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�ÁK, ¯K#L�`ä. Ù¥, K 1,2,4 ´{üK, K 3,5,6 ´¥�JÝ, c 5 K
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I. ÁÁÁ KKK

1. ��¢ê a, b, c÷v(√
ab− 1

)(√
bc− 1

)(√
ca− 1

)
= 1,

K8�ê

a− b

c
, a− c

b
, b− c

a
, b− a

c
, c− a

b
, c− b

a

¥�õkA�ê�u 1?

2. é��êm,^ d (m)L«m���ê�ê.�½Ûê k,y²: �3��

î�4O���ê��ê� a1, a2, · · · , a2019,¦� k� d (a1) d (a2) · · · d (a2019)

p�.

3. �	pk 2019 ¶Æ),z¶Æ)\\
��½õ��ì,z��ìTk

12 ¶�ìZÜ.�+Æ)U
mÐ,��ì�¹Ä,��=�ù
Æ)Ñ5g

T�ì,�ù��ì�ZÜÑ3ù
Æ)¥.

y®�é?¿�+�� 12 <�Æ),¦�TUmÐ�����ì�¹Ä,

?¾FÏ: 2020-01-10.
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ù´Ä�U? XJ�U,¦Tk 27 <\\��ì�¤k�Uê8.

4. 3 4ABC ¥, AB = AC. M ��l AC þ�:, BM � AC ��u:

E, ∠BMC �²©�� BC ��u: F.e ∠AFB = ∠CFE,y²:4ABC ´

�>n�/.

5. �¼ê f : {1, 2 · · · 2019} → {−1, 1}÷vé?¿ 1 ≤ k ≤ 2019,Ñ�3

1 ≤ l ≤ 2019¦� ∑
i:(i−k)(l−i)≥0

f (i) ≤ 0.

¦
2019∑
i=1

f (i)����.

6. éu�ê n ≥ 3,�ê a¡� n−Ð�,e�3��ê d,¦�

n | ad − 1, n - ad−1 + ad−2 + · · ·+ 1.

� f (n)´8Ü {a | 0 < a < n, (a, n) = 1, � aØ´ n −Ð�}����ê.¦

f (n) (n ≥ 3)����,¿¦Ñ¤k n (≥ 3)¦� f (n)��T���.

///. )))������µµµ555

1. ��¢ê a, b, c÷v(√
ab− 1

)(√
bc− 1

)(√
ca− 1

)
= 1,

K8�ê

a− b

c
, a− c

b
, b− c

a
, b− a

c
, c− a

b
, c− b

a

¥�õkA�ê�u 1?

) �õ 4 �ê�u 1.
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��¡,- a = b = 5
4
, c = 36

5
÷v^�,¤`8�ê�g�

155

144
, −451

100
, −451

100
,
155

144
,
31

5
,
31

5
,

Ù¥k 4�ê�u 1.

,��¡,b�¤`�ê¥��Ê��u1,K a, b, c > 1,5¿�

√
ab− 1 ≥

√
(a− 1) (b− 1),

√
bc− 1 ≥

√
(b− 1) (c− 1),

√
ca− 1 ≥

√
(c− 1) (a− 1).

�¦� (√
ab− 1

)(√
bc− 1

)(√
ca− 1

)
≥ (a− 1) (b− 1) (c− 1) . (1)

Ø�� a− b
c
, b− c

a
, c− a

b
Ñ�u 1,K

a− 1 >
b

c
, b− 1 >

c

a
, c− 1 >

a

b
.

�¦�

(a− 1) (b− 1) (c− 1) > 1, (2)

(1) � (2) gñ!Ïd�õ 4 �ê�u 1. �

µ5 - a = b�\^�±Ïé~f,é Aczel Ø�ªÙG�{N´�Ñ (1)

ª,�(Ø�'éK���±þy².�K�±^©a?Ø5�.

2. é��êm,^ d (m)L«m���ê�ê.�½Ûê k,y²: �3��

î�4O���ê��ê� a1, a2, · · · , a2019,¦� k� d (a1) d (a2) · · · d (a2019)

p�.

y{ 1 P d = 2019!.ky² 2019 �ê 1 + d, 1 + 2d, · · · , 1 + 2019düü

p�.

b��3�ê p±9 1 ≤ i < j ≤ 2019¦� p | 1 + id, p | 1 + jd, K p� d

p�,� p | (1 + jd) − (1 + id) = (j − i) d,� p | j − i.� 0 < j − i ≤ 2019,�

(j − i) | d,�� p | d,gñ! Ïd, 1 + id (1 ≤ i ≤ 2019)üüp�.

