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I. ÁÁÁ KKK

1. �����ã�z^>DþpØ�Ó��ê,¦�éuã¥?¿��n

�/,Ù,�>þ�êi�u,	ü>þ�êi�Ú.y²:�±�ù�ã�z

�º:D�,¦�z^>þ�êi�uù^>ü�à:þ�êi��(�ýé

�).

2. � 4ABC �	%� O. D,E ©O3> AC,AB þ, P,Q,R, S ´²¡

þ�:, ÷v P,R Ú C 3�� AB �Éý, Q,S Ú B 3�� AC �Éý, �

D,A, P,R��, E,A,Q, S ��, 4BCE ∼ 4ADQ,4CBD ∼ 4AEP (º:U

d^SéA), ∠ARE = ∠ASD = ∠BAC.e RS � PQ,y²: RE,DS,AOn�

�:.

3. ·�½Â����ê n´“k��”,XJé 1, 2, · · · , n�?¿ü� σ,Ñ

�3õ�ª P1, P2, · · · , PnÚ ε > 0,÷v:

(1) P1(0) = P2(0) = · · · = Pn(0);

(2) ∀ − ε < x < 0, P1(x) > P2(x) > · · · > Pn(x);

(3) ∀0 < x < ε, Pσ(1)(x) > Pσ(2)(x) > · · · > Pσ(n)(x).

¦¤k“k��”��ê n.

?¾FÏ: 2020-04-27.
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4. ¼ê g : [0, 1] → R÷vXe5�:ò«m [0, 1]?¿©¤ü�Ø���

�8Ü A,B,�½�3 x ∈ A, g(x) ∈ B ½�3 x ∈ B, g(x) ∈ A.� ∀x ∈ [0, 1],

k g(x) > x. y²:�3Ã¡õ� x ∈ [0, 1]¦� g(x) = 1.

5. �½�ê k,y²�3Ã¡õpÉ��êé (m,n)÷v:

n+ s(2n) = m+ s(2m), kn+ s(n2) = km+ s(m2),

Ù¥ s´êèÚ¼ê.

6. �½ n��ê,´Ä�½�±é���à n + 3>/Ú§���n�¿

©,¦�¿©Ñ��n�/	���»��½� n��ê?

///. )))������µµµ555

1. �����ã�z^>DþpØ�Ó��ê,¦�éuã¥?¿��n

�/,Ù,�>þ�êi�u,	ü>þ�êi�Ú.y²:�±�ù�ã�z

�º:D�,¦�z^>þ�êi�uù^>ü�à:þ�êi��(�ýé

�).

b

a

cd
f

v1,b

v u

v2,d

y² �D����>� e = uv,D�� a.

·��º:�XeD�:�: vD� 0.é ∀v′ ∈ V, v′ 6= v,� v′D���u

vv′�D�.

eyTD�÷v�¦.

?� v1, v2 ∈ V, v1, v2 6= u, v.Äk u�D�� a.� vv1, uv1, vv2, uv2D�©

O� b, c, d, f.K v1, v2D�� b, d.

·��y:

(1) uv1D� c = |a− b|, uv2D� f = |a− d|;

(2) v1v2D�� |b− d|.

(1):34uvv1¥,d a���5, a = b+ c.Ón, a = d+ f.� (1)¤á.
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(2): 4vv1v2 ¥,e v1v2 D�� |b − d|,K�U� b + d.�	 4uv1v2,�o

b+ d = c+ f,�o b+ d = |c− f |.

e�cö,(Ü b+ c = a = d+ f � b = f,��>D�ØÓgñ!

e��ö,K b+ d = |c− f | = |b− d|,� b, d > 0gñ!

� v1v2D�� |b− d|.

nþ,TD�ÎÜ. �

µ5 º:�D�A�´(½�,�£ãº:�D�,�I���p�m�

��.�F"é�����,�D����>�±½ 4���4��.

