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K 1 �¢ê a1, a2, · · · , a40÷v a1 + a2 + · · · + a40 = 0,�é 1 ≤ i ≤ 40,

þk |ai − ai+1| ≤ 1,ùp a41 = a1.P a = a10, b = a20, c = a30, d = a40.

(1)¦ a+ b+ c+ d����;

(2)¦ ab+ cd����.

) (1)du ai+1 ≤ ai + 1, ai+1 ≥ ai − 1,�
�B, - ai+40 = ai,k

a1 + · · ·+ a40 = (a5 + a6 + · · ·+ a14) + (a15 + a16 + · · ·+ a24)+

(a25 + a26 + · · ·+ a34) + (a35 + a36 + · · ·+ a4)

≥ (10a− 5− 4− 3− 2− 1) + (10b− 25) + 10c− 25 + 10d− 25

= 10(a+ b+ c+ d)− 100.

Ïd a+ b+ c+ d ≤ 10.�

a1 = 1. 5, a2 = 0. 5, a3 = −0. 5, a4 = −1. 5, a5 = −2. 5, a6 = −1. 5,

a7 = −0. 5, a8 = 0. 5, a9 = 1. 5, a10 = 2. 5, ai+10 = ai

���.

(2)du

a1 + · · ·+ a40 ≥ a− 15 + a− 14 + · · · a+ a− 1 + · · ·+ a− 4+

b− 5 + b− 4 + · · ·+ b+ b− 1 + · · ·+ b− 14

= (a+ b)× 20− 250.

?¾FÏ: 2019-12-22.
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Ïd a+ b ≤ 25
2

.

�¤k a1 ∼ a40���ê�� a+ b ≥ −25
2
.

Ón |c+ d| ≤ 25
2
.

e a, bØÓÒ,k

ab+ cd ≤ (c+ d)2

4
≤ 625

16
<

425

8
.

c, dØÓÒ��¹Ón;

e a, b, c, dþ�K,k

ab+ cd ≤ (a+ b)2 + (c+ d)2

4
≤ (a+ b+ c+ d)2

4
≤ 25 <

425

8
;

e a, b ≥ 0, c, d ≤ 0,�

|a+ b| = m, |c+ d| = n,

Ù¥m, n ≤ 25
2
.d

(a− d) + (b− c) ≤ 10 + 10 = 20

�m+ n ≤ 20.Pm+ n = k,Ø��m ≥ k
2
, m ≤ k,

ab+ cd ≤ m2 + n2

4
=
m2 + (k −m)2

4
,

±mÌ��g¼ê3m ≥ k
2
�üNO.

� k ≤ 25
2
�,

ab+ cd ≤ k2

4
=

625

16
<

425

8
.

� k > 25
2
�,

ab+ cd ≤
(25
2

)
2

+ (k − 25
2

)
2

4
≤

(25
2

)
2

+ (15
2

)
2

4
=

425

8
.

�

a = b =
25

4
, c = d =

−15

4
, ab+ cd =

425

8
,

a1 = a− 9, a2 = a− 8, · · · , a9 = a− 1,

a11 = a− 1, a12 = a− 2, · · · , a15 = a− 5,

a16 = b− 4, a17 = b− 3, · · · , a19 = b− 1,

a21 = b− 1, a22 = b− 2, · · · , a35 = b− 15,

a36 = a− 14, a37 = a− 13, · · · , a40 = a− 10
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K 2 Xã¤«,3 4ABC ¥, AB > AC, ∠BAC �²©�� BC �u:

D.: P ´�ã DAò��þ�:, PQ�4ABD�	����u: Q ( Q, B

3��ADÓý), PR�4ACD�	����u:R (R, C3��ADÓý).

�ã BR, CQ�u: K.L: K � BC �²1�,©O� QD, AD, RD��

u: E, L, F.y²: EL = FK.

y² � ∆ABC 	�� �O, �AD� �O u M, � �ADB � �O1, �»

� r1, �ADC � �O2, �»� r2. ò� MB, PQ �u X, PR, MC �u Y

(e PQ � MB, K X Ø�3, - ∠PXM = 0◦, ∠XQB = 90◦ = ∠XBQ ; e

PR �MC,K Y Ø�3,- ∠PYM = 0◦, ∠Y RC = 90◦ = ∠Y CR ).

