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 P,3¦�>¿'¦p�<ê�3¦m>¿'¦L�

<ê�Ú�óê.^'u n�L�ªL«¤k�U�ü�ê.

2. �
�Úê��3d>�� 1 �ü ��/�¤ü���Ã���Ú

�þ,÷v:

(1)éz��,�3��ê�d�3Ó�é��þ (3ùü�Úf�m�±

kO�Úf);

(2)éz�ê,�3����dêålT�
√

5 ;

(3)XJlÚ�þ?¿<K�qÚf,Kþã^���k��òØ2÷v.

� n´Ú�þ�Úf�oê,¦ n�¤k�U�.

3. �: O �o¡N P1P2P3P4 z�º:�å,b��3��: H ¦�é

i = 1, 2, 3, 4Ñk�� PiH�Ù¦n�º:(½�²¡R�.��� P1H�dn
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: P2, P3, P4(½�²¡�u:A, P1Hþ�3��:B 6= P1,÷vOP1 = OB.

y²: HB = 3HA.

4. ®� Catalan ê Ck = 1
k+1

Ck
2k,Ù¥ p�Û�ê.y²: 8Ü{

p−1∑
k=1

Ckn
k | n ∈ {1, 2, · · · , p− 1}

}
¥Tk���êU� p�Ø.

5. 3Ó�²¡þ���n�/Ú���,y²: n�/���ú�Ü©�

¡ÈØ�LTn�/¡È�n©��\þ�¡È���.

///. )))������µµµ555

1. Sir Alex ��u�|äkØÓ�p� n<v¥è.¦F"òù n�¥


ü¤�ü,¦�éz�¥
 P,3¦�>¿'¦p�<ê�3¦m>¿'¦L�

<ê�Ú�óê.^'u n�L�ªL«¤k�U�ü�ê.

) 1 (HHH���ººº) � n<�p©O� 1, 2, 3, · · · , n,�p� i�<Õ3l�

ê1 f(i)� �.éu�p� i, j �ü�< (i < j),e f(i) > f (j) ,¡ (i, j)�

���Sé. (Ø�Ä�SéSÜ i, j �gS,= (i, j)� (j, i)À�Ó���S

é),e¡I�¦Ñ {1, 2, · · · , n} → {1, 2, · · · , n}�V� f ��ê,÷véu

?¿� i ∈ {1, 2, · · · , n} ,¹ i ��Sé��êþ�óê.

éu?¿� i ∈ {1, 2, · · · , n− 1} ,�Ä i� i+ 1� �.

5¿� {1, 2, · · · , n}¥Ø
 i� i+ 1±	�Ù§ê�oþ�u i� i+ 1,

�oþ�u i� i+ 1,�éu �3 i � i+ 1�Óý�ê j, (i, j)� (i+ 1, j)

½öÓ���Sé,½öÓ�Ø��Sé.

éu �3 i� i+ 1Éý(=3§��m)�ê j, (i, j)� (i+ 1, j)7,�

���Sé,��Ø��Sé.

¤±¹ i ��Sé��ê�¹ i + 1��Sé��ê�Ú� u i� i + 1

�m� ��ê� 2Ó{. (=� |f(i)− f(i+ 1)| − 1� 2Ó{).

�¹ i��Sé��ê� xi,K

xi + xi+1 ≡ |f(i)− f(i+ 1)| − 1 (mod2) ,

5¿� 2 | xi (i = 1, 2, · · · , n)�du 2 | x1,� 2 | xi+xi+1, (i = 1, 2, · · · , n−

1)��du 2 | x1,� 2 | |f(i)− f(i+ 1)| − 1, (i = 1, 2, · · · , n− 1) ¬
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5¿� 1´�L�<,� x1 = f(1) − 1.u´¬�du f(1)�Ûê,� f(i)

� f(i + 1) ØÓÛó, (i = 1, 2, · · · , n− 1) . ��du f(i) ≡ i (mod2) , (i =

1, 2, · · · , n). 1, 2, · · · , n¥�Ûêk
[
n+1

2

]
�,óêk

[
n
2

]
�.¤±÷v^

��V� f ��ê�
[
n+1

2

]
! ·
[
n
2

]
!. �

µ5 éuz� i,¹ i��Sékóê����^�¿ØÐ�x,�5¿�

éu i, i+ 1,Ù§êþÓ��u½ö�u§�,(Ü i� i+ 1�A:B�±�x

Ñ§�¤3 ����^�,,�y²¿©7�5=�.

