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I. ÁÁÁ KKK

1. õ�ª P (x, y)÷v: é?¿�K�ê n, P (n, y)Ú P (x, n)¥�z��

�o�"§�o�gêØ�L n�õ�ª. ¯: õ�ª P (x, x)�gê´Ä�U

�Ûê?

2. n�/ABC´��b�n�/,:A
′
, B

′
, C
′
©O3>BC,CA,ABþ,

�ã AA
′
, BB

′
, CC

′
�un�/ ABC SÜ�: P . ± AA

′
, BB

′
, CC

′
��»�

�, 3z��S, L: P �R�u�»�u, e¤k�u���. ¦y: P �n

�/ ABC �R%.

3. k 100q	*���Ó�M1, ©�7ÕÔn«a., z«a.���

q. zq71­ 3�, zqÕ1­ 2�,zqÔ1­ 1�. yk��Ã§è�U

², #N¡­Ø�L101 g, XÛ©EÑz�qM1�á�?

4. �ÄXe�ê4Oê�:

· · · < a−2 < a−1 < a0 < a1 < a2 < · · · .

Ù¥ü>ÑkÃ¡�. é����ê k, TS�¥?ÛëY k��ÚØ±ù k�

?¾FÏ: 2020-03-11.
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¥������'����þ.P��ê bk. y²µS� b1, b2, b3, · · ·�o´�

�ê� 1, 2, 3, · · · , �ol,�m©´~ê.

5. ®�ào>/ ABCDSÜk�:M ÷v, :M ��� AB Ú���

CD �ål��, :M ��� BC Ú�� AD �ål���. o>/ ABCD

�¡È�uMA ·MC +MB ·MD. ¦y:

(1) o>/ ABCD�3S��;

(2) o>/ ABCD�3	��.

6. ��d (2N)3�ü á�N|¤�á�N�eZ²1u§�>��B

L(z��TÐBL 2N �ü á�N). z�ü á�N������BL. ¡

ù
��,�f8´”�K�”, XJù�ù�8Ü¥vkü��BLÓ��ü

 á�N.

(1) y²µ�3��d 2N2 ��|¤��Kf8, ¦�Ù¥¤k���o

Ñ´Ó����, �okü�ØÓ���;

(2) ¦�Kf8����ê�������U�.

7. ò�ê 1, 2, 3, · · · , n¥��Ü©/�ùÚ, ¦�éz�ùÚê�n�|

(a, b, c)(Ø7ØÓ), XJ a(b− c)´ n��ê, K b = c. y²:ùÚê��êØ�

L ϕ(n). (5: é��ê n, ϕ(n)L« 1, 2, · · · , n¥� np��ê��ê.)

///. ))) ���

K 1 õ�ª P (x, y)÷v: é?¿�K�ê n, P (n, y)Ú P (x, n)¥�z�

��o�"§�o�gêØ�L n�õ�ª. ¯: õ�ª P (x, x)�gê´Ä�

U�Ûê?

) P (x, x)�gêØ�U�Ûê.

¯¢þ, ·��±8By²: éz��K�ê t, P (x, y)��¤Xe/ª:

P (x, y) = xy(x− 1) · · · (x− t)(y − 1) · · · (y − t)T (x, y)

+
t∑
i=1

aixy(x− 1) · · · (x− i+ 1)(y − 1) · · · (y − i+ 1) + a0. (*)

Ù¥ ai(0 ≤ i ≤ t)´Eê, T (x, y)´EXêõ�ª.

é t?18B.

� t = 0�, 3 P (x, y)¥� n = 0, (Ü^��, P (0, x)Ú P (x, 0)þ�~
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ê, �T~ê� P (0, 0) = a0, u´ xy | (P (x, y)− a0), ��3õ�ª T (x, y),¦

�

P (x, y) = xyT (x, y) + a0.

b� t− 1�(Ø¤á, e¡�Ä t��¹. d8Bb��, t− 1�

P (x, y) = xy(x− 1) · · · (x− t+ 1)(y − 1) · · · (y − t+ 1)T (x, y)

+
t−1∑
i=1

aixy(x− 1) · · · (x− i+ 1)(y − 1) · · · (y − i+ 1) + a0.