2. � 4ABC �	%� O. D,E ©O3> AC,AB þ, P,Q,R, S ´²¡

þ�:, ÷v P,R Ú C 3�� AB �Éý, Q,S Ú B 3�� AC �Éý, �

D,A, P,R��, E,A,Q, S ��, 4BCE ∼ 4ADQ,4CBD ∼ 4AEP (º:U

d^SéA), ∠ARE = ∠ASD = ∠BAC.e RS � PQ,y²: RE,DS,AOn�

�:.
 EBC = 53.59°

L

P

D

Q

O

A

B C

R

S

E

y² ·�y² R, S ∈ �O.

d ∠PAE = ∠DCB ��, PA� �O��,= PA ⊥ AO.Ón, QA ⊥ AO.

� P,A,Q ��. ��� AP � �ARE u: A,L, K ∠ALE = ∠ARE. ¤±

∠ALE = ∠CAB,q ∠LAE = ∠ACB � 4AEL ∼ 4CBA,� P,D�éA:.

5¿�

∠RLA = ∠RLE + ∠ELA = ∠RAE + ∠EAC = ∠RAC,

q ∠RPL = ∠RDA,�4RLP ∼ 4RAD.d4AEL ∼ 4CBA9 P,D�éA

'X,(Üþã�q� D,P ��T�q�éA:.�4RAP ∼ 4RCD.l

∠PAR = ∠ACR⇒ PA� � (CAR)��⇒ R ∈ �O.

Ón, S ∈ �O.
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y3, RS � PQ,� RS ⊥ AO,l AR = AS.q

∠ERS = ∠ERA− ∠ARS = ∠DSA− ∠ASR = ∠DSR,

� RE, SD�3 RS ¥R� AOþ,�y! �

µ5 �KJ±xÑIO�,�ò¦Ùg,kØw PQ�RS,©Ûã/�5

�.d��IO�=�uy R, S ∈ �O.

3. ·�½Â����ê n´“k��”,XJé 1, 2, · · · , n�?¿ü� σ,Ñ

�3õ�ª P1, P2, · · · , PnÚ ε > 0,÷v:

(1) P1(0) = P2(0) = · · · = Pn(0);

(2) ∀ − ε < x < 0, P1(x) > P2(x) > · · · > Pn(x);

(3) ∀0 < x < ε, Pσ(1)(x) > Pσ(2)(x) > · · · > Pσ(n)(x).

¦¤k“k��”��ê n.

) ¤¦k����ê n� 1, 2, 3.

é���"õ�ª f(x) =
m∑
k=0

akx
k,¡¦ ak 6= 0���� kéA�� akx

k

¡� f �“A�”.w,, |x|¿©�� f(x)��K�ûu f �A���K.

Äk, n ≥ 4´ØÎÜ�.�d,N´wÑ=Iy n = 4��/.

� σ ¦: σ(1) = 3, σ(2) = 1, σ(3) = 4, σ(4) = 2. eyØ�3ÎÜ�

P1, P2, P3, P49 ε > 0.

�y{,b��3ÎÜ� P1, P2, P3, P49�ê ε.P

Q1 = P3 − P1, Q2 = P1 − P4, Q3 = P4 − P2,

K x > 0 � x ¿©��, Q1, Q2, Q3 þ���. � Q1, Q2, Q3 �A��g�

c1x
α1 , c2x

α2 , xα3
3 ,K c1, c2, c3 > 0.âd ε1Q1 + ε2Q2 + ε3Q3 (ε1, ε2, ε3 ∈ {0, 1}�

Ø�� 0)�A��gê7� α1½ α2½ α3,=Ø¬Ñy�$g��p-���

¹.

� α1 = min{α1, α2, α3},Kdu −ε < x < 0�,

P3(x)− P4(x) > 0⇒ Q1(x) +Q2(x) > 0⇒ xα1 > 0,

P2(x)− P3(x) > 0⇒ Q1(x) +Q2(x) +Q3(x) < 0⇒ xα1 < 0,

gñ!