) 2 (ùùù¹¹¹ÊÊÊ) P÷v^��ü�ê� f(n),K f(1) = 1.

ò n�¥
U�pl���?Ò� P1, P2, · · · , Pn,du Pnm>�<ê�

óê,�¦�UÕ31 n,1 n− 2, · · · ù
 �,� [n+1
2

]«.

éz� k ≡ n(mod2), 1 ≤ k ≤ n,Xe�V�`² PnÕ31 k �ü{ê

T� f(n− 1) :

é n���ü�,- Pn Ñ�,¿ò Pn m>� n − k �<�Sü�,��

n− 1����ü�. (∗)

éz�¥
,¡�ý'¦p�<�mý'¦L�<�¦�/_S0.·��

y#ü�¥z�<þkóê�_S:

�I�Ä�� n− k�<.�Ù3Îü�¥,3� k− 1�<¥,k a�_S,

3m n− k�<¥k b�_S,K 2 | a+ b+ 1.

3#ü�¥,Ùk

a+ (n− k − b− 1) ≡ a+ b+ 1 ≡ 0(mod2).

�_SÎÜ.

w, (∗)�V�.�d�ü{TÐ f(n− 1)«.�

f(n) = [
n+ 1

2
]f(n− 1).

n = 2t− 1�,O�� f(n) = t · ((t− 1)!)2 . n = 2t�, f(n) = (t!)2. �

µ5 Á��� nN´uy Pn�Õ{ØK� Pn−1�Õ{ê.XJù(¢¤

á,K�^¦{�n��� f(n),ùg,ÚÑ (∗)ù�éA.

2. �
�Úê��3d>�� 1 �ü ��/�¤ü���Ã���Ú

�þ,÷v:

(1)éz��,�3��ê�d�3Ó�é��þ (3ùü�Úf�m�±

kO�Úf);
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(2)éz�ê,�3����dêålT�
√

5 ;

(3)XJlÚ�þ?¿<K�qÚf,Kþã^���k��òØ2÷v.

� n´Ú�þ�Úf�oê,¦ n�¤k�U�.

) (HHH���ººº) ïá�IX¿PÚ�þ��féA (x, y) (Ù¥ x, y ∈ Z ),

eky:ê���ê��.

é?�|ê��,e§�ålT�
√

5,Kë�^ù>.e§�3Ó�^é�

�þ,Kë�^7>.dK8^�,z�ê��ëÑ1^ù>,z����ëÑ1^

7>,�?�K��Úf���k�:Ø2¤á.e�K�,K7,´�3,�

êØëÑù>,ù¿�Xù�ê=��K��ëkù>.�Ò´`,Ø�3ü�

ØÓ��ÏLd�ªéAÓ��ê,�§�éA�êüüØÓ.l

���ê ≤ ê��ê ¬

��Ón/�Ä�K?��ê,��

���ê ≥ ê��ê 

l��ê�ê��,�7k 2 | n.e¡k�E 4 | n��¹.

n = 4�,Xeã¤«,´ÎÜK¿�.

éu n = 4k(k ∈ N∗),�Lr n = 4��Ezg�þ²£ 10�ü �Ý,¿

�1 k − 1g,��� 4k�:=ÎÜK¿,Ï�z�ê,z��ÑTuÑ 1^ù

>, 1^7>.

ey:e�3K7k 4 | n.du¬ þ��Ò,�éuz��,�3���ê

=�T�ëù>.éuz�ê,�3����=�Têë7>.