� k��N�Ïf� q1, q2, · · · , qt,é?¿�ê

p | (1 + d) (1 + 2d) · · · (1 + 2019d) ,

dþã,�3��� 1 ≤ i ≤ 2019¦ p | 1 + id,� p3 1 + id¥��g� ep. Ï
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� k´Ûê,� qs ≥ 3,l�3�ê hp, s,¦�

1 + hp, s 6≡ 0 (modqs) , 1 + hp, s + ep 6≡ 0 (modqs) (1 ≤ s ≤ t).

Ï� q1, q2, · · · , qtüüp�,�d¥I�{½n,�3��ê hp÷v

hp ≡ hp, s (modqs) (1 ≤ s ≤ t) .

-

A =
∏

�êp|(1+d)···(1+2019d)

php , ai = A (1 + id) (1 ≤ i ≤ 2019) ,

Ké?¿ ai (1 ≤ i ≤ 2019),

d (ai) =
∏
�êp|ai

(1 + vp (ai)) (vp (m) L«m¥�ê p��g).

e p - 1 + id,K vp (ai) = vp (A) = hp, 1 + hp� qs (1 ≤ s ≤ t)p�.

e p | 1+ id,K vp (ai) = vp (A)+ep = hp+ep, 1+hp+ep� qs (1 ≤ s ≤ t)

p�.

Ïd d (ai)� kp�, a1, a2, · · · , a2019÷v�¦. �

y{ 2 ·�y²�r�(Ø:

�3��î�4O���ê��ê� a1, a2, · · · , a2019,¦�

d (a1) d (a2) · · · d (a2019)

´ 2��.ù�duy² a1, a2, · · · , a2019Ã²�Ïf.

�d,�Äê� {1 + nd}n∈N,Ù¥ d = 2019!.

P f(N)� 1 + d, 1 + 2d, · · · , 1 + Nd¥k²�Ïf�ê��ê.é�ê

p,P fp(N)� 1 + d, 1 + 2d, · · · , 1 + Nd¥ p2 �ê��ê,Ó��Ä�éu

p2 | 1 + id, i ≤ N, k p2 ≤ 1 +Nd, l p ≤
√
1 +Nd. �

f(N) ≤
∑

�êp: p≤
√
1+Nd

fp(N).

²w/,du (1 + nd, 2019!) = 1,lé�ê p ≤ 2019k fp(N) = 0. é�ê

p > 2019, (p, d) = 1, du 1+ id ≡ 0 (mod p2)é i ∈ {1, 2, · · · , p2}Tk�).

lk

fp(N) ≤
[
N − 1

p2

]
+ 1 <

N

p2
+ 1.

�

f(N) ≤
∑

�êp:2019<p≤
√
1+Nd

fp(N)
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≤
∑

�êp:2019<p≤
√
1+Nd

(
N

p2
+ 1)

< N(
∑

�êp:2019<p

1

p2
) +
√
1 +Nd

< N
∑
p>2020

1

p(p− 1)
+
√
1 +Nd ( 2020 Ø´�ê)

≤ N

2020
+
√
1 +Nd.

b�é i = 1, 2, · · · , N − 2018, 1+ id, 1+ (i+1)d, · · · , 1+ (i+2018)d¥

����k²�Ïf,@o

f(N) ≥
[
N

2019

]
>

N

2019
− 1.

u´
N

2019
− 1 <

N

2020
+
√
1 +Nd.

3N¿©��þªØ¤á.u´�3 i ∈ N+, 1+id, 1+(i+1)d, · · · 1+(i+2018)d

þÃ²�Ïf,l\r·K�y.

�·K¤á. �

µ5 �K�m©�U�8B{,�LÞ�eUCú�KJ±A^8Bb

�.

{ 1���E�¿£���ê��IO©)J±�x,¬r¦·�éýk

��ê�¦þ·��ê,±N�����Ïê�g.

