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How many ways can one fill a 3 × 3 square girl with nonnegative integers

such that no nonzero integer appears move that once in the same row or column

and the sum of the number in every row and column equals?

ù�¯K�,ØJ,��ÄT¯K�Ú�,�´��¹�k��¯.

·�k�Ñù�¯K�)�.

=)))���>^ (i, j)L«Ú�1 i11 j ���.3� (i, j)¥Wê p,P�

(i, j) = p.

�Ú�¤W�”��ê”� x,K 4 ≤ x ≤ 7.

(1)� x = 7�,� 3× 3Ú�¥T¹k r� 7 (1 ≤ r ≤ 3).

´� r 6= 2,ÄK,�Kü� 7¤3�1�� (ù
1�� 7�êÑ´ 0 ),�

e���,�UW 7,� r = 2gñ.¤±, r = 1, 3.

� r = 3�,� (1, i) = (2, j) = (3, k) = 7,K i, j, k´ 1,2,3���ü�,d�

k 3! = 6«�{.

� r = 1�,W 7k 9«�{, 7¤3�1�þ¹k 2� 0,k��W{.Ø¹

7�1�þk 1� 0Ú 2��"ê,Ù�"êk 3«�U: (1,6), (2,5),(3,4).éz

�«�/,ò 2��"êW\Ø¹ 7���1,k 2«�{,,�1��UWù

ü��"ê,k���{.d�k 9× 3× 2 = 54«�{.

(2)� x = 6�,� 3× 3Ú�¥T¹k s� 6,Óþ��, s = 1, 3.

� s = 3�,Ú�z1z�Ñ´ 6,1,0���ü�.1 11k 3! = 6«W{,

1 21k 2«W{,1 31k 1«W{,d�k 6× 2 = 12«�{.

� s = 1�,W 6k 9«�{, 6¤3�1�Ù§ 2�þ´ 0,1�ü�,�k

2«W{.�Ù{ 4��Wê� a, b, c, d,Ù¥ a¤3�1�ÑWk 1, d¤3�

?¾FÏ: 2019-09-29.

1 êÆ#(�

http://www.nsmath.cn/fyfzl


1�ÑWk 0,K a + b = a + c = 6, b + d = c + d = 7.

¤± (± a�Ì�), b = c = 6− a, d = a + 1.

¡ÞÁ��k 2«�U: a = 2, 4,d�k 9× 23 = 72«�{.

(3)� x = 5�,� 3× 3Ú�¥T¹k t� 5,Óþ��, t = 1, 3.

� t = 3�,Ú�z1z�Ñ´ 5,2,0���ü�,d�k 6× 2 = 12«�{.

� t = 1�,W 6k 9«�{, 6¤3�1�Ù§ 2�þ´ 0,2�ü�,�k

2«W{.�Ù{ 4��Wê� a, b, c, d,Ù¥ a¤3�1�ÑWk 2, d¤3�1

�ÑWk 0,K a + b = a + c = 5, b + d = c + d = 7.

¤± (± a�Ì�), b = c = 5− a, d = a + 2.

¡ÞÁ��k 1«�U: a = 1,d�k 9× 22 = 36«�{.

(4)� x = 4�,Kd 4�“��5”��,z1z�Tk�� 4.

1 11� 4k 3«W{,1 21� 4k 2«W{,1 31� 4k���{.¤

±,W 4k 3× 2 = 6«�{.

�1 11,ü�Wê� a, b,K a + b = 3,k 4«�U: (a, b) = (0, 3), (1, 2),

(2, 1), (3, 0).

�WÐ1 11�,Ù§�Wê��(½,d�k 6 × 4 = 24«�{.d\{

�n,�k 6 + 54 + 12 + 72 + 12 + 36 + 24 = 216«�{. �

¦+¯Ké{ü,�eí2����/,KC¤��(J�¯K.

=ííí222>�½��ê n, s,3 n× nÚ��z���W��g,ê,¦z1

z�vk�"êÑyõu 1g,�z1z��ê�ÚÑ� s,¯�kõ�ØÓ�

Wê�{?

ù´��Nþé��¯K,é��� n, s,�ØÓ�Wê�{«ê� q(n, s),

¦Ñ q(n, s)�L�ª´��(J�.

·��±�Ä§�A�{ü�A~.

=AAA~~~ 1>� s = 1, 2,K q(n, 1) = q(n, 2) = n!.

¢Sþ, s = 1, 2�,ò s©�pÉ��ê�Ú (�)��)�k���{,

lÚ�z1z�ÑTk�� s,Ù{êÑ� 0.

W1�1� sk n«�{,W1 21� sk n − 1«�{, · · · ,W���1

� sk���{,l q(n, s) = n!.

=AAA~~~ 2>� s = 3,K q(n, 3) =
n∑

k=0

[
Ck

nA
n−k
n (k!)2

k∑
j=0

(−1)j

j!

]
.

y² ©�¹?ØXe.
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� n = 1�,w,k q(1, 3) = 1,(Ø¤á.

e� n ≥ 2,5¿� 3 = 1 + 2,q�UÚ�¥¹kõ�� 3?1©a?Ø.�

n× nÚ�¥T¹k n− k� 3,K 0 ≤ k ≤ n.

