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´Ä�3�¢ê a0, a1, · · · , a19 Ó�÷v±eü�^�º�y²\�(

Ø.

(I) õ�ª P (x) = x20 + a19x
19 + · · ·+ a1x+ a0Ã¢�.

(II) é?¿�ê 0 ≤ i < j ≤ 19,�� P (x)� xiÚ xj �Xê¤��õ�ª

þk¢�.

e¡ò�Ñ�K�ü�)�.

){ 1 �¢ê a0, a1, · · · , a19¦�

0 < a19 < a17 < · · · < a1 < a0 < a2 < · · · < a18. (1)

-

F (x) = a19x
19 + a18x

18 + · · ·+ a1x+ a0,

Q(x) = a0x
20 + a1x

19 + · · ·+ a19x = F

(
1

x

)
x20.

du F (x)´ 19gõ�ª,��3¢ê k,¦�� x < k�,

F (x) = a19x
19 + a18x

18 + · · ·+ a1x+ a0 < 0. (2)

d (1)�,é?¿ x ≥ −1,k

F (x) =
9∑

k=0

(a2kx
2k + a2k+1x

2k+1) ≥ 0. (3)

d (2), (3)�Q(x) < 0�)8�½�¹34«m [−1, 0]S,5¿�Q(x)´

õ�ª¼ê9 [−1, 0]´4«m,K Q(x)3 [−1, 0]þk��� λ.� Q(t) = λ,
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(Ü (2)� λ < 0.d Q(0) = 0 > λ9 Q(−1) > 0 > λ,� t ∈ (−1, 0).

P ξ = 1
t
,K ξ < −1� F (ξ) = λ

t20
.

� P0(x) = x20 − 1
λ
F (x).d λ�½Â� λ ≤ Q(α) = F (α)

α20 ,¤±

α20 − 1

λ
F (α) ≥ 0,

= P0(α) ≥ 0ð¤á.

é?¿ 0 ≤ i < j ≤ 19,�� P0(x)� xi Ú xj ��Xê,�� Hij(x),Ù¥

Hij(ξ) = (aj − ai)(ξi − ξj).

e¡é i, j �Ûó5,©o«�¹?1?Ø:

(1)e i´Ûê, j ´óê,K aj − ai > 0, ξi − ξj < 0,u´ Hij(ξ) < 0;

(2)e i´óê, j ´Ûê,K aj − ai < 0, ξi − ξj > 0,u´ Hij(ξ) < 0;

(3)e i´Ûê, j ´Ûê,K aj − ai < 0, ξi − ξj > 0,u´ Hij(ξ) < 0;

(4)e i´óê, j ´óê,K aj − ai > 0, ξi − ξj < 0,u´ Hij(ξ) < 0.

�é?¿ 0 ≤ i < j ≤ 19,k Hij(ξ) < 0.

� ε > 0,¦�é?¿ 0 ≤ i < j ≤ 19,k

λε(Hij(ξ)− ξ20) +Hij(ξ) < 0

� 1
λ
+ ε < 0.

d Hij(ξ) < 09 1
λ
< 0� ε�3.

- P (x) = x20− ( 1
λ
+ ε)F (x).d λ�½Â�, F (α)

α20 = Q
(
1
α

)
≥ λ > 1

1
λ
+ε

(Ï�

1
λ
+ ε < 0� 1

λ
< 0, ε > 0),¤± α20 −

(
1
λ
+ ε
)
F (α) > 0ð¤á.

b��� P (x)¥ xi, xj �Xê�� Rij(x),K

Rij(ξ) =
1
λ
+ ε
1
λ

(
Hij(ξ)− ξ20

)
+ ξ20 = −λεξ20 +Hij(ξ) + λεHij(ξ) < 0.

Ï� Rij(x)´ 20 gõ�ª,K Rij(x)k¢�.

��`² P (x)�z�Xêþ´�ê,ù´Ï� F (x)�z�Xêþ��ê

� −
(
1
λ
+ ε
)
��ê.

nþ��, P (x)÷v^�. �

µ5 ù´��¹�(J�¯K,þÃJÝ¿Ø´é�,�±ÏL}Á��

i, j �Xê���õ�ª?1'�B�±����Xê���'X.e�Úö

�´)K'�,I�^�«Ä���{�g�¯K,ò�õ�ª©¤ü�õ�

ª x20Ú a19x
19 + · · · + a0, ,�ò P (x)ð�=z�ÏLUC λx20¥� λ5¦

ùü�õ�ª�ã�l�lÅì$Ä���.3���@������õ�ª
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P ′(x)®÷v�� i, j �Xêk���¦,� P ′(x)ðØ�u0.���IéXê

?1�N¦ P (x)Ã)=�.

