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I. ÁÁÁ KKK

1. 34ABC ¥, C ���, CD⊥AB u D.- I �4ABC S�� ω��

%, ω�> BC, CA, AB©O��u: A1, B1, C1.� E, F ©O´: C 'u�

� C1A1, C1B1�é¡:, K, L©O´: D'u�� C1A1, C1B1�é¡:.y

²:4A1EI, 4B1FI, 4C1KL�	���:.

2. ��ê N ≥ 2,ê� a = (a1, a2, · · · , aN), b = (b1, b2, · · · , bN)¥��

þ��K�ê.éz��ê i /∈ {1, · · · , N},� k ∈ {1, · · · , N}÷v i− k� N

�Ø,- ai = ak, bi = bk.

·�¡ a´ b−NÚ�,XJéuz��ê i,þk ai�u±e�â²þ:

ai =
1

2bi + 1

bi∑
s=−bi

ai+s.

y3b� a� bþØ�~êê�,� a´ b−NÚ�, b´ a−NÚ�.y²:

a1, · · · , aN , b1, · · · , bN ¥��k N + 1��u".

3. ��ê n ≥ 3.��I[k n�Å|,�k n[�1V�Ê��Ê�úi.

?¾FÏ: 2020-03-04.
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éz[Ê�úi,Ñ�3��Ûêm ≥ 39m�ØÓ�Å| C1, C2, · · · , Cm,

÷v:ù[Ê�úi¤�1��ÜÊ�T´ C1� C2�m, C2� C3�m , · · · ,

Cm−1� Cm�m, Cm� C1�m�@
V�Ê�.y²:�3�^dÛê4Ê�

|¤�µ4´�,Ù¥ØÓ�Ê�dØÓ�Ê�úi�1.

4. ^ N∗L«¤k��ê�8Ü.·�¡ N∗���f8 A�“ÃÚ8”,X

Jé A¥�?¿ü�(�U�Ó�)�� x, y,§��Ú x+ yØ3 A¥.

¦¤krÃÚ8N�ÃÚ8�÷�¼ê f : N∗ → N∗,=é?¿ÃÚ8 A,

§�� {f(a)|a ∈ A}�´ÃÚ8.

555:��¼ê f : N∗ → N∗ ¡�÷�,XJéuz��ê n,Ñ�3���

�êm¦� f(m) = n.

5. 3 xy−�I²¡¥,îp�IÑ��ê�:¡��:,¤kº:þ��

:�õ>/¡�“�:õ>/”.

- Γ���à��:õ>/.y²:�ò Γ�u,��à��:õ>/ Ω

S,¦�¤k Γ�º:Ñá3 Ω�>.þ,¿� ΩTk��º:Ø´ Γ�º:.

6. éz��ê n ≥ 2.P F (n)� n����Ïf.��“ÛÉé”´�éØ

Ó��ê pÚ q,¦�vk�ê n ≥ 2÷v F (n)F (n + 1) = pq.y²:�3Ã¡

õéÛÉé.

///. )))������µµµ555

1. 34ABC ¥, C ���, CD⊥AB u D.- I �4ABC S�� ω��

%, ω�> BC, CA, AB©O��u: A1, B1, C1.� E, F ©O´: C 'u�

� C1A1, C1B1�é¡:, K, L©O´: D'u�� C1A1, C1B1�é¡:.y

²:4A1EI, 4B1FI, 4C1KL�	���:.
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A B
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y² � 4ABC �n�S�©O� A, B, C.3�� C1I þ�: P ÷v
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∠PCD = 45◦.´� CB1IA1���/.ey: K, I, C ��.

Ï�

CP =
√

2C1D =
√

2C1K, CI =
√

2B1I =
√

2C1I,

¤± CP
C1K

= CI
C1I

.q

∠ICP = 45◦ − ∠ICD = ∠BCD = 90◦ −B,

�

∠IC1K = ∠A1C1K − ∠A1C1I

= ∠BC1A1 − ∠A1C1I

= 90◦ − 1

2
B − 1

2
B = 90◦ −B.

�∠ICP = ∠IC1K.Ïd,4ICP ∼ 4IC1K.u´,∠CIP = ∠C1IK,=C, I, K

��,� ∠C1KI = ∠CPI = 135◦.