� n = 2m,K3ù m�ê, m���mrþã� m^ù>Ú m^7>3

e,Ù¦>íK.Kz�ê,z��TuÑ 1^ù>, 1^7>.UIS�Ú�çx

m�/Ú,Kù>�ë�üfÉÚ,7>�ë�üfÓÚ.ù m�ê, m���

m^m^ù>��éA�ë,�Ù¥km�3ç�, m�3x�.ùm�ê, m

���m^m^7>��éA�ë,�Ù¥ uç��x��Úfêþ�óê.

dþ¡ü:�m�óê,� 4 | 2m = n.

nþ,¤¦� n = 4k,Ù¥ k ∈ N∗. �
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µ5 n = 4��EéN´,?�� n = 4k, k ∈ N∗þ¤á.

�ÿßÿ,�%¦y.y²�L§I�éK8^�¿©�|^.d^�¥%

õ�éA'X�Ñê����ê��,2�\©Ûr§�éAå5�ù
“A

Ï”�ù��7�,(Üçxm�/Ú�Ñê��þkóê�,l�¤y².

3. �: O �o¡N P1P2P3P4 z�º:�å,b��3��: H ¦�é

i = 1, 2, 3, 4Ñk�� PiH�Ù¦n�º:(½�²¡R�.��� P1H�dn

: P2, P3, P4(½�²¡�u:A, P1Hþ�3��:B 6= P1,÷vOP1 = OB.

y²: HB = 3HA.

y² (HHH���ººº) Ï� P2H⊥¡ P1P2P3, P1H⊥¡ P2P3P4,¤± P2H⊥P3P4,

P1H⊥P3P4.� P3P4⊥P1P2H.l P2A⊥P3P4.Ón, P3A⊥P2P4, P4A⊥P2P3,�

A�4P2P3P4�R%.

dK¿� O�o¡N P1P2P3P4�	�¥¥%, B ��� P1H �	�¥�

,���:.

� A 'u�� P2P3 �é¡:� A′. KÙ� A′ 3 4P2P3P4 �	��

þ, � A′ 3o¡N P1P2P3P4 �	�¥þ. du A′, P1, P4, B þ3¥þ�

A′P4

⋂
P1B = A.�

AA′ · AP4 = AP1 · AB.

��� P4A� P2P3u T,K

2AT · AP4 = AP1 · AB ¬

5¿� P1H⊥P4T,�d P4H⊥²¡ P1P2P3 � P4H⊥P1T,� H � 4P1P4T �

R%.l4HAT �4P4AP1�q.� H � P13²¡ P2P3P4�Óý,�

AH

AT
=
AP4

AP1

,
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=

AT · AP4 = AH · AP1,

�\¬�

2AH · AP1 = AP1 · AB,

= 2AH = AB.�Ä� B � P1 3²¡ P2P3P4 �Éý(d 4P1AA
′ � 4P4AB

_�q),k B� H 3²¡ P2P3P4�Éý,�

HB = HA+ AB = 3HA.

�

µ5�K¥'u H �XÚ´éN´ïÄ�Ù�:

(1) H �3��=� P1P2P3P4écR�.

(2) H 3¡þ�ÝK�R%.

(3) AH · AP1 = AP2 · AC.

�é5`, O�Ly'�E,.ØL�K�ïÄ	�¥,Ø�9 O,�Ä¡3

¥þ��¡��=�é¯�Ñ.

4. ®� Catalan ê Ck = 1
k+1

Ck
2k,Ù¥ p�Û�ê.y²: 8Ü{

p−1∑
k=1

Ckn
k | n ∈ {1, 2, · · · , p− 1}

}
¥Tk���êU� p�Ø.

y² 1 (HHH���ººº) �

f(n) =

p−1∑
k=1

Ckn
k(n ∈ Z),

Ù�

Cm =
m−1∑
i=0

CiCm−1−i(m ∈ N∗) ¬

�´y

C p+1
2
≡ C p+3

2
≡ · · · ≡ Cp−2 ≡ 0 (modp), Cp−1 ≡ −1 (modp) 