){ 2 ��ê N > 600.P

f(x) =x20 +
9∑
i=0

(N + i)x2i, g(x) =
9∑
i=0

(
√
N + 9− i)x2i+1.

w,,� x → 0+ ½ x → +∞� f(x)
g(x)
→ +∞,��3¢ê 0 < a < b,¦��

0 < x < a�,k f(x)
g(x)

> f(
√
N)

g(
√
N)
,� x > b�,k f(x)

g(x)
> f(

√
N)

g(
√
N)
.

5¿� f(x)
g(x)
´½Â3 [a, b]þ�ëY¼ê,��3��� t.Ø�� f(u)

g(u)
= t,

Ké x ∈ (0, +∞), f(x)
g(x)
≥ t.d f(x)

g(x)
ð�,� t > 0.K

t ≤ f(
√
N)

g(
√
N)
≤ (N + 9)N9 +N10 + (N + 8)N8 · 9

N10
≤ 2 +

100

N
< 3.

e u ≤ 1,K

f(u)

g(u)
≥ N

(
√
N + 9) · 10

>
N

2
√
N · 10

=

√
N

20
> 3 > t.

gñ.� u > 1.

ey: h(x) = f(x) + tg(x) + εÎÜ�¦ (Ù¥ 0 < ε < min{1, u2 − 1, u −

1, (u− 1)t}).

P

h(x) = x20 + a19x
19 + · · ·+ a1x+ a0.

w,z� ai(0 ≤ i ≤ 19)þ�u 0.

k`² h(x)Ã¢�.�Iy²é?¿¢ê x, h(x) > 0=�.

� x ≥ 0�,w,¤á.

� x < 0 �, d t �½Â� f(−x)
g(−x) ≥ t, ¤± f(−x) ≥ g(−x)t. q f(−x) =

f(x), g(−x) = −g(x),K

h(x) = f(x) + tg(x) + ε = f(−x)− tg(−x) + ε ≥ ε > 0.

2`²�� ai� aj ����� h(x)þk¢�.du h(x)Ä�� 1,��I

y h(−u) < 0.

h(−u)− h(−u) =ai(−u)i + aj(−u)j − ai(−u)j − aj(−u)i

=(ai − aj)
[
(−u)i − (−u)j

]
.

�

h(−u) = ε− (ai − aj)
[
(−u)i − (−u)j

]
.
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e¡?Ø i, j �Ûó55(½ h(−u)�ÎÒ.

(1)e i, j �Û�ó.

Ø�� i�Ûê, j �óê,K

h(−u) =ε− (aj − ai)
[
ui + uj

]
≤ε− 2

(
N − t(

√
N + 9)

)
<ε− 2

(
N − 3(

√
N +

√
N)
)

=ε− 2(
√
N − 6)

√
N

<ε− 2
√
N < 0.

(2)e i, j ÓÛó,� i− j 6= 0, i · j 6= 0.

Ø�� i > j,K

ai−aj =

i− j, (i, j �óê)

t(j − i), (i, j �Ûê)

, (−u)i−(−u)j =

u
i − uj, (i, j �óê)

−ui + uj, (i, j �Ûê)

.

¤±

h(−u) =ε− (i− j)(ui − uj)
(
½ ε− t(i− j)(ui − uj)

)
≤ε− (u− 1)

(
½ ε− t(u− 1)

)
< 0.

(3)e i, j Ó�óê� i · j = 0.

Ø�� j = 0,K

ai − aj = i− j − ε = i− ε, (−u)i − (−u)j = ui − 1.

¤±

h(−u) =ε− (ui − 1)(i− ε)

≤ε− (u2 − 1) < 0.

nþ��, h(−u) < 0.=�¯K�y. �

µ5 Äk� f(x)�/ª� (x− u)2g(x) + εÙ¥ g(x)ð�.e� ε¿©�,

ÏL{ü©Û�±����'u f(x)Xê�5�9 u� 1�'X���¿©

^�.e u > 1,K f(x)��Ä��óg�Xê[�'Ûg�Xê�.ÏdéN

´��òÛó©l?1©Û.3�E�L§¥,uyÓÛóg�Xê�m���

'XJ±÷v.Ïd3�E�,�Ñóg�Xê���9Ûg�Xê�'~'

X.2ÏL f(x)ð�ù�^�(½óg�Xê�Ûg�Ûê�m�',B��
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