� α2 = min{α1, α2, α3},aq/, −ε < x < 0�,

P3(x)− P4(x) > 0⇒ Q1(x) +Q2(x) > 0⇒ xα2 > 0,
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P2(x)− P3(x) > 0⇒ Q1(x) +Q2(x) +Q3(x) < 0⇒ xα2 < 0,

gñ!

� α3 = min{α1, α2, α3},K −ε < x < 0�,

0 < P1(x)− P2(x) = Q2(x) +Q3(x)⇒ xα3 > 0,

0 > P3(x)− P2(x) = Q1(x) +Q2(x) +Q3(x)⇒ xα3 < 0,

gñ!

nþ, n ≥ 4ØÎÜ.

,��¡,w, n = 1, 2´ÎÜ�,e�y n = 3ÎÜ.� ε = 1
100
.

(1) σ(1) = 1, σ(2) = 2, σ(3) = 3,� P1(x) = x4 + x2, P2(x) = x2, P3(x) = 0.

(2) σ(1) = 1, σ(2) = 3, σ(3) = 2,� P1(x) = x3 + x2, P2(x) = 0, P3(x) = x3.

(3) σ(1) = 2, σ(2) = 1, σ(3) = 3,� P1(x) = x2, P2(x) = x2 + x3, P3(x) = 0.

(4) σ(1) = 2, σ(2) = 3, σ(3) = 1,� P1(x) = 0, P2(x) = x+ x2, P3(x) = x.

(5) σ(1) = 3, σ(2) = 1, σ(3) = 2,� P1(x) = x2, P2(x) = 0, P3(x) = x2 + x.

(6) σ(1) = 3, σ(2) = 2, σ(3) = 1,� P1(x) = 0, P2(x) = x, P3(x) = x+ x3.

nþ,¤¦�k�ê� 1, 2, 3. �

µ5 �KN´��^�©�A�5�ä�K.�´Ú\Qi = Pσ(i)−Pσ(i+1)

¬¦ Pi − Pi+1L«å5Ø�B.�K�'�´� Qi�A�Ñ´�Xê�,l

¦\ª¥A�Ø¬�p-�,¦� Pi − Pi+1k�UïÄ.

4. ¼ê g : [0, 1] → R÷vXe5�:ò«m [0, 1]?¿©¤ü�Ø���

�8Ü A,B,�½�3 x ∈ A, g(x) ∈ B ½�3 x ∈ B, g(x) ∈ A.� ∀x ∈ [0, 1],

k g(x) > x.y²:�3Ã¡õ� x ∈ [0, 1]¦� g(x) = 1.

y² �y{,e=kk�� x ∈ [0, 1]¦ g(x) = 1,Pù
 x|¤8Ü S.

Äk, S 6= ∅.ÄK,�A = {1}, B = [0, 1),dK¿,�o�3 x ∈ A, g(x) ∈ B

½�3 x ∈ B, g(x) ∈ A.5¿� g(x) > x, ∀x ∈ [0, 1].��3 x ∈ B, g(x) ∈ A,

d� g(x) = 1,gñ!

Ùg,d g(x) > x,∀x ∈ [0, 1],� 1 /∈ S.

� S ����� α.�

A = {x | x ∈ [0, 1]��3 k ∈ N∗¦ g(k)(x) = 1},

Ù¥ g(k) = g ◦ · · · ◦ g︸ ︷︷ ︸
k � g

.K A��8,P A∗ = A ∪ {1}.
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?� x ∈ A,k

g(k)(x) = 1⇒ g(k−1)(x) ≤ α⇒ x ≤ α < 1,

� B = [0, 1]\A∗, K B 6= ∅. dK¿, �o�3 x ∈ A∗, g(x) ∈ B ½�3

x ∈ B, g(x) ∈ A∗.

e�cö,d x ∈ A∗,� g(k)(x) = 1 (w, x 6= 1 ), k ∈ N∗.d 1 /∈ B �,

k ≥ 2.� g(k−1)(g(x)) = 1,l g(x) ∈ A,gñ!

e��ö,d A�½Â�, g(x) 6= 1.d g(x) ∈ A,� g(k)(g(x)) = 1, k ∈ N∗,

= g(k+1)(x) = 1,� x ∈ A,gñ!

nþ,�yb�Ø¤á, S �Ã�8. �

µ5 �¿©|^^�7L�J}� A,B.Ïd���y{ÒéN´.