XJ
) Green-Tao ½n,=�3?¿���ê��ê�,{ 2\r·K´

g,�.·�I�y²z��Ã²�Ïf,ù�±z8�²;�êØOê¯K.

3. �	pk 2019 ¶Æ),z¶Æ)\\
��½õ��ì,z��ìTk

12 ¶�ìZÜ.�+Æ)U
mÐ,��ì�¹Ä,��=�ù
Æ)Ñ5g

T�ì,�ù��ì�ZÜÑ3ù
Æ)¥.

y®�é?¿�+�� 12 <�Æ),¦�TUmÐ�����ì�¹Ä,

ù´Ä�U? XJ�U,¦Tk 27 <\\��ì�¤k�Uê8.

) ^8Ü�ó£ã¯K:

� A1, A2, · · · , An, B1, B2, · · · , Bn ´8Ü S = {1, 2, · · · 2019}�f8,

Bi ⊆ Ai, |Bi| = 12 (1 ≤ i ≤ n) .®�é?¿ C ⊆ S,�3��� i (1 ≤ i ≤ n) ,

¦� Bi ⊆ C ⊆ Ai.¯ù´Ä�U,XJ�U,¦÷v |Ai| = 27� i (1 ≤ i ≤ n)
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�¤k�Uê8.

ù�Uu),- Bi

(
1 ≤ i ≤ n, n =

(
2019
12

))
� S ��N 12 �f8,� Bi ¥

����� bi,- Ai = Bi

⋃
{bi + 1, bi + 2, · · · , 2019} .

d�é?¿ C ⊆ S,� C � 12 ������|¤8Ü C ′,K�3 Bi = C ′,

? Ai \ Bi = {bi + 1, bi + 2, · · · , 2019} ⊇ (C \ C ′) ,� Bi = C ′ ⊆ C ⊆ Ai.e

k j ¦� Bj ⊆ C ⊆ Aj,d Bj ⊆ C � Bj ¥112���� bj Ø�u C ¥1 12

���� c,d C ⊆ Aj � Aj ¥1 12 ���� bj Ø�u C ¥1 12 ���� c,

��U c = bj,�� Bj = C ′. j ��5�y.

3ù�~f¥Tk
(
2019−15−1

11

)
=
(
2003
11

)
� i¦� |Ai| = 27,eyù��ê8

�U´
(
2003
11

)
.

^ xk (12 ≤ k ≤ 2019)L«¦� |Ai| = k � i�ê8.é 12 ≤ k ≤ 2019, S

�z� k�f8 C Ñ�3��� i¦ Bi ⊆ C ⊆ Ai;éz� i,� |Ai| = t,K

Tk
(
t−12
k−12

)
� k�f8 C ¦� Bi ⊆ C ⊆ Ai (�½ u < v�

(
u
v

)
= 0 ),�(

2019

k

)
=

2019∑
t=12

xt

(
t− 12

k − 12

)
.

�g- k = 2019, 2018, 2017 · · · 12,��

x2019 =

(
2019

2019

)
,

x2018 =

(
2019

2018

)
−
(
2007

2006

)
x2019,

x2017 =

(
2019

2017

)
−
(
2007

2005

)
x2019 −

(
2007

2006

)
x2018,

...

x12 =

(
2019

12

)
−
(
2007

0

)
x2019 −

(
2007

1

)
x2018 − · · · −

(
2007

2006

)
x13.

Ïd��g)Ñx2019, x2018, · · · , x12,·�y²xk =
(
2030−k

11

)
(12 ≤ k ≤ 2019) ,

ù���y�ª (
2019

k

)
=

2019∑
t=12

(
2030− t

11

)(
t− 12

k − 12

)
.

¯¢þ,
(
2030−t

11

)
�u�§

y1 + y2 + · · ·+ y12 = 2031− t

���ê))ê,
(
t−12
k−12

)
�u�§

z1 + z2 + · · ·+ zk−11 = t− 11
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���ê))ê,�
2019∑
t=12

(
2030−t

11

)(
t−12
k−12

)
�u�§

y1 + y2 + · · ·+ y12 + z1 + · · ·+ zk−11 = 2020

���ê))ê,=
(
2019
k

)
.

nþ,¤`�¹�Uu),�¦� |Ai| = 27¤á� i�ê8�U� x27 =(
2003
11

)
. �

µ5 3`²
 x2019, x2018, · · · , x12 ��(½�,d·��~fB®²�

`² x27 =
(
2003
11

)
.��KkïÄ xk �U¬'�E~fN´,=~f´·�Á�

Ñ xk =
(
2030−k

11

)
�ÉêiéuE.�)��r~f�3c¡�ÜÜ6.