Ón, C, I, L ��, � ∠C1LI = 45◦. � C1 'u CI �é¡:� T, K

C1KTL���/.ey:4A1EI, 4B1FI, 4C1KL�	��þL: T.

d C1KTL���/�, C1, K, T, L��.5¿�

∠FB1I = ∠FB1C1 + ∠IB1C1

= ∠CB1C1 + ∠IB1C1

= 90◦ +
1

2
A+

1

2
A = 90◦ + A,

�

∠TIB1 = ∠CIT − ∠CIB1 = ∠CIC1 − 45◦

= 360◦ − 1

2
C −B − 90◦ − 45◦

= 180◦ −B = 90◦ + A,

� ∠FB1I = ∠TIB1.q

TI = C1I = B1I = CB1 = FB1.

¤± FB1IT ���F/.Ïd, F, B1, I, T ��.

Ón, E, A1, I, T ��.

y.. �

µ5 ù´��Ø�J�AÛK,�Ùy²����ª'�AÏ,|^
�

�/9��F/,��5¿.
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2. ��ê N ≥ 2,ê� a = (a1, a2, · · · , aN), b = (b1, b2, · · · , bN)¥��

þ��K�ê.éz��ê i /∈ {1, · · · , N},� k ∈ {1, · · · , N}÷v i− k� N

�Ø,- ai = ak, bi = bk.

·�¡ a´ b−NÚ�,XJéuz��ê i,þk ai�u±e�â²þ:

ai =
1

2bi + 1

bi∑
s=−bi

ai+s.

y3b� a� bþØ�~êê�,� a´ b−NÚ�, b´ a−NÚ�.y²:

a1, · · · , aN , b1, · · · , bN ¥��k N + 1��u".

y² ·�ky²: ∀ i ∈ Z, ai, bi¥7k 0. (∗)

ÄK,��Ä��8Ü {ai, bi| i ∈ Z, ai 6= 0� bi 6= 0}����,P�M.

Ø�� ak = M, bk 6= 0, k ∈ Z.

e�3 −bk ≤ s ≤ bk ¦ ak+s > ak,KdM ���5� bk+s = 0.u´
ak+s∑

t=−ak+s

bk+s+t = 0,

=é ∀ − ak+s ≤ t ≤ ak+s,k bk+s+t = 0.

|s| ≤ bk ≤M < ak+s,

�3þª¥� t = −s,�� bk = 0,ù� bk 6= 0gñ.

Ïd, é ∀ − bk ≤ s ≤ bk,k ak+s ≤ ak.(Ü

ak =
1

2bk + 1

bk∑
s=−bk

ak+s

á�é ∀ − bk ≤ s ≤ bk,k ak+s = ak.

e�3 −bk ≤ s ≤ bk ¦ bk+s = 0,Kk
ak+s∑

t=−ak+s

bk+s+t = 0,

�é ∀ − ak+s ≤ t ≤ ak+s,k bk+s+t = 0.5¿�

|s| ≤ bk ≤M = ak+s,

�3þª¥� t = −s,�� bk = 0� bk 6= 0gñ.

�d,·�y²
: ∀ k ∈ Z,e ak = M � bk 6= 0,K ak+1 = M � bk+1 6= 0.

dd(Ü{ü�8B{=� ∀ k ∈ Z, ak = M � bk 6= 0,ù� aØ�~êê

�gñ.Ïd, ∀ i ∈ Z, ai, bi¥7k 0.

2y²:�3 i ∈ Z,¦ ai = bi = 0. (∗∗)

Ï� (∗)9 a, bþØ�~êê�,¤±�3 i ∈ Z¦� ai = bi+1 = 0.d�,
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b� ai+1 6= 0� bi 6= 0,K

0 = ai =
1

2bi + 1

bi∑
s=−bi

ai+s ≥
ai+1

2bi + 1
> 0,

gñ.� ai+1, bi¥k 0.l (∗∗)¤á.

d (∗)� (∗∗),á=�� a1, · · · , aN , b1, · · · , bN ¥�� N + 1�� 0. �

µ5 ù´��{üK,�I�æ^4à�n2�â��'X�©Û.^�

�J,é (∗∗)�\U?êþ�±���K�Z�.� N + 2.

3. ��ê n ≥ 3.��I[k n�Å|,�k n[�1V�Ê��Ê�úi.