þª(Ü^�: õ�ª P (t, y)Ú P (y, t)�~ê 0 ½ögêØ�L t,K T (t, y)

Ú T (y, t)þ�~ê�T~ê�u P (t, t) = at, u´

T (x, y) = at + (x− t)(y − t)T ′(x, y).

¤±

P (x, y) = xy(x− 1) · · · (x− t)(y − 1) · · · (y − t)T (x, y)

+
t∑
i=1

aixy(x− 1) · · · (x− i+ 1)(y − 1) · · · (y − i+ 1) + a0.

� t�·K¤á, d8B{� P (x, y)��¤/X (∗) �/ª.

du P (x, y)gêk�. � degP (x, y) = N , K� u = d1
2
Ne, K�âc¡�

y², k

P (x, y) = xy(x− 1) · · · (x− u)(y − 1) · · · (y − u)T (x, y)

+
u∑
i=1

aixy(x− 1) · · · (x− i+ 1)(y − 1) · · · (y − i+ 1) + a0.

K T (x, y) = 0, ÄK degP > N . l


P (x, y) =
u∑
i=1

aixy(x− 1) · · · (x− i+ 1)(y − 1) · · · (y − i+ 1) + a0.

����m ≤ u, ¦� am 6= 0, K P (x, x)�gê� 2m´óê.

¤±, P (x, x)�gêØ�U�Ûê. �

µ5 ù�¯K�'�´kß� P (x, y)�L�ª. lAÏ�¹Ñu, ÏL

t = 0Ú t = 1��¹ÒUßÑ P (x, y)�L�ª, ,�2^8B{y²=�.

K 2 n�/ ABC ´��b�n�/, : A
′
, B

′
, C
′
©O3> BC,CA,AB

þ, �ã AA
′
, BB

′
, CC

′
�un�/ ABC SÜ�: P . ± AA

′
, BB

′
, CC

′
��

»��, 3z��S, L: P �R�u�»�u, e¤k�u���. ¦y: P
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�n�/ ABC �R%.

P

C'
B'

A' CB

A

y² d^��

PA · PA′ = PB · PB′ = PC · PC ′ ,

Ïdd��u½n� A,B,A
′
, B

′
;A,C,A

′
, C
′
;B,C,B

′
, C
′
©Oo:��. ¤±

∠AA
′
C = ∠AC

′
C = ∠AB

′
B = ∠AA

′
B,

¤±

∠AA
′
C = ∠AA

′
B = 90◦,

= AA
′⊥BC.

Ón�� BB
′⊥AC,CC ′⊥AB. �: P ´n�/ ABC �R%. �

µ5 ù´�{üK, �I5¿�d��u½n��o:��=�.

K 3 k 100q	*���Ó�M1, ©�7ÕÔn«a., z«a.��

�q. zq71­ 3�, zqÕ1­ 2�,zqÔ1­ 1�. yk��Ã§è�U

², #N¡­Ø�L101 g, XÛ©EÑz�qM1�á�?

) (���ÂÂÂ>>>) Äk?�üqM1, Ø��M1­þ� a, b, e a = b, K¿K

Ù¥�qM1, 2?��qM1�c¡3e�M1'�­þ, ­ETö�, ��

��üq�þ©O� a < b�M1��.

(1) ed����q­þ� cM1, Ù¥ c 6= a, c 6= b. ò {c, a}, {c, b}�¡

­�g, =�©EÑ¤kM1, d��¡­ 100g.