4. 3 4ABC ¥, AB = AC. M ��l AC þ�:, BM � AC ��u:

E, ∠BMC �²©�� BC ��u: F.e ∠AFB = ∠CFE,y²:4ABC ´

�>n�/.

y² d AB = AC � ∠ABF = ∠ECF,q ∠AFB = ∠CFE,�4ABF ∼

4ECF. Ïd
BF

CF
=
AB

CE
.

dMF ²© ∠BMC ��
BF

CF
=
BM

CM
.

� AB
CE

= BM
CM

,=k
AB

BM
=

CE

CM
=
BE

BA
.

(Ü ∠ABE = ∠MBA�4ABE ∼ 4MBA,�

∠BAC = ∠AMB = ∠ACB.

=4ABC ´�>n�/. �
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µ5 |^ 4ABF ∼ 4ECF ��'~ª��� AF Ú BF,{z
¯K.

�K´{üK.

5. �¼ê f : {1, 2 · · · 2019} → {−1, 1}÷vé?¿ 1 ≤ k ≤ 2019,Ñ�3

1 ≤ l ≤ 2019¦� ∑
i:(i−k)(l−i)≥0

f (i) ≤ 0.

¦
2019∑
i=1

f (i)����.

) -

f(i) =

1, i ≡ 0, 1(mod3),

−1, i ≡ 2(mod3).

ÎÜ�¦,d�
2019∑
i=1

f (i) = 673.ey
2019∑
i=1

f (i) ≤ 673.

{ 1 ·�y²ò 2019 ����� 3n (n ∈ Z+)�,
3n∑
t=1

f (i) ≤ n.

é n8B, n = 1� f (1) , f (2) , f (3)ØU�� 1,� f (1)+f (2)+f (3) ≤ 1,

(Ø¤á.

b� n− 1�(Ø¤á,�Ä n���/.e�3 1 ≤ i < j ≤ 3n, i+ 1 < j,

¦� f (i) = f (j) = 1,é i < k < j,Ñk f (k) = −1.Xe½Â¼ê g :

g(k) =


f (k) , 1 ≤ k ≤ i− 1,

f (k + 2) , i ≤ k ≤ j − 3,

f (k + 3) , j − 2 ≤ k ≤ 3n− 3.

K g : {1, 2, · · · , 3 (n− 1)} → {−1, 1} ,·��y g÷v n− 1��^�.

é 1 ≤ k ≤ i − 1 �3± k �©"��ëYeZ��'u f �¼ê�

�Ú(�� S1 )��,= S1 ≤ 0.§�éA� g �¼ê�P� S2. S2 �o� S1

¥��Ó,�o' S1 ¥� f(i),�o' S1 ¥� f(i), f(i + 1),�o' S1 ¥�

f(i), f(i + 1), f(j),þk S2 ≤ S1 ≤ 0.é j − 2 ≤ k ≤ 3n − 3�aq�y. é

i ≤ k ≤ j − 3k g(k) = f(k + 2) < 0.l g÷v n− 1�^�.

�d8Bb�
3n∑
i=1

f (i) =
3n−3∑
i=1

g (i) + f (i) + f (i+ 1) + f (j) =
3n−3∑
i=1

g (i) + 1 ≤ (n− 1)+1 = n.

eØ�3ù�� i, j, d®� f ØUð�1, ed�
3n∑
i=1

f(i) ≥ 1, K�3
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1 ≤ k ≤ l ≤ 3n ¦� f(k) = f(k + 1) = · · · = f(l) = 1, é 1 ≤ i < k �

l < i ≤ 3n, f(i) = −1� l− k+1 ≥ 3n+ 1

2
.Kk k ≤ 2k− 1 < 2l− 3n+1,u´∑

i∈Z, (i−2k+1)(j−i)≥0

f(i) > 0

é?¿ j ¤á,gñ�

�
3n∑
i=1

f(i) ≤ 0,(Ø�y. �

{ 2 P

Sk = f (1) + f (2) + · · ·+ f (k) (1 ≤ k ≤ 2019) ,

é k < k′,k

|Sk′ − Sk| = |f (k + 1) + · · ·+ f (k′)| ≤ k′ − k.

d®�,é?¿ 1 ≤ k ≤ 2019,e S1, S2, · · · , Sk−1 < Sk,K�3 l > k¦�

Sl ≤ Sk−1 < Sk.

