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K� 2019c 10����7¢E1lK.ùüKl�{þ���C,�©Ì�0

�·��){,øk,�öë�.

~ 1 ´Ä�3�"�ê a, b, c¦� 3a4 + 4b4 = 19c4 ? (1)

(1n�oÏ#(�)1oK)

©Û 3ù�K¥Äk5¿� 3 + 4× 22 = 19�KZaq,�Ä£�|^²

��úª?1Ïª©).Ø��Ä a, b, cüüp�,2éÏª©)��ªf�Ï

f©Û,±9~����
�ê�,2�Ä��XÛ?1.����{´�K�

'�,¬�3y²���.

) ��3�ê p�Ø a, b, c¥ü�ê�,´� p�Ø1n�ê,¤±�Ø�

� a, b, cüüp�.

d�e 2 | a ⇒ 2 | c,K a, cØp�,gñ!¤± a, cþ�Ûê,�mü>

mod8,�� b�óê.

q (1)�z{� 4b4 − 16c4 = 3c4 − 3a4,=

4(b2 − 2c2)(b2 + 2c2) = 3(c2 − a2)(c2 + a2).

� 3 | (b2 − 2c2), |^
(
2
3

)
= −1, �� 3 | b, 3 | c, � b, c p�gñ, ¤±

3 | (b2 + 2c2).ÏL mod8,q��

2 | (b2 − 2c2), 2 | (b2 + 2c2), 2 | (c2 + a2).

¤±��

b2 − 2c2

2
· b

2 + 2c2

6
=

c2 − a2

8
· c

2 + a2

2
, (2)
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Ù¥o�©ªþ��ê.|^ a, b, cüüp�,��(
b2 − 2c2

2
,
b2 + 2c2

6

)
= 1,

(
c2 − a2

8
,
c2 + a2

2

)
= 1.

(i)� c2 > a2,K�3üüp����ê x, y, z, w¦�:

b2−2c2

2
= xy

b2+2c2

6
= zw

c2−a2

8
= xz

c2+a2

2
= yw

⇒



b2 = 3zw + xy

2c2 = 3zw − xy

c2 = 4xz + yw

a2 = yw − 4xz

.

é' c2�� 8xz + 2yw = 3zw − xy,= (x+ 2w)(y + 8z) = 19zw.

Ï� (y, z) = 1,¤± (z, y + 8z) = 1,¤± z | (x+ 2w).Ón w | (y + 8z),¤

±  x+ 2w = z

y + 8z = 19w
½

 x+ 2w = 19z

y + 8z = w
.

^ x, yI£ z, w�\ a, b, cL�ª�
a2 = y2−76x2

3

b2 = 2(y2+19xy+76x2)
3

c2 = y2+16xy+76x2

3

⇒


a2 = 19y2−4x2

3

b2 = 2(19y2+19xy+4x2)
3

c2 = 19y2+16xy+4x2

3

.

cö y2 = 3a2 + 76x2 ü>� 19. � (19, y) = 1, K 3 ´ 19 ��g�{, ù�(
3
19

)
= (−1) 2×18

4 ·
(
19
3

)
= −1gñ!¤± 19 | y ⇒ 19 | a ⇒ 19 | x,� x, yp�g

ñ!

�ö 2 | b,¤± 2 | 19y2 + 19xy.Ï� a�Ûê,¤± y�Ûê,¤± x�Û

ê,Ï� 3a2 + 4x2 = 19y2,� 8⇒ 3 + 4 = 19(mod8)gñ!

(ii)� c2 < a2,Ä�aq�,�3üüp����ê x, y, z, w¦�:

2c2−b2

2
= xy

b2+2c2

6
= zw

a2−c2

8
= xz

c2+a2

2
= yw

⇒



b2 = 3zw − xy

2c2 = 3zw + xy

c2 = yw − 4xz

a2 = 4xz + yw

.

é' c2�� 2yw − 8xz = 3zw + xy,= (2w − x)(y + 8z) = 19zw.

Ón�z{C�eª,¿±aq�ndgñ.
a2 = y2−76x2

3

b2 = 2(y2−19xy+76x2)
3

c2 = y2−16xy+76x2

3

½


a2 = 19y2−4x2

3

b2 = 2(19y2−19xy+4x2)
3

c2 = 19y2−16xy+4x2

3

.
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µ5 éÏª©)��ªf,|^¦È��±9p�,·�?1
©),¿é

�
gñ,�±uy,��gñ�õ�^��
~êX 8,±9�g�{��,�

k�Ü©�±ÏLØ�ª?1�� (~ 2).aq�|^¦È��Úp��^�,

k,��Öö�±��ee¡ù�K:

y²:Ø�3knê x, y¦� x− 1
x
+ y − 1

y
= 4.

3)û��7¢E1lK±c,·�I�ky��ÙG�Ún.

~ 2 y²:¦� x+1
2
, x

2+1
2
þ�²�ê���ê x�k 1Ú 7.

y²

ÚÚÚnnn 1 ���§��)úª,d?Ñ.