éz[Ê�úi,Ñ�3��Ûêm ≥ 39m�ØÓ�Å| C1, C2, · · · , Cm,

÷v:ù[Ê�úi¤�1��ÜÊ�T´ C1� C2�m, C2� C3�m , · · · ,

Cm−1� Cm�m, Cm� C1�m�@
V�Ê�.y²:�3�^dÛê4Ê�

|¤�µ4´�,Ù¥ØÓ�Ê�dØÓ�Ê�úi�1.

y² ·�ò¯K=z�ãØ�ó:

�Ä n�:m� n�Û�(Ø7ØÓ),y²:�±lÙ¥eZ��¥���

^>,¦��Ñ�>��¤��Û�.

·��ÑeZ^5gpØ�Ó�Û��>,�¤ã G,÷v G¥Ã�(�)

Ã>).�Äþã�{¥¦ G¤¹ëÏ©|ê����{.

d� G¥�õ n− 1^>,Ïd7k,�Û��>Ø3 G¥Ñy,Pd��

A.Ké A�z^>�ü�º:,§�73G�Ó��ëÏ©|S.ÄK,òd>

V\ G�, G¥EÃ�,�ëÏ©|�ê~�,� G�½Âgñ.

u´,� A�¤kº:þ3 G�Ó�ëÏ©|S,dëÏ©|���ä,P

� T.

?� T ¥�: w.é T ¥?¿üº: u, v,P d(u, v)� u� v3 T ¥�å

l,K´�

d(u, v) ≡ d(u, w) + d(v, w) (mod 2).

Ï� A����,¤±∑
euv∈A

d(u, v) ≡
∑
euv∈A

(d(u, w) + d(v, w)) ≡ 0 (mod 2).

Ù¥,
∑

euv∈A
�é A¥¤k>¦Ú, euv � u, v m�>.5¿� A�>ê�Ûê,

��3 euv ∈ A¦ 2 | d(u, v).�Äd euv9 u� v3 T ¥�´»�¤��,Ù�

Ý� d(u, v) + 1�Ûê.u´,é�
��dØÓ��>�¤�Û�. �
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µ5 dKÏé���{´3)¤äþ\>,ù´���©~^�Ã{.�

��J�´, 2019 c����1 3K��±Äud�{�.

4. ^ N∗L«¤k��ê�8Ü.·�¡ N∗���f8 A�“ÃÚ8”,X

Jé A¥�?¿ü�(�U�Ó�)�� x, y,§��Ú x+ yØ3 A¥.

¦¤krÃÚ8N�ÃÚ8�÷�¼ê f : N∗ → N∗,=é?¿ÃÚ8 A,

§�� {f(a)|a ∈ A}�´ÃÚ8.

555:��¼ê f : N∗ → N∗ ¡�÷�,XJéuz��ê n,Ñ�3���

�êm¦� f(m) = n.

) ¤¦ f � f(x) = x(x ∈ N∗).

·�ky²: ∀ a ∈ N∗, f(2a) = 2f(a).

?� a ∈ N∗. Ï� f �÷�, ¤±�3 b ∈ N∗ ¦ f(b) = 2f(a). 5¿�

{f(a), f(b)}Ø�ÃÚ8.u´,7k b = a
2
½ b = 2a��¤á.·�é a¤¹ 2

��g α^êÆ8B{,y²: f(2a) = 2f(a).

� α = 0= a�Ûê�,÷v f(b) = 2f(a)� b�U� 2a,= f(2a) = 2f(a).

b�(Øé α− 1(α ∈ N∗¤á).e¡�Ä α��/.

é a
2
,Ù¤¹ 2��g� α− 1,�d8Bb�,k f(a) = 2f

(
a
2

)
.q f(2a) =

2f(a)� f
(
a
2

)
= 2f(a)¥���ö¤á,Ïd�U� f(2a) = 2f(a).

u´,·�y²
 ∀ a ∈ N∗, f(2a) = 2f(a).

2y: f �ü�.

ÄK, b��3 a, b ∈ N∗, a < b ¦ f(a) = f(b), K {a, 2b} �ÃÚ8�

{f(a), f(2b)}Ø�ÃÚ8,gñ.

�Xy: ∀ n ∈ N∗, f(n) = nf(1).

Ï� f �V�,��� c ∈ N∗¦ f(c) = nf(1).?� s ∈ N∗, s > max
1≤t≤2c

f(t),

é ∀ a ∈ N∗,e f(a) ≥ s,K a > 2c.