�� pØU�Ø n�,

f(n) ≡

p−1
2∑

k=1

Ckn
k − 1 (modp). ®
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�

(f(n) + 2)2 ≡ (

p−1
2∑

k=0

Ckn
k)2

=

p−1
2∑
i=0

i∑
j=0

CjCi−jn
i +

p−1∑
i= p+1

2

p−1
2∑

j=i− p−1
2

CjCi−jn
i

≡
p−2∑
i=0

i∑
j=0

CjCi−jn
i + (C p−1

2
)2np−1 (^�)

≡
p−2∑
i=0

Ci+1n
i + (C p−1

2
)2np−1 (^�¬)

≡

p−3
2∑
i=0

Ci+1n
i + (C p−1

2
)2np−1 − np−2 (^�)

≡ n−1(f(n) + 1) + (C p−1
2

)2 − np−2 (modp)

q

C p−1
2

=
2

p+ 1
·

(p− 1)(p− 2) · · · (p+1
2

)

1 · 2 · · · · ·
(
p−1

2

)
≡ (p+ 1)−1 · 2(−1)

p−1
2 (modp),

� (C p−1
2

)2 ≡ 4 (modp), l·�k

(f(n) + 2)2 ≡ n−1(f(n) + 1)− np−2 + 4 (modp)

é?¿ØU� p�Ø� nþ¤á.�

n[f(n)]2 + 4nf(n) + 4n ≡ f(n) + 1− np−1 + 4n (modp)

=

f(n) (nf(n) + 4n− 1) ≡ 0 (modp)

é?¿ØU� p�Ø� nþ¤á.- n = 4−1,Kk

4−1[f(4−1)]
2 ≡ 0 (modp),

� f(4−1) ≡ 0 (modp).(Ü®,·���3õ�ª g,¦� deg g ≤ p−3
2
,�

f(n) ≡
(
n− 4−1

)
g(n) (modp)

é?¿ØU� p�Ø� nþ¤á.

�k

(n− 4−1)
2
g(n)(ng(n) + 4) ≡ 0 (modp)

é?¿ØU� p�Ø� nþ¤á.
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l� pØU�Ø n, pØU�Ø (n− 4−1)�,

g(n)(ng(n) + 4) ≡ 0 (modp)

¤á,=�>k p− 2�ØÓ�.5¿� deg g ≤ p−3
2
,�

deg
(
g(n)(ng(n) + 4)

)
≤ p− 2,

d.�KF½n,§Ø�L p − 2��,��Ò¤á,= deg g = p−3
2
, g(n)Tk

p−3
2
�ØÓ��,� g (n) (ng (n) + 4)� p− 2��=�¤

{0, 1, 2, · · · , p− 1} \
{

0, 4−1
}
,

� g(n)� p−3
2
�ØÓ�þØ�0,Ø� 4−1. f(n)' g(n)õÑ 4−1 ù��,�

f(n)Tk p−1
2
�ØÓ��"�. �

µ5y²�KI�ÙGCatalanê�4íúª,¿|©|^õ�ª�5�,

(Ü.�KF½n�Ñ��ê8.Ù¥��êC/ÚÓ{©ÛI��½�õå,

��[[N¬.

y² 2 (ùùù¹¹¹ÊÊÊ) 5¿�: Cp−1 ≡ −1(modp),�é 1 ≤ k ≤ p− 2k

Ck =
1

k + 1

(
2k

k

)
=

2k

k + 1

(2k − 1)!!

k!

≡ (−2)k

k + 1

(p− 1)(p− 3) · · · (p− 2k + 1)

k!