5. �½�ê k,y²�3Ã¡õpÉ��êé (m,n)÷v:

n+ s(2n) = m+ s(2m), kn+ s(n2) = km+ s(m2),

Ù¥ s´êèÚ¼ê.

y² Äk5¿���¯¢:

� n ∈ N∗, n�� êØ´ 0Ú 5, t ∈ N∗, 10t > 2n ,K

s(10t − n) = 9t+ 1− s(n), s(2(10t − n)) = 9t+ 2− s(2n). �

¯¢þ,� n = (a1a2 · · · at)10, ai ∈ N, 0 ≤ ai ≤ 9,K at 6= 0.l

10t − n =
(

(9− a1)(9− a2) · · · (9− at−1)(10− at)
)
10
.

� 2n = (b1b2 · · · bt)10,

2(10t − n) = 2 · 10n − 2n =
(

1(9− b1)(9− b2) · · · (9− bt−1)(10− bt)
)
10
.

u´,�¤á.

é k ∈ Z,P

Sk = {(m,n) |m,n ∈ N∗,m 6= n�n+s(2n) = m+s(2m), kn+s(n2) = km+s(m2)}.

�·K=y Sk �Ã�8.

e¡Ú\ü�C�.ùü�C�Ñ�´�é Sk �Ü©��.

é (m,n) ∈ Sk, m� n�� êÑØ´ 0Ú 5, t ∈ N∗, 10t > m2 + n2, 10t >

2m, 10t > 2n½Â Γ1,t : Sk → Sk+1�

Γ1,t(m,n) = (10t +m, 10t + n).
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·�y² (10t +m, 10t + n) ∈ Sk+1.

¯¢þ,

10t +m+ s(2(10t +m)) = 10t + 2 +m+ s(2m) = 10t + n+ s(2(10t + n)),

�k

(k + 1)(10t +m) + s
(
(10t +m)2

)
=(k + 1)10t + (k + 1)m+ s

(
102t + 2m · 10t +m2

)
=(k + 1)10t + (k + 1)m+ s(m2) + 1 + s(2m)

=(k + 1)10t + [m+ s(2m)] +
[
km+ s(m2)

]
+ 1

=(k + 1)10t + [n+ s(2n)] +
[
kn+ s(n2)

]
+ 1

=(k + 1)10t + (k + 1)n+ s(n2) + 1 + s(2n)

=(k + 1)(10t + n) + s
(
(10t + n)2

)
.

é (m,n) ∈ Sk, m� n�� êØ´ 0Ú 5, t ∈ N∗, 10t > m2 + n2, 10t >

2m, 10t > 2n, (10,mn) = 1,½Â Γ2,t : Sk → S1−k �

Γ2,t(m,n) = (10t −m, 10t − n).

d�, 10 - 10t −m, 10 - 10t − n.·�y² (10t −m, 10t − n) ∈ S1−k.¯¢þ,=

I5¿�

10t −m+ s(2(10t −m)) = 10t −m+ 9t+ 2− s(2m) = 10t − n− s(2(10t − n))

�

(1− k)(10t −m) + s
(
(10t −m)2

)
=(1− k)(10t −m) + s(102t − 2m · 10t +m2)

=(1− k)(10t −m) + 9t+ 1− s(2m) + s(m2)