��Nù�� k� 1 = k1 < k2 < · · · < kn,dlÑ0�½n

0 ≥ Sk1 − 1 = Sk2 − 2 = · · · = Skn − n.

é?¿ 1 ≤ i ≤ n,�3 li > ki, ¦ Sli < Ski , liáu«m

[k1, k2) , [k2, k3) , · · · , [kn, 2019]

��.

1◦e li ∈ [kj−1, kj) (2 ≤ j ≤ n) .d Sli < Ski ≤ Skj−1
= Skj − 1�

kj − ki = (kj − li) + (li − kj−1) + (kj−1 − ki)

≥
(
Skj − Sli

)
+
(
Skj−1

− Sli
)
+
(
Skj−1

− Ski
)

≥
(
Skj − Ski + 1

)
+
(
Skj−1

− Ski + 1
)
+
(
Skj−1

− Ski
)

= 3
(
Skj − Ski

)
= 3 (j − i) .

2◦e li ∈ [kn, 2019] .aq/,d Sli < Ski ≤ Skn , Skn ≥ S2019�

2019− ki = (2019− li) + (li − kn) + (kn − ki)

≥ (S2019 − Sli) + (Skn − Sli) + (Skn − Ski)

≥ (S2019 − Ski + 1) + (S2019 − Ski + 1) + (S2019 − Ski)

= 3 (S2019 − Ski) + 2 ≥ 3 (S2019 − i) + 2.

y- i1 = 1,b�®�Ð it,e lit ∈ [kj−1, kj) ,K- it+1 = j; e lit ∈ [kn, 2019] ,

9 êÆ#(�



KÊ�À�.�·�ÀÑ
 i1, i2, · · · , it,Kd 1◦, 2◦,

2019 = ki1 + (ki2 − ki1) + · · ·+
(
kit − kit−1

)
+ (2019− kit)

≥ i1 + 3 (i2 − i1) + · · ·+ 3 (it − it−1) + 3 (S2019 − it) + 2

= 3S2019.

�

µ5 �YN´ß�,){�é�
��Ê·�(�^u8B,�uy§I

�½|�.){���,ÏLé·��eIf�,�±��Ù/�x Sk �Cz.

6. éu�ê n ≥ 3,�ê a¡� n−Ð�,e�3��ê d,¦�

n | ad − 1, n - ad−1 + ad−2 + · · ·+ 1.

� f (n)´8Ü {a | 0 < a < n, (a, n) = 1, � aØ´ n −Ð�}����ê.¦

f (n) (n ≥ 3)����,¿¦Ñ¤k n (≥ 3)¦� f (n)��T���.

) f (n) ����� 1, ¦ f (n) = 1 ��N n ≥ 3 /X 2α (α ≥ 2) ½

3 · 2α (α ≥ 0) .

Äk5¿: 1o´ n−Ð�,é a > 1,k ad−1 + ad−2 + · · ·+ 1 = ad−1
a−1 ,e a´

n−Ð�,w, (a, n) = 1.

äääóóó e a (> 1)� n−Ð�,K�Ø�� aéA� d� a� n��.

y² � a > 1� n−Ð�,=�3 d > 0,

n | ad − 1, n -
ad − 1

a− 1
. (1)

� d0� a� n��,K (1) �cöíÑ d0 | d, ld
ad0 − 1

a− 1
| a

d − 1

a− 1

9 (1) ��ö�� n - ad0−1
a−1 . Ïd�3÷v (1) � d��=� d = d0 ÷v (1),

äó�y.