≡ (−4)k

k + 1

p−1
2

p−3
2
· · · p−2k+1

2

k!
· p+ 1

2
· 2

= 2(−4)k
( p+1

2

k + 1

)
(modp)

¤á.�

Sn =

p−1∑
k=1

Ckn
k ≡

p−2∑
k=1

2(−4)k
(p+1

2

k

)
nk − np−1

≡ (−2n)−1

(
p−1∑
k=2

(−4n)k
(p+1

2

k

))
− 1

≡ (−2n)−1

(
(1− 4n)

p+1
2 − p+ 1

2
(−4n)− 1

)
− 1 (modp)

≡ (−2n)−1
(

(1− 4n)
p+1
2 + 2n− 1

)
− 1 (modp)

é�� n ∈ {1, 2, · · · , p− 1}¤á.�

Sn ≡ 0 (modp)⇔ (1− 4n)
p+1
2 ≡ 1− 4n (modp)

⇔ (1− 4n)
(

(1− 4n)
p−1
2 − 1

)
≡ 0 (modp)
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⇔
(

1− 4n

p

)
= 0½ 1.

q 1− 4n 6≡ 1(modp),���=� 1− 4n� 0½Ø 1	�²��{� p | Sn.�

Tk��� Sn� p��ê. �

µ5 ��{Äu Catalan ê�1¼ê. ÙG�'�£�ÓÆAT��,

Ck = 1
k+1

(
2k
k

)
= 2(−4)k

( 1
2

k+1

)
, 1−

√
1−4x

2x
�¿�Ù1¼ê. �â�K�A:,

p−1∑
k=1

Ckn
k �<±�«31¼ê¥D��aú.�é���1¼ê·�J±©l

Ñc p− 1�,ÏdI�3� p�¿Âe?U1¼ê,z
( 1

2
k+1

)
�
( 1+p

2
k+1

)
,ù�Ò�

kk��¦Ú.

5. 3Ó�²¡þ���n�/Ú���,y²: n�/���ú�Ü©�

¡ÈØ�LTn�/¡È�n©��\þ�¡È���.

y² 1 (HHH���ººº) Äk�Ñ��Ún.

ÚÚÚnnn en�/���º: u�%,Kn�/���ú�Ü©¡ÈØ�

Ln�/¡È� 1
3
\þ�¡È� 1

6
.

eÚn�y,Kéu�K,�n�/� ∆ABC,��� O,e O 3 ∆ABC

S(¹>.),K

S∆ABC ∩ �O = S∆OAB ∩ �O + S∆OBC ∩ �O + S∆OAC ∩ �O

≤ 1

3
S∆OAB +

1

6
S�O +

1

3
S∆OBC +

1

6
S�O +

1

3
S∆OAC +

1

6
S�O

=
1

3
S∆ABC +

1

2
S�O

¤á.

e O3∆ABC 	,K±en�·K:

¬ O� A3 BC Éý; O� B3 AC Éý;® O� C 3 ABÉý.

¥��k��´¤á�(ÄK OÒ3 ∆ABC S).

Ø�¬¤á, O� A3 BC Éý.� O3�� BC þ�ÝK� O′,± O′ �

�%,� O��»��»�� O′.éu u�� BC �¹ A�@�ý�: P,w

,k O′P ≤ OP ¤á.l ∆ABC S?�:� O′ �ålØ�u� O�ål.

�Ò´`: ∆ABC S��:e3� O¥,

K�7½3� O′ ¥.�ò� ON��� O′,n�/±9��¡ÈþØC,ú

�¡ÈØ~.e O′3�ã BC S,K=z� O34ABC S(¹>.)��¹.e

O′3�ã BC ò��þ:
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(1)XJ ∠ACB ≤ π
2
, K O′ �N� C (Ï�é 4ABC S?�: P, k

CP ≤ O′P )¶

(2)XJ ∠ACB > π
2
,du O′ �� B 3 AC Éý,� O′ 3ACþ��K�

O′′,e O′′3�ã AC þK®¤á,e O′′3 CAò��þK=�(1).

e O′3�ã CBò��þ,Ón.

lþ�=z� O3∆ABC S(¹>.)��¹.�Ò´`,eÚn�y,l

�·K�y.e¡y²Ún.