´� k 6= 1,ÄK,�K n− 1� 3¤3�1�� (ù
1�� 3�êÑ´ 0),

�e���,�UW 3,�Ú��k n− 1� 3gñ.¤±, k = 0, 2, 3, · · · , n.

� k = 0�,Ú�z1z�Tk�� 3,�1 i1� 3 u� (i, ai) (1 ≤ i ≤

n),K a1, a2, · · · , an´ 1, 2, · · · , n���ü�,lk n!«W{.

� 2 ≤ k ≤ n�,Ú�k n− k�1� n− k��Tk�� 3.

� n− k� 3 u� (pi, qj) (1 ≤ i, j ≤ n− k),KÀ� p1, p2, · · · , pn−k ù


1k Ck
n«�{:À� q1, a2, · · · , qn−k ù
�,¿� p1, p2, · · · , pn−k ��§k Ak

n

«�{.

�K n− k� 3¤3�1�� (ÙWêÑ�(½:� 3�êÑ� 0),�e��

 u k1 k���¤�� k × kÚ�¥,PTÚ��Mk.

3Mk ¥Wê,z1z�ÑTk�� 1,�� 2Ú n − 2� 0.PÙ�{ê�

f(k),K

q(n, 3) = n! +
n∑

k=2

Ck
nA

n−k
n f(k).

e¡¦ f(k).�Mk ¥� k� 1 u� (i, ui) (1 ≤ i ≤ k),K u1, u2, · · · , uk

´ 1, 2, · · · , k���ü�,k k!«À{.

2�Mk¥� k� 2 u� (i, vi) (1 ≤ i ≤ k),K vi 6= ui,u´ v1, v2, · · · , vk
´ u1, u2, · · · , uk ���� ü�,k D(k) = k!

k∑
j=0

(−1)j

j!
«W{.¤±

f(k) = (k!)2
k∑

j=0

(−1)j

j!
.

�

q(n, 3) = n! +
n∑

k=2

[
Ck

nA
n−k
n (k!)2

k∑
j=0

(−1)j

j!

]
.

5¿� f(k) = (k!)2
k∑

j=0

(−1)j

j!
÷v: f(0) = 1, f(1) = 0,lþª�Ü¿�

q(n, 3) =
n∑

k=0

[
Ck

nA
n−k
n (k!)2

k∑
j=0

(−1)j

j!

]
. �

Ó���,

q(n, 4) =
n∑

k=0

[
Ck

nA
n−k
n (k!)2

k∑
j=0

(−1)j

j!

]
.

3 êÆ#(�



� s ≥ 5�,¦ q(n, s)�L�ªk����JÝ,=¦´¦ s = 5�A~:

q(n, 5),�Ø{ü.

¢Sþ,Ï� 5 = 1 + 4 = 2 + 3,Ú�¥@
vk 5�1�¥,�UeZ1�

¤¹�"ê´ 1,4,,eZ1�¤¹�"ê´ 2,3.b½ p�1�¹ 5, q�1�¹

1,4, r�1�¹ 2,3,?Ø��E,.d�,U?�{w�c��!

XJ�Ä¯K�,��A~:� s = n(n+1)
2

,K��¯K��«CÉ.

=CCCÉÉÉ 1> ò 1, 2, · · · , n W\ n × n Ú��z���, ¦z1z�Ñ´

1, 2, · · · , n���ü�,kõ��{?

T¯K�ù�J�´¼).XJØÛ�u��/Ú�,K��¯K�,�«

CÉ/ª,·�¡��m−�� ü�.

kòÙ��� ü�^ 2× nÚ�5£ã:ò a1, a2, · · · , anW\ 1× nÚ�,

z�����ê.,�3Ú�e�O\�1C¤ 2 × nÚ�,2ò a1, a2, · · · , an
W\O\�1¥,¦ 2× nÚ�z��êpÉ,·�¡O\1�Wê�1�1W

ê�� ü�.

dd,�ò� ü�í2����/.

=CCCÉÉÉ 2>ò a1, a2, · · · , an W\ m × nÚ�,z�����ê.Ù¥z�

1Ñ´ a1, a2, · · · , an���ü�,�z��êpÉ.,�3Ú�e�O\�1C

¤ (m + 1)× nÚ�,2ò a1, a2, · · · , anW\O\�1¥,¦ (m + 1)× nÚ�z

��êpÉ,·�¡O\1�Wê�c¡ m1Wê�� ü�,{¡ m−��

 ü�.

w,, 1−�� ü�,Ò´Ï~�� ü�.

é?Û 1 ≤ m ≤ n− 1,Pm−�� ü���ê� D(m,n),KÙ�

D(1, n) = n!
n∑

k=0

(−1)k

k!
.

y3�¯K´,é 2 ≤ m ≤ n− 1,UÄ¦Ñ D(m,n)�L�ª?

=¦´m = 2��/,q��k���JÝ,ga�£k�,åØU9,Aò

Ù�Ñ5,Ï"kÖöU�Ñ�Y.
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