(1) ·�ky² BCRQ��.d

∠BQR + ∠BCR = 360◦ − ∠PQR− ∠XQB − ∠BCM − ∠Y CR

= 360◦ − (360◦ − ∠QPR
2

− ∠BMC

2
− ∠PYM

2
− ∠PXM

2
)

= 180◦.

� BCRQ��.k RK
KQ

= RC
QB
.

(2) ·�2y² EL
LF

= FK
KE

.d�u½n:

EL =
DL sin∠EDL

sin∠LED
, LF =

DL sin∠FDL
sin∠LFD

.

d EF �BC,

sin∠LED = sin∠QDB =
QB

2r1
, sin∠LFD =

RC

2r2
.


sin∠QDA
sin∠RDA

=
PQ sin∠PQD

PD
× PD

PR sin∠PRD
=

sin∠QBD
sin∠RCD

,
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�
EL

LF
=

sin∠LFD
sin∠LED

× sin∠EDL
sin∠FDL

=
RC

QB
× r1
r2
× sin∠QBD

sin∠RCD
.


FK

KE
=

sin∠BRD ×RK
sin∠CQD ×KQ

× sin∠QDB
sin∠RDC

=
RC

QB
× BD

RB
× QC

CD
,

d ∠BAD = ∠CADk
BD

DC
=
AB

AC
=
r1
r2
.

du BCRQ��,Ïd

QC

RB
=

sin∠QBD
sin∠RCD

.

�
FK

KE
=
RC

QB
× r1
r2
× sin∠QBD

sin∠RCD
.

��
EL

LF
=
FK

KE
.

�
LF

EL
=
KE

FK
,
LF + EL

EL
=
KE + FK

FK
.

Ïd EL = FK.y.. �

K 3 � S ´�� 35�8Ü, F ´d�
 S �g��N��¤�8Ü.éu

��ê k,¡ F äk5� P (k),XJéu?¿ x, y ∈ S,Ñ�3 F ¥� k�N�

f1, f2, · · · , fk (�±�Ó),¦� fk(· · · (f2(f1(x))) · · · ) = fk(· · · (f2(f1(y))) · · · ).

¦����êm,¦�¤käk5� P (2019)� F Ñäk5� P (m).

) m ���� 595,ndXe.

(1)ky²m ≤ 595.

em > 595,�m ���� t,K7�3 x, y, x 6= y,¦�é¤k f1 · · · fk ∈

F,÷v fk (fk−1 (· · · (f1 (x))) · · · ) = fk (fk−1 (· · · (f1 (y))) · · · )� k þk k ≥ t (d

u F ÷v P (2019) ¤±�3 f1, · · · , fk ).

éuz�� fi,½Â gi:é¤k

fi(a) = b, gi(a) = b, fi(c) = d, gi(c) = d.

b 6= d�, gi(a, c) = (b, d), b = d�, gi(a, c) = b (d��ê|�ØO^S���

8,�
�B�¤ê|�/ª). Ïd7½�3 x, y, x 6= y, (x, y)3 F ¥N�
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�� kg��C���êi�ê|.du k ≥ 596, C2
35 = 595, (x, y)N�

0g� k − 1g��þ�ê|,ÄK� k ���gñ.P g0(x, y) = (x, y),7�

3 i, j, i 6= j,÷v

gi(· · · (g1(x, y)) · · · ) = gj(· · · (gi(· · · (g1(x, y)) · · · ))).

d��Ø gi ∼ gj−1��, gk(· · · (gj(gi−1(· · · (x, y) · · · ))))���ê,�u k g

N�,gñ.Ïdm ≤ 595.