(2) ed��e��üqM1. é�e�ù
M1�?1þãö�, ���

­þ� c < d�üqM1. e¡é a+ bÚ c+ d¡­,

(i) e a+ b = c+ d, Kk a = c, b = d,¿K c, d, UY­Eþãö�;
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(ii)e a + b < c + d, K a = 1, d = 3. UY'� b, d���, e b = d, K

a < c < d. e b < d, K a < b < d.

d�, ·�Ñé�
­� 2��M1. ò�e�M1� 2��M1'�­þ

=�©EÑ¤k�M1, �ö�gêØ�L 101.

nÜ (1),(2)��, �¯K¤á. �

µ5 ù´��'�~5�¯K, N´wÑ 100Ú 101�±^ nÚ n + 1�

O, ¯K�'�3u(½­þ� 2��M1, ,�2ò�e�M1��'�=

�. 3Ïé­þ� 2��M1�L§¥, ��­þ�Ó�M1´�±���Ñ

�(Ï�^�g¡þ(½�qM1´TÐ�), Ï
��ek���¹, ��qÞ

=�.

K 4 �ÄXe�ê4Oê�:

· · · < a−2 < a−1 < a0 < a1 < a2 < · · · .

Ù¥ü>ÑkÃ¡�. é����ê k, TS�¥?ÛëY k��ÚØ±ù k�

¥������'����þ.P��ê bk. y²: S� b1, b2, b3, · · ·�o´�

�ê� 1, 2, 3, · · · , �ol,�m©´~ê.

y² d^��S� {bk}÷v: b1 ≤ b2 ≤ · · · ±9 bk ≤ k.

eé?¿�ê k, Ñk bk = k, K¯K�y.

e�3��ê k, ¦� bk 6= k, K bk ≤ k − 1. e¡`²S� {bk}kþ., (

Ü {bk}üNØ~� {bk}þ��ê, �S� {bk}l,�m©´~ê.

é?¿��ê t, P S =
∑
i≤t
ai, 
z k�ëY��ÚØ�L��ê� k − 1

�, K

S ≤
∑

i≤t,i≡t(modk)

(k − 1)ai

= (k − 1)at +
∑

i<t,i≡t(modk)

(k − 1)ai

< (k − 1)at +
∑

i<t,i≡t(modk)

k − 1

k
(ai + · · ·+ ai+k−1)

= (k − 1)at +
k − 1

k
(S − at).

K
1

k
S <

(k − 1)2

k
at,
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=

S < (k − 1)2at.

d t�?¿5��, é?¿���ê i§k bi < (k − 1)2, =S� bikþ.. �¯

K�y. �

µ5 N´��^�y{y²T¯K. 5¿�ê� {bn}üNØ~, �y²

{bn}�ª�~ê�, �Iy² {bn}kþ.=�. d n�?¿5, �Iy²

∑
i≤t

ai

at

k.=�. �e�?ÖÒ´Ø�ª�� .

K 5. ®�ào>/ ABCDSÜk�:M ÷v, :M ��� AB Ú��

� CD�ål��,:M ���BCÚ��AD�ål���. o>/ABCD

�¡È�uMA ·MC +MB ·MD. ¦y:

(1) o>/ ABCD�3S��;

(2) o>/ ABCD�3	��.

D1

C1

B1A1

M

C

D

B

A

y² (1) Xã, �MA1⊥AB,MB1⊥BC,MC1⊥CD,MD1⊥DA, �Iy²

MA1 =MB1 =MC1 =MD1.

� ∠AMA1 = α1,∠BMA1 = α2,∠BMB1 = β1,∠B1MC = β2,∠CMC1 =

θ1,∠DMC1 = θ2,∠DMD1 = γ1,∠D1MA = γ2.