� n ≥ 3,e n− 1´ n−Ð�,däó�Ø�� d = 2,íÑ

n -
(n− 1)2 − 1

(n− 1)− 1
= n,

gñ.� n− 1oØ´ n−Ð�,l f (n) ≥ 1,q f (3) = 1,� f (n)����´

1.

e¡¦¤k� n ≥ 3¦� f (n) = 1,ù=´` 1, 2, · · · , n − 2¥z�� n

p��ê aþ´ n−Ð�. (∗)
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e n´�u 3 �Ûê,Kd

n | 2d − 1⇔ n | 2
d − 1

2− 1

�� 2 Ø´ n−Ð�,� (∗)gñ,� n´óê.�� n = 2αr,Ù¥ α ≥ 1, r´Û

ê.©a?ØXe:

I. XJ r > 3, � r ����Ïf´ p (> 2) , � p ������´ g, K

1 < g ≤ p− 1,� (g, r) = 1.·�� a ∈ {1, 2, · · · , n}¦�a ≡ g (modr) ,

a ≡ −1 (mod2α) ,

(2)

d¥I�{½n (5¿ (r, 2) = 1) �ù�� a �3, �d (g, r) = 1 ´�

1 < a < n, (a, n) = 1.

� d > 0÷v n
∣∣ad − 1,KAO/, a ≡ g (mod p), p | ad − 1.� d� a�

p�� p− 1�Ø,l 2 | d. �

a+ 1 | a
d − 1

a− 1
⇒ 2α | a

d − 1

a− 1
.

d	,5¿� p´ r����Ïf, 1 ≤ g − 1 < p,9 a − 1 ≡ g − 1 (mod p)�

� (a− 1, r) = 1,�

r | ad − 1⇒ r | a
d − 1

a− 1
.

¤± n = 2αr�Ø ad−1
a−1 ,l aØ´ n−Ð�.

e a = n− 1,d (2) ´� g = p− 1, r = p,l

p− 1 = g� p�� = p− 1� p�� = 2.

�� r = p = 3,gñ.� 2 ≤ a ≤ n− 2, (a, n) = 1,� aØ´ n−Ð�,� (∗)g

ñ.l3 r > 3� nØ÷v�¦.

II.XJ r ∈ {1, 3} ,·�y²ù��n÷v�¦,=é a ∈ {2, 3, · · · , n− 1} ,

(a, n) = 1,� d´ a� n��,K n - ad−1
a−1 .�
(½Ûê a� 2α ��,·�I

�e¡Ù��Ún:

ÚÚÚnnn (1) � a´Ûê, a ≡ 1 (mod 4), a 6= 1, k0÷v 2k0‖a − 1,P lk ´ a

� 2k ��,Kk

lk =

1, e k = 1, · · · , k0,

2k−k0 , e k > k0.

(2) � a´Ûê, a ≡ −1 (mod 4), a 6= −1, k0 ÷v 2k0‖a + 1,P lk ´ a�
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2k ��,Kk

lk =


1, e k = 1,

2, e k = 2, · · · , k0 + 1,

2k−k0 , e k > k0 + 1.

Ún�y²�é k 8B?1,ùpØ2Kã.ØL38B�N´uyéÚn¥

(1) � k ≥ k0��/Ú (2) ¥ k ≥ k0 + 1��/,k 2k‖alk − 1.

α = 1�, n = 3, 6,´�y÷v^�. α ≥ 2�, a� 2α ����� 2l (5

¿î.½n), l ≥ 1,K a� 3 · 2α ���´ 2l.3Ún¥� k = α,é(1)(2)ü«

�¹þk α ≥ k0 + 1,�dcã� 2α‖ad − 1, a− 1´óê,� 2α - ad−1
a−1 ,l

n - ad−1
a−1 .y..

nþ¤ã, f (n)����� 1,¦� f (n) = 1��N n (≥ 3)/X 2α(α ≥ 2)

½ 3 · 2α (α ≥ 0) . �

µ5 Ñu(½ d�8��±wÑ/äó0¤á,�N´uy f (n)���

�´ 1.¦¦ f (n) = 1¤á� n�,Äk�ÄAÏ� a = 2�üØÛê n,éó

ê nF"^éÛêaq�Ãã,K�^¥I�{½n©¤ÛêÜ© rÚ 2α©O

�E a�{ê.����8�=´4 2 | d,���Ïf�������y


(a− 1, r) = 1.Ù¢éÛê n�?n��� a ≡ g (mod n),Ù¥ g´ r���

�Ïf������.

�K�¦é�!,�½n!¥I�{½nk�½n),nÜ5�r.¦÷v

��^�� nkü�¡,é�Yvrº�{&¢'�¤�.
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