Ún�y² Xã,�n�/� ∆OAB,��� O.e AB Ø�� O��,

K�ò�� AB ·�²£���� O ��,²£����©O� OA, OB u

A′, B′,K�ò ∆OAB N�� ∆OA′B′,n�/¡È~�,�¡È�ú�¡È

ØC.l�=z� AB �� O����/.��I�Ä AB �� O����

/.

Xã,��uE, F,Ø���O�»� 1,∠AOE = α, ∠EOF = β, ∠FOB =

γ,K·��Iy

α

2
+
γ

2
+

sin β

2
≤ 1

3
[
1

2

sinα cos β
2

cos(α + β
2
)

+
1

2

sin γ cos β
2

cos(γ + β
2
)

+
sin β

2
] +

π

6
(∗)

Ù¥ α, β, γ > 0, α + β + γ < π,5¿�

sinα

cos(α + β
2
)

+
sin γ

cos(γ + β
2
)

=
2 sin(α + γ + β

2
)− 2 sin β

2
cos(α− γ)

cos(α− γ) + cos(α + β + γ)
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�e�½ α+ γ,Kþª'u cos(α− γ)4~,=(∗)m>'u cos(α− γ)4~,�

cos(α− γ)���(= α = γ�), (∗)m>��,�q�N�� α = γ��/.=�

Iy:

α +
sin β

2
≤ 1

3
(

sinα cos β
2

cos(α + β
2
)

+
sin β

2
) +

π

6
(α, β > 0, 2α + β < π)

þª�duy²

3α +
sin β

2
− 1

cotα− tan β
2

≤ π

2
(α, β > 0, α +

β

2
<
π

2
).

�>'u α��ê�

3 +
− 1

sin2α

(cotα− tan β
2
)
2 =

3cos2(α + β
2
)− cos2 β

2

cos2(α + β
2
)

,

� α0 ÷v α0 + β
2
< π

2
, α0 > 0�

√
3 cos(α0 + β

2
) = cos β

2
,K α ∈ (0, α0)��

ê��,'u α4O; α ∈ (α0,
π
2
− β

2
)��ê�K,'u α4~.�Tª�>3

α = α0���.=I�Ä α = α0���/.=y:

α0 +
sin β

2
≤
√

3

3
sinα0 +

sin β

6
+
π

6
,

=:

3α0 + sin β ≤
√

3 sinα0 +
π

2
.

5¿�d
√

3 cos(α0 +
β

2
) = cos

β

2

�

tan
β

2
=

cosα0 −
√

3
3

sinα0

,

l cosα0 >
√

3
3
,�

sin β =
2 tan β

2

1 + tan2 β
2

=
2 sinα0(cosα0 −

√
3

3
)

sin2α0 + (cosα0 −
√

3
3

)
2 ,

�\,·��Iy:

sinα0(6 cosα0 − 3
√

3)

2−
√

3 cosα0

+ 3α0 −
π

2
≤ 0(α0 ∈ (0,

π

2
), cosα0 >

√
3

3
).

�þª�>� f(α0),¿P cosα0 = tK

f ′(α0) =
(6 cos 2α0 − 3

√
3 cosα0)(2−

√
3 cosα0)−

√
3 sinα0(3 sin 2α0 − 3

√
3 sinα0) + 3(2−

√
3t)

2

(2−
√

3t)
2

= 3 · 4(2t2 − 1)− 2
√

3t− 2
√

3t(2t2 − 1)− 2
√

3t(1− t2) + 3 + 4 + 3t2 − 4
√

3t

(2−
√

3t)
2

11 êÆ#(�



= 3 · −2
√

3t3 + 11t2 − 6
√

3t+ 3

(2−
√

3t)
2 =

3(−2t+
√

3)(
√

3t− 1)(t−
√

3)

(2−
√

3t)
2 .