ÚÚÚnnn 2 e�ê x, y, z÷v x4 + y4 = z2½ x4− y4 = z2,Kk xyz = 0¤á.

Ún 1,2y²Ñ.

ÚÚÚnnn 3 e�K�ê x, y÷v 2x2 − y4 = 1,Kk x = y = 1.

y² ��� x4 − y4 = (x2 − 1)2,dÚn 2, x = 1.

ÚÚÚnnn 4 e�K�ê x, y÷v x4 − 2y2 = 1,Kk x = 1, y = 0.

y² ��� x4 + y4 = (y2 + 1)2,dÚn 2, x = 1.

£££������KKK. � a, b���ê÷v

 n+1
2

= a2

n2+1
2

= b2
,K

 n = 2a2 − 1

n2 = 2b2 − 1
. =

b2 = 2a4 − 2a2 + 1 = a4 + (a2 − 1)2.

a = 1÷v,e� a ≥ 2,du (a, a2 − 1) = 1��3�Kp��ê c, d,��Û�

ó÷v 
a2 = 2cd

a2 − 1 = c2 − d2

b = c2 + d2

½


a2 = c2 − d2

a2 − 1 = 2cd

b = c2 + d2

.

� a�óê�,7�cö,� a = 2m,K

 2m2 = cd

4m2 − 1 = c2 − d2
. mod4� c

�óê d�Ûê,Ï� c, dp�� 2m2 = cd.¤±�3p��ê e, f ÷v
c = 2e2

d = f 2

m = ef

íÑ

4e2f 2 − 1 = 4e4 − f 4,
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=
f 2 + 2e2 − 1

2
× f 2 + 2e2 + 1

2
= 2e4.

duc¡ü�©ªéA�êp�,¤±�3�ê g, h÷v
f2+2e2+1

2
= g4

f2+2e2−1
2

= 2h4

e = gh

½


f2+2e2+1

2
= 2h4

f2+2e2−1
2

= g4

e = gh

cö� g4 − 2h4 = 1,dÚn 4gñ;�ö� 2h4 − g4 = 1,dÚn 3, g = h = 1,

l�íÑ e = f = 1, c = 2, d = 1,m = 1, a = 2, n = 7.

e a�Ûê,K

 a2 = c2 − d2

a2 − 1 = 2cd
,=

 a2 + d2 = c2

a2 − 1 = 2cd
.

du c, dp�.¤±�3p��ê e, f ÷v
a2 = e2 − f 2

d = 2ef

c = e2 + f 2

.

íÑ

(e2 − f 2)2 − 1 = 2(e2 + f 2)× 2ef,

= (e− f)4 − 2× (2ef)2 = 1. dÚn 4gñ!

l÷v^�� x�k 1Ú 7. �

µ5 ÏLÏª©)üg½Ù¦�{�ï���§,5)Ø½�§´) 2,4

gØ½�§~^�{,�Kc¡�o�Únþ�~~�,I�ÖökûÐ���

�§�Ä:.aq/,�±y²¦� x−1
2
, x2+1

2
þ�²�ê���ê x�k 1,3

�Öög�.

~ 3 y²: x4 − 20200y2 = 1Ã��ê).

(2019��7¢E1 8K)

y² dK�� x´Ûê,¤±þª�z{� x2−1
2
· x2+1

2
= 202(5y)2.

Ï�
(

x2−1
2

, x
2+1
2

)
= 1,¤±�3��ê u, v¦�eª¥��ªf¤á: x2−1

2
= 202u2

x2+1
2

= v2
,

 x2−1
2

= 101u2

x2+1
2

= 2v2
,

 x2−1
2

= 2u2

x2+1
2

= 101v2
,

 x2−1
2

= u2

x2+1
2

= 202v2
,

Ù¥¥mü|¬�) x2 + 1 = 4v2Ú x2 − 1 = 4u2,ùé x, u, vþ���êÃ),

é���|,Ï� x�Ûê,¤± x2+1
2
�Ûê,gñ!
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¤±�k1�|�Uk),d� x2 − 1 = 404y2,¤±

x− 1

2
· x+ 1

2
= 101u2.

Ï�
(
x−1
2
, x+1

2

)
= 1,¤±7k x+1

2
, x

2+1
2
þ�²�ê½ x−1

2
, x

2+1
2
þ�²�ê,�

\~ 2 �)=�. �

µ5 dudaØ½�§K.'�~�,3�|þÓÆ�Ø�w�¦´1l

KÒ�ï,Ù¢�éØ¶K���JÝ´{ü�,Ó�ùa�§�é'�L¤�

m,3�|þI�ÓÆéÐ�é�K?15y.��Ø«´N´òda�§=�

Pell�§,�duda�§¿vk�ééÐ�5�,ØN´|^ Pell�§y²d

�§Ã).���J�´�g¢-E1�Uo�K¥êØ¤©'��,ùéêØ

Ð�ÓÆék`³.

�� a��[UP�é)ö��Ï,a�Û�uP�é�©M��|±Ú

?U.
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