <

√
p. äN[!ù

pÑ�. �

µ5 dþ¡�y²�±wÑ x 6= y ù�b�´�©­��. ¯¢þ,

75 = 52 + 2× 52�Ø�3 a, b, c <
√
75¦� 75 = a2 + bc.
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