5¿�MA1 =MC1, ·�k

S4CMC1 + S4AMA1 =
1

2
MC ·MC1 sin θ1 +

1

2
MA ·MA1 sinα1

=
1

2
MC ·MA1 sin θ1 +

1

2
MA ·MC1 sinα1

=
1

2
MC ·MA cosα1 sin θ1 +

1

2
MA ·MC cos θ1 sinα1

=
1

2
MA ·MC(cosα1 sin θ1 + cos θ1 sinα1)
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=
1

2
MA ·MC sin(θ1 + α1).

Ón��

S4DMC1 + S4BMA1 =
1

2
MA ·MC sin(θ2 + α2),

S4DMD1 + S4BMB1 =
1

2
MB ·MD sin(β1 + γ1),

S4AMD1 + S4CMB1 =
1

2
MA ·MC sin(β2 + γ2).

òþãoª�\�

SABCD =
1

2
MA·MC(sin(θ1+α1)+sin(θ2+α2))+

1

2
MB·MD(sin(β1+γ1)+sin(β2+γ2).

(ÜK8^� SABCD =MA ·MC +MB ·MD±9n�¼ê�k.5�

sin(θ1 + α1) = sin(θ2 + α2) = sin(β1 + γ1) = sin(β2 + γ2) = 1.

u´,

θ1 + α1 = θ2 + α2 = β1 + γ1 = β2 + γ2 = 90◦.

¤±
MA1

MB1

=
cosα2

cos β1
=
MC1

MD1

=
cos θ2
cos γ1

=
sinα2

sin β1
,

� tanα2 = tan β1, u´ α2 = β1, �MA1 = MB1 = MC1 = MD1, =o>/

ABCDkS��.

(2) 5¿� ∠ABC + ∠ADC = 180◦ − ∠A1MB1 + 180◦ − ∠C1MD1 =

360◦ − (α2 + θ2)− (β1 + γ1) = 180◦, �o>/ ABCDk	��. �

µ5 �y²o>/ ABCD kS��, �Iy²:M �o^>�ål�

�. du^�¥®�o>/ ABCD�¡ÈL�ª, ·����Ò´^,�«�

ªr ABCD�¡ÈL«Ñ5, Ïd��ro>/ ABCD�¡ÈL«�o|n

�/�¡È�Ú, u´Ò��
�A���'X, ¯KÒéN´��y².

K 6. ��d (2N)3�ü á�N|¤�á�N�eZ²1u§�>��

BL(z��TÐBL 2N �ü á�N). z�ü á�N������BL.

¡ù
��,�f8´”�K�”§XJù�ù�8Ü¥vkü��BLÓ��

ü á�N.

(1) y²µ�3��d 2N2 ��|¤��Kf8, ¦�Ù¥¤k���o
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Ñ´Ó����, �okü�ØÓ���;

(2) ¦�Kf8����ê�������U�.

y² (oooººº���!!!ôôôAAAÊÊÊ)

(1) æ^�y{, b�(ØØ¤á.

duÓ�����¤k�w,�¤���Kf8, �z���þ��ê�

u 2N2. éü���, 'X x, y��, K3z� z = k��þ�� x��Ú y�

�þ�ê�õ��>�¤k�.

P z = k �, x��þk xk ��, y ��þk yk ��. Kd�y{b�

��,
2N∑
k=1

max{xk, yk} < 2N2, l
dÄT�n, ��3,���ê k, ÷v

max{xk, yk} ≤ N − 1, = xk ≤ N − 1, yk ≤ N − 1. d�, ù��þÙ{��¬Ñ

7Ld z ����5CX, Ïd z ��þ�¤k��¹�� (N + 1)× (N + 1)

�f
.

dé¡5, � x��Ú y��þkÓ��ù��f
.

b� z ��þ®k (N + i) × (N + i)�f
, �� x = 1, 2, · · · , N + i�

y = 1, 2, · · · , N + i, K3 x = 1, 2, · · · , N + i��¥z�����Ñ z��þ�

N + i��. �d� x = k(N + i + 1 ≤ k ≤ 2N)��þ y ����k ỹk �, z

����k z̃k �, Kd�y{b�

(N + i)2 +
2N∑

k=N+i+1

max{ỹk, z̃k} < 2N2,

=
2N∑

k=N+i+1

max{ỹk, z̃k} < 2N2 −N2 − 2Ni− i2 < (N − i)2.

dÄT�n,��3,�N+ i+1 ≤ k ≤ 2N ÷v ỹk ≤ N− i−1, z̃k ≤ N− i−1,

� x��þ���3 (N + i + 1) × (N + i + 1)�f
. dé¡5, y, z ��Ó

n. é i8B��,���þ���¹
√
2N ×

√
2N �f
, gñ.