(2)2y²m ≥ 595.Ø�- S = {1, 2, · · · , 35},� F = {fA, fB} ,Ù¥

fA(x) = x+ 1(mod35), fB(x) ≡

x2 x 6= 1

x = 1

(mod35)

(mod35)
(=fA(35) = 1).

d�ky² F ÷v P (2019) :é?¿ x, y,X(1)�½Â gA, gB,3 fA ¥ö��

õ 34g�¦ (x, y)¥k��C� 1,�� (1, n). n = 1�®÷v, n 6= 1�,K

gB(1, n) = (2, n).

- gC = gB ◦ g(34)A ,K

g
(n−2)
C (gB(1, n)) = g

(n−2)
C (2, n) = g

(n−3)
C (2, n− 1) = · · · = gC(2, 3) = 2.

�Oö�
�õ 34 + 35× (n− 2) + 1 ≤ 352 < 2019g.Ïd F ÷v P (2019).

ey F Ø÷v P (594) .� (2, 19),Ké?¿ x 6= y,-

h(x, y) ≡ ±(x− y)(mod35),

h(x, y) � |x− y| , 35 − |x− y| ¥�����, K h(2, 19) = 17. �Ä�k

gB(1, 2) = 2´����ê|→ê��{, h(1, 2) = 1,

Ø�Äg�N��, x 6= y, x 6= 1, y 6= 1�UN�� (x+ 1, y+ 1) (� 35¿

Âe,e©þ3� 35¿Âe).

Ø��l (2, 19)� 2��I P gN�,Kz�gN��¤��ê|pØ�

Ó,± (1, 2)�í:

(I) x 6= y, x 6= 2, y 6= 2� (x, y)�Ud (x− 1, y − 1)N�� (x, y) .

(II) y 6= 1, x = 2 ��±l (1, y) → (x, y)(B) ½l (1, y − 1) →

(2, y)(A). y = 1, x = 2���±l (35, 1)→ (1, 2) ( AN�).

Ïdk (1, 2)← (35, 1)← · · · ← (3, 4)← (2, 3).d�¤k x 6= y, h(x, y) =

1�ê|þÑyL
(2, 3)�(II)�¹,� (1, 2)→ (2, 3)(A)½ (1, 3)→ (2, 3)(B),

 (1, 2) ÑyL
, dzgN��¤�ê|pØ�Ók (2, 3) ← (1, 3) ←

(35, 2), BN� (1, 35)→ (2, 35), h(1, 35) = 1®Ñy.� (35, 2)← (34, 1)←

· · · ← (2, 4), �d�¤k x 6= y, h(x, y) = 2 ê|®Ñy, éu¤k� i =
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2, 3, · · · 16,e h(x, y) = i�(x, y)þ®ÑyL,��í�
 (2, (36 − i))ù�

ê,K (2, (36− i))ed (1, 36− i)íÑ,K h(1, 36− i) = i®Ñy,gñ.Ïd

(2, (36− i))d (1, 35− i)íÑ.

e®�í� (2, 2 + i),Ke (1, 1 + i) → (2, 2 + i), h(1, 1 + i) = i®Ñy,

gñ.Ïd (2, 2 + i)d (1, 2 + i)íÑ,�

2← (1, 2)← (35, 1)← · · · ← (2, 3)← (1, 3)← (35, 2)← (34, 1)← · · · ← (2, 4)

← (1, 4)← · · · ← (34, 2)← (33, 1)← · · · ← (1, 5)← · · · ← (2, 18)

← (1, 18)← · · · ← (2, 20)← (1, 19)← · · · ← (19, 2)

�^
 17× 35 = 595gN�.Ïd F Ø÷v P (594).

y.. �

K 4 ¦��¢ê c,¦�eã(Øéu¤k�ê n ≥ 3¤á:�A1, A2, · · · ,

An´�±þ� n^l (z^lÑ�¹g��à:),XJ�3�� 1
2
C3

n�n�|

(i, j, k),÷v 1 ≤ i < j ≤ n,� Ai ∩Aj ∩Ak 6= ∅,K�3 I ∈ {1, 2, · · · , n},÷

v |I| > cn,�
⋂
i∈I
Ai 6= ∅.

) c =
√
6
6
,ndXe:

(1) ky c =
√
6
6
�·K¤á.