é ∀ 0 ≤ i ≤ n,� ui ∈ N∗¦ f(ui) = s + i · f(1).u´,é ∀ 0 ≤ i ≤ n− 1,

Ï� {f(1), f(ui), f(ui+1)}Ø�ÃÚ8,¤± {1, ui, ui+1}Ø�ÃÚ8.

e ui+1 = 2ui,K

f(1) + f(ui) = f(ui+1) = 2f(ui),

� ui = 1,gñ.e ui = 2ui+1,K

f(ui) > f(ui+1) > f(ui),
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gñ.u´,7k ui+1 − ui = ±1.

q ∀ 0 ≤ i ≤ n− 2,d f(ui) 6= f(ui+2)� ui 6= ui+2.l,k

ui+1 − ui = ui+2 − ui+1.

Ïd, ui+1 − ui(i = 0, 1, · · · , n− 1)�� 1½�� −1.u´, un − u0 = ±n.

Ï� {f(c), f(u0), f(un)}Ø�ÃÚ8,¤± {c, u0, un}Ø�ÃÚ8.d

f(un) > f(u0) ≥ s

� u0, un > 2c.e un = 2u0,K

f(c) + f(u0) = f(un) = 2f(u0),

� c = u0,gñ.e u0 = 2un,K

f(u0) > f(un) > f(u0),

gñ.u´,7k un − u0 = ±c.

Ïd, c = n.= ∀ n ∈ N∗, f(n) = nf(1).��,(Ü f �÷�á� f(n) =

n, ∀ n ∈ N∗.N´�y,þã f ÷v�¦.

Ïd,¤¦ f � f(x) = x(x ∈ N∗). �

µ5 ù´��{ü�¼ê�§,l¦þ{ü (��,n�) �ÃÚ8\Ã=

�'�N´/�Ñ.

5. 3 xy−�I²¡¥,îp�IÑ��ê�:¡��:,¤kº:þ��

:�õ>/¡�“�:õ>/”.

- Γ���à��:õ>/.y²:�ò Γ�u,��à��:õ>/ Ω

S,¦�¤k Γ�º:Ñá3 Ω�>.þ,¿� ΩTk��º:Ø´ Γ�º:.

y² ·�ky²:e�:n�/ 4ABC ¡È� 1
2
,Ké?¿�:�þ(=

îp©þþ��ê�©þ)þ�L«� k·
−→
AB +l·

−→
AC (k, l ∈ Z)�/ª. (∗)

�: D¦ ABDC �²1o>/.d Pick½n�²1o>/ ABCD Øo

�º:	Ø¹O��:,= ∀ u, v ∈ [0, 1), u, v Ø�� 0,þk u·
−→
AB +v·

−→
AC

Ø��:�þ.2� ∀ p, q ∈ Z,�� (p+u)·
−→
AB +(q+ v)·

−→
AC�Ø��:�þ.

u´, ∀ k, l ∈ R, k, lØ���ê,7k k·
−→
AB +l·

−→
AC Ø��:�þ.q?¿�

:�þ7Uz� k·
−→
AB +l·

−→
AC (k, l ∈ R)/ª.�Ù¥� k, l ∈ Z, (∗)¼y.

£��K:é Γ�z^>,d>þ�¤k�:òT>©��Ý���eZ

ã,¡©¤�ù
�ã�d>�Ä��ã,z^Ä��ã��Ý�d>�Ä��
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Ý.�Ä Γ�Ä��Ý���>,�� BC.

e BC Y²½R�,K´� Γ�kY²�R��>,� Γ�Ý/,d�(Ø

w,¤á.

e�Ä BC Ø�Y²9R����¹,Ø��Xã¤«,¿� BC ü�>©

O� AB, CD.Xã,���: T ¦ BT R�, CT Y².

 Γ

A

B

C
D

T

X

U

P
Q

ò4BCT ^Ù¤¹��:?1n�¿©,��ØU2©��,Kù
�n

�/þØ¹Ø
º:�Ù¦�:,ld Pick½n�§��¡Èþ� 1
2
.

� BP, CQ� BC >þ�Ä��ã.�þãn�¿©¥± BP �>��n

�/�4BPX,K4BPX, 4CQX ¡Èþ� 1
2
.

e X � Γ3�� ABüý.� BU � AB>þ�Ä��ã.