¤±, �½�±éÑ 2N2�����Kf8, �¹�õü���.

(2) Äk�Ñ�E:

é x��, � y, z Ñ3 {1, 2, · · · , N}¥½Ñ3 {N + 1, N + 2, · · · , 2N}¥

�� 2N2��, =eãÒKÜ©�¤k�.

é y, z�����{aq.

d�, ��z��½� {1, 2, · · · , N}3 �á�N��(�TBL N ��¬),

½� {N + 1, N + 2, · · · , 2N}3�á�N��(�TBL N ��¬).
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du�Ñ�?ü��BL��¬ØÓ, �ùü�á�N¥�k 2N3��¬,

��Ñ��ØU�L 2N3

N
= 2N2.

nþã¤, �Kf8����ê��������U�� 2N2. �

µ5 ù´��kJÝ�¯K, K8�\Ã:3u$^�y{���3

(N + 1) × (N + 1)�Ó����
. ��K8�J:3u1�Ú, I�5¿�

c¡��{äkí2��U, ¤±·�I�ÀJ��#���, ­Eþãö�,

��ØUUYö�e���,ù�Ò����
√
2N ×

√
2N ��
, l
��g

ñ. 31��¯�J«e, 1�¯Ò�éN´�?n, Uì�~5��EÒ�±

uy1�¯�(J(¢´�`�.

K 7. ò�ê 1, 2, 3, · · · , n¥��Ü©/�ùÚ, ¦�éz�ùÚê�n�

| (a, b, c)(Ø7ØÓ), XJ a(b − c)´ n��ê, K b = c. y²:ùÚê��ê

Ø�L ϕ(n). (5: é��ê n, ϕ(n)L« 1, 2, · · · , n¥� np��ê��ê.)

y² (ôôôAAAÊÊÊ) é n?18B.

� n = 1�, w,¤á.

� n��ê�, nØU/�ùÚ, Ï�d��I� a = nÒ÷v^�, b, c�

?¿��, �±Ø��, � n��ê��¤á.

b�(Øé�u n�Ñ¤á, e¡�Ä n��¹.

� n = qα ·m, Ù¥ q� n����Ïf, m > 1.

e 1, 2, 3, · · · , n¥k�� q ��ê�ùÚ, K� n
q
��{a¥�õk��

�ùÚ, =ùÚê�õk

n

q
= n · q − 1

q
· q − 2

q − 1
· · · 1

2

= n · (1− 1

q
)(1− 1

q − 1
) · · · (1− 1

2
)
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≤ n ·
∏

p��ê,p|n

(1− 1

p
)

= ϕ(n).

(Ø¤á.

e�vk q��ê�ùÚ.

� Ak = {x ≡ k (mod qα) | 1 ≤ x ≤ n}, qØ�Ø k, Kd

n = qα ·m, (q,m) = 1

� Ak����ê�m, � Ak¥���H{�m��X,dué?¿ x, y ∈ Ak,

þk qα | (x− y). 
é?¿ x, y, z ∈ Ak,

n | z(x− y)⇔ m | z(x− y),

�ò Ak ¥�ê� m=� 1, 2, · · · ,m, ��ò Ak ¥�êw� 1, 2, · · · ,m. K

d8Bb�, � Ak ¥�õ��Ñ ϕ(m) �ùÚ�ê, q q Ø�Ø k, ��k

q−1
q
· qα · ϕ(m) = ϕ(n)�ê´ùê. � n�·K¤á.

nþ��, �¯K¤á. �

µ5 �K�y�(Ø´ ϕ(n)ù�êØ¼ê, 3éA�{1ØÏ��, �Ä

¦^8B{, ¿|^ ϕ(n)´��È5¼ê. ÏL�Ñ m�/ª, �I�y² p

��êØ´ùÚ�ê, �z���m��{a¥�õk ϕ(n)�ê�ùÚ. �ö

d8Bb���, ecöØ¤á, q��Ñ�õk ϕ(n)�ùÚê.
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