éu¤k �þ�à:,e�3ü�à:Ü,K�±£ÄÙ¥���~á

�ål,¦�Ù¤3l��C��::ØK�?Û�'X(=�´Ä��8Ø

¬UC).

�à:� a1, a2, · · · , a2n.�3z��à:?k xi �l�¹
 ai.3z�

à:?P¹¤kn�|,Ù¥�ãl±Tà:�à:,,	üãl�¹Tà:,

¦����,K¦Ú�� T =
2n∑
i=1

C2
xi−1
�.

,��¡,z�n�|,��¦����,¦�����ãl(®�à:Ø

).ù��ãl� 2 �à:þP¹
ù�n�|��g.d�z�n�|�O

�� 2 g.� T ≥ 2× 1
2
C3

n,=
2n∑
i=1

C2
xi−1
≥ n(n− 1)(n− 2)

3× 2
.

Ø�� x1 = max {x1, · · · , x2n},k 2n× C2
x1−1
≥ n(n−1)(n−2)

3×2 . �

(x1 − 1) (x1−2) ≥ (n− 1)(n− 2)

6
>

(n−
√

6)(n− 2
√

6)

6
= (

√
6

6
n−1)(

√
6

6
n−2).

Ïd x1 >
√
6
6
n.� C =

√
6
6
���¹ x1�¤kl=�.
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ey C ≤
√
6
6
.

�¿©�� n,ò�±©� nã�l,Ai�1 iã�l�1 i+
[√

6
6
n+ 50

]
ã

�l�¿(1 iã�l =1 n+ iã�l),K�� i < j < k, i− k ≤
[√

6
6
n+ 50

]
� Ai

⋂
Aj

⋂
Ak 6= ∅ù�� (i, j, k)�k��

k − i = 2�, n|,

k − i = 3�, 2n|,
...

k − i =
[√

6
6
n+ 50

]
� ,

[√
6
6
n+ 49

]
n|.

��k

n×

[√
6
6
n+ 49

] [√
6
6
n+ 50

]
2

>
n3

2× 6
>

1

2
× C3

n

|,éuz���±þ�:,�¹Ù��lê�õk[√
6

6
n+ 50

]
+ 1 <

√
6

6
n+ 100

�,= m ≤
√
6
6
n + 100.� m

n
≤
√
6
6

+ 100
n
, n → ∞�,ke c >

√
6
6
, c =

√
6
6

+

ε,
√
6
6

+ ε < m
n
≤
√
6
6

+ 100
n
,gñ.

Ïd c����
√
6
6

. �

K 5 ê� {an}n≥1 ½ÂXe: a1 ´�u 1��ê,é n ≥ 1, an+1 = an +

P (an),Ù¥ P (an)L« an����Ïf.y²:ê� {an}n≥1¥k��²�ê.

y² eÄ,- bn = an
p(an)

.

(1) 7�3 n¦� p(an) | bn.eÄ,�

p(an)× bn, p(an+1)× bn+1, · · · , p(al)× bl,

l�' n��1��¦� p(al)� p(an)ØÓ�ê.

e bl ≥ bn,� bl = p(an)× t.k

bn ≤ p(an)× t < p(al)× t.

Ïd n ∼ l − 1¥k�� n′÷v p(an) | bn′ , p(an′) = p(an),gñ.

(2)- cn = bn
p(an)

,�¤k {cn}��¥���,Ø��� ci,� p(ai) = p, ai =

p2ci,�Ä' i ��1�� j ÷v p(aj) 6= p,�� q,=

p2ci → · · · → pq

(
bj
p

)
(I)e

bj
p
> ci,K pqci��3 aiaj �m����Ïf ≥ q,gñ.
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(II)e
bj
p
< ci,e p

(
bj
p

)
∼ pci¥Ã > q�Ïf,k

p2ci → · · · → pq

(
bj
p

)
= q × bj → · · · → qpci → · · · → q2

(
bj
p

)
bj
p
< ci,� ci ��5gñ.Ïd p

(
bj
p

)
∼ pci ¥�3' q��Ïf.�1��Ñ

y�¹�u q�Ïf�� p1t1q.