Ï�4BXP ¡È� 1
2
,¤±d (∗)��3 k, l ∈ Z¦
−→
UB= k·

−→
BX +l·

−→
BP .

Ï� X, P 3 ABüý� ∠PBX �b�,¤± k, l ∈ N∗.u´,

|
−→
UB | = |k·

−→
BX +l·

−→
BP | > k|

−→
BP | ≥ |

−→
BP |,

ù� BC �Ä��Ý���>gñ.

u´ X � Γ3�� ABÓý,Ón X � Γ3�� CDÓý.d�,� Ω�

X � Γ�à�,´�Ù÷v�¦. �

µ5 ù´���©(J�K.k'�:�K�����Ø�N´é�Ü·

��{|^Ð�:.y²¥� (∗)c�'�,å�
lã/ �ê'X=z��

^.

6. éz��ê n ≥ 2.P F (n)� n����Ïf.��“ÛÉé”´�éØ

Ó��ê pÚ q,¦�vk�ê n ≥ 2÷v F (n)F (n + 1) = pq.y²:�3Ã¡

õéÛÉé.

y² éÛ�ê p,¡÷v 2s ≡ 1 (mod p)�����ê� 2� p��,P
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� r(p).

e�3üØÓÛ�ê p1 < p2,¦� r(p1) = r(p2),·�y²: (2, p1)�ÛÉ

é. (∗)

P r = r(p1) = r(p2).b��3 n ∈ N∗¦

F (n)F (n+ 1) = 2p1,

K7k F (n), F (n+1)��� 2,��� p.u´,�3 α ∈ N∗,¦ F (2α + 1) = p1

½ F (2α − 1) = p1.

e F (2α + 1) = p1,K 2α ≡ −1 (mod p1).dd�� 2 | r� α� r
2
�Ûê

�.l 2α ≡ −1 (mod p2),= p2 | 2α + 1.u´,

F (2α + 1) ≥ p2 > p1,

� F (2α + 1) = p1gñ.

e F (2α − 1) = p1, K 2α ≡ 1 (mod p1). dd�� r | α. l 2α ≡ 1

(mod p2),= p2 | 2α − 1.u´,

F (2α − 1) ≥ p2 > p1,

� F (2α − 1) = p1gñ.

u´, (∗)¼y.

·�2y²:é?¿�ê q > 5,�3ü�ØÓ�ê,÷v 2�§���þ�

4q. (∗∗)

?� 22q + 1����u 5��Ïf p.� r(p) = r,Kd 22q ≡ −1 (mod p)

� 2 | r� 2q� r
2
�Ûê�.� r = 4½ö 4q.e r = 4,K p | 24 − 1� p > 5�

�êgñ.Ïd r(p) = 4q.

u´,�Iy² 22q + 1kü�ØÓ��u 5��Ïf.5¿�

22q + 1 = (4 + 1)
(
4q−1 − 4q−2 + · · · − 4 + 1

)
,

�Ù¥

4q−1 − 4q−2 + · · · − 4 + 1 ≡ q · 1 6≡ 0 (mod 5),

¤± 22q + 1¤¹ 5��g�õ� 1.w,

3 - 22q + 1, 2 - 22q + 1.

q

22q + 1 = 22q + 2q+1 + 1− 2q+1 = (2q + 2
q+1
2 + 1)(2q − 2

q+1
2 + 1),

9 êÆ#(�



Ù¥

2q + 2
q+1
2 + 1 > 2q − 2

q+1
2 + 1 > 5

�

gcd
(

2q + 2
q+1
2 + 1, 2q − 2

q+1
2 + 1

)
= gcd(2q + 2

q+1
2 + 1, 2

q+3
2 ) = 1,

¤± 22q + 17kü�ØÓ��u 5��Ïf.

�d, (∗∗)¼y.

d (∗)9 (∗∗)á�¤y(Ø¤á. �

µ5 ù´���©kJÝ�êØK.)�¿ØE,,Ù¥� (∗)�´g,

�.�Ø%J:3u (∗)��^�r,�¬�)éõkF"���,N´4<

�?�.ù´���©kd��ÔöK.

oµ dg����1 1, 2, 4Kþáu¥� {üK.1 3K|^
)¤ä

��{,1 5KKI�é�:k�½�
),1 6K\ÃØJ,J3�����

À�.oN5`,ù@K8JÝ��, 3, 5, 6n�K¥)Ñ��Òäk�½�¿

�å.
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