=(1− k)10t + (km+ s(m2))− (m+ s(2m)) + 9t+ 1

=(1− k)10t + (kn+ s(n2))− (n+ s(2n)) + 9t+ 1

=(1− k)(10t − n) + s
(
(10t − n)2)

)
y3,5¿� (9, 12) ∈ S0,=k

9 + s(18) = 12 + s(24) = 18, s(81) = s(144) = 9.

k > 0�,�¿©�� t,é (9, 12)�g�^ Γ1,t,Γ1,3t, · · · ,Γ1,3k−1t,����=3

Sk ¥,l�ØÓ� t=�: Sk kÃ¡���.

é k ≤ 0,K 1− k > 0.� (m,n) ∈ S1−k,dcã� S1−k �Ã�8. t¿©�
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�,k Γ2,t(m,n) ∈ Sk,�ØÓ� t=�: Sk �Ã�8. �

µ5 �K�Ó��� s(2n)� s(n2),�ùJ±���E,�48(�ér.

,	,du n+ s(2n) = m+ s(2m),�m,né�C,ùÚ�·�^/X “10k +n”

�48�E.

6. �½ n��ê,´Ä�½�±é���à n + 3>/Ú§���n�¿

©,¦�¿©Ñ��n�/	���»��½� n��ê?

) �Y´�½�.

�K�� n��ê� d1 ≤ d2 ≤ · · · ≤ dn.� tk = d1−εk, k = 1, 2, · · · , n+1.

Ù¥ ε > 0�½.- ε¿©�,¦ tn+1 > 0.

e� n �n�/ 4AkBkCk, k = 1, 2, · · · , n. ��»� dk �� ωk. ?�

Ak ∈ ωk.du tk < d1 ≤ dk,�� Ck ∈ ωk ¦ AkCk = tk.3�l AkCk S�:

Bk,¦ AkBk = tk+1.Ø�� Ak, Bk, Ck _��ü�.

UXe�ªë��n�/:

5¿� AkBk = Ak+1Ck+1 = tk+1,ò�n�/²£¦� A1, A2, · · · , An+1

ÜuÓ�: O,7 O=Ä�n�/,¦ AkBk � Ak+1Ck+1Ü(1 ≤ k ≤ n− 1).

Xd���� n+ 3>/ Ω.ey:�� ε¿©�,¦ Ω�àõ>/.

wk

tk+1

tk

Ak

Bk

Ck

O

Bk+1

Bk=Ck+1

Ck

��¡, ε→ 0+�, ∠BkAkCk → 0+.� ε→ 0+�, ∠C1OBn → 0+(< π).

,��¡,�	 ∠CkBkBk+1.�4 ∠CkBkAk + ∠Ak+1Ck+1Bk+1 ≤ π.

� ωk ¥ AkBk ¤é�%�� 2αk(0 < αk <
π
2
),K

tk+1 = dk sinαk. �

ε→ 0+�, Ck → Bk, BkCkªu� ωk3Bk?���,� ∠AkBkCkªu π−αk.

Ón, ∠Ak+1Ck+1Bk+1ªu αk+1.

� θk = lim
ε→0+

αk (5¿ αk � ε�ëY¼ê,� θk �½�),K θk > 0,�d�
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�, d1 = dk sin θk,- ε→ 0+,Kd dk ≤ dk+1�, θk ≥ θk+1.�

∠AkBkCk + ∠Ak+1Ck+1Bk+1 → π − θk + θk+1 < π(ε→ 0+).

l��¿©�� ε¦ Ω�àõ>/.

y3, Ω´à n+ 3>/,��4AkBkCk/¤ Ω�¿©,	���»©O�

d1, d2, · · · , dn.��Y´�½�. �

µ5 �K���*��:3u4AkBkCk º�� kC�,	���»�

k C�.�Ù��K�8I�N�éÐ:º�Cq�,	���»���n�/

�“ð”(k��é��S�),�·Ü�3àõ>/��þ.
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