(III) pq
(

bj
p

)
→ · · · → qp1t1, t1 < c1,X(I)� t1 ≤ bj

p
.e qt1 ∼ q

bj
p
¥Ã'

p1 ��Ïf,Ó(II)gñ.� qt1 ∼ q
bj
p
¥1��Ñy�¹�u p1 �Ïf���

p2t2,�k t1 <
bj
p
.Ïdk qp1t1 = p1(qt) → · · · → p1p2t2,X(III)� t2 < t1,Ó�

é� p1t2 ∼ p1t1¥1��Ñy�¹�u p2�Ïfê p3t3.ù���ée��é

� t1, t2, t3, · · · ,d��ê�¤�4~ê�,gñ.�
bj
p

= ci�

p2ci → · · · → pqci = q(pci)→ · · · → qqci.

é q2ciÓ�ö�,Ø�P

q2ci →· · · → qq1ci → · · · → q21ci

q21ci →· · · → q1q2ci → · · · → q22ci

· · ·

é���Ïf u¦� (u, ci) = 1� u > qci.� u ∈ (qkci, qk+1ci),�´

q2kci → · · · → qkqk+1ci

¥k��� qku. u > qk,Ïd u = qk+1.K

qkqk+1 = qkqk+1ci, ci = 1,

� {an}¥Ã²�êgñ.

nþ,·Ky.. �

K 6. ´Ä�3�¢ê a0, a1, · · · , a19Ó�÷v±eü�^�º�y²\

�(Ø.

(I) õ�ª P (x) = x20 + a19x
19 + · · ·+ a1x+ a0Ã¢�.

(II) é?¿�ê 0 ≤ i < j ≤ 19,�� P (x)� xiÚ xj �Xê¤��õ�ª

þk¢�.

) �3,ndXe:� b18 > b16 > · · · > b2 > b0 > b1 > · · · > b17 > b19.-

h(x) =
b19
x

+
b18
x2

+ · · ·+ b1
x19

+
b0
x20

� x ≤ −1�,¦��� x4�� h′(x) < 0, x→ −∞� h(x) < 0.Ïd x ≤ −1
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� h(x)k���,�3 x = x0?��,k h(x0) < 0.-

hi, j(x) =h(x) +
bi

x20 − j
+

bj
x20 − i

− bi
x20 − i

− bj
x20 − j

=h(x)− (bi − bj)(xi − xj)
(x20 − i)(x20 − j)

.

éu x ≤ −1��¹,� i�ó, j �Û� bi > bj, x
i > xj.

i, j þ�Û� i > j �, bi < bj, x
i < xj.

i, j þ�ó� i > j �, bi > bj, x
i > xj.

Ïd?� x ≤ −1,é?¿ i, j ∈ {0, 1, 2, · · · , 19} , i 6= j,k hi, j(x) < h(x).

- c = max {hi, j(x0)} ,K c < h(x0).� a20 = h(x0)−ε÷v h(x0)−ε > c, a20 <

0, ε > 0.-

at = − bt
a20

, t ∈ {0, 1, · · · , 19} ,

K at > 0.d�

p(x) = −x
20

a20
(
a19
x

+
a18
x2

+ · · ·+ a0
x20
− a20).

ey p(x)÷v^�.

x ≤ −1�,

p(x) ≥ x20

−a20
(h(x0)− h(x0) + ε) > 0.

x ∈ (−1, 0)�,

p(x) ≥(a18x
18 + a19x

19) + · · ·+ (a0 + a1x)

>(a18x
18 + a19x

19) + · · ·+ (a0 + a0x)

>0.

x > 0�, p(x) > 0.

Ïd p(x)Ã�.�� ai, aj ��,�\ x = x0,k

x20 + x20 × (
−1

a20
)× hi, j(x0) ≤ x20 × (−1)

a20
× (−a20 + c) < 0.

 x > 0�õ�ªÃþ.,¤±���õ�ª7k�,y.� �
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