5¿� t >
√

3
3
� t ≤ 1 <

√
3,�

t ∈ (
√

3
3
,
√

3
2

)�( α0 ∈ (π
6
, arccos

√
3

3
)�), f ′(α0) < 0, f(α0)'u α04~;

t ∈ (
√

3
2
, 1)�( α0 ∈ (0, π

6
)�), f ′(α0) > 0, f(α0)'u α04O.

l α0 ∈ (0, arccos
√

3
3

)�, f(α0) ≤ f(π
6
) = 0.Ún�y,��K��y. �

µ5 �y{�6u�ÿßÿ��
Ún,Ún�y²Ú�¯K�y²þI

�õgN�5{z�¹,Ù¥éu α¦��I�·�N�/ª�B�x":,E

,�O�I�[%,F%.

y² 2 (ùùù¹¹¹ÊÊÊ)Pn�/�4ABC,�� �O,�»� r.

ÄkØ�� O ∈ 4ABC.ÄK��L O��� l,¦4ABC 3 l�ý,Kú

�¡È�õ´ l©Ñ�,���,=�¡È���.

©O^ S1, S2, S, cL« S4ABC , S�O,ú�¡È��O34ABCSÜ�o

l�.�y

1

3
S1 +

1

2
S2 − S ≥ 0. ¬

�½ A, B, C, O,N� r,ò¬ª�>À� r�¼ê f(r).´� r¿©�� f(r)

�~ê,�=I�Ä r ∈ [0, r0]��¹,d? r0�~ê,Kd�ëY¼ê f(r)k

��� f(r1).=I f(r1) ≥ 0.

´� f(0) ≥ 0,��Ø�� r1 < r0.�Ä f ′(r).du S2 = πr2,� ds
dr

= c,�

f ′(r) = πr − c 

d f(r1)��5� f ′(r1) = 0,=

πr1 = c. ®

e©ª�±®¤á.

�e5N´?1N�,�½ O, r, cØC,£Ä A, B, C,¦ 4ABC z>�

�O��½��,z�º:3 �O>.½	Ü.

e,>� �O�l,KòÙ� O£Ä��1�g��,ùØUC S, c�¦

S1C�(5¿ O34ABC S).

e,:(Ø� A)3 �O S,Kd®� B, C 3 �O 	.� BC ¤3��� l,

�ã AC � �O �u Y,�� BA� �O �u Z.ò A£� Z, B ØÄ, C £�

ZY ∩ l,K S C�, S1 − S C�, cØC,
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1

3
S1 +

1

2
S2 − S =

1

3
(S1 − S)− 2

3
S +

1

2
S2

C�.

ù�,�@�4ABC z>þ� �Ok 2��:,�:�UÜ.

��ã BC ��O� 2��:¤é�%�� 2α,aq½Â 2β, 2γ,K®�y

α + β + γ = π
2
, α, β, γ ≥ 0,�d�´k

S =
1

2
πr2

1 +
1

2
r2

1(sin 2α + sin 2β + sin 2γ). ¯

2� O�4ABC n>ål� x, y, z,^ a, b, c, A, B, C, R©OL«4ABC

�n>�!nS��	���»,K

x = r1 cosα, y = r1 cos β, z = r1 cos γ, °

2S1 = ax+ by + cz = ab sinC = 4R2 sinA sinB sinC. ±

�

2R =
r1(sinA cosα + sinB cos β + sinC cos γ)

sinA sinB sinC
. ²

Ø� r1 = 1.d

sin 2α + sin 2β + sin 2γ

=2 sin(α + β) cos(α− β) + 2 sin γ cos γ

=2 cos γ(cos(α− β) + cos(α + β))

=4 cosα cos β cos γ

13 êÆ#(�



�

S =
1

2
π + 2 cosα cos β cos γ ³

d±, ²�:

S1 = 2R2 sinA sinB sinC

=
(sinA cosα + sinB cos β + sinC cos γ)2

2 sinA sinB sinC

≥ 9(cosα cos β cos γ)
2
3

2(sinA sinB sinC)
1
3

(AM −GM) ´

�

¬�> ≥2u2

2v
+

1

2
π − 1

2
π − 2u3

=
3u2

2v
− 2u3 =

3u2

2v

(
1− 4

3
uv

)
Ù¥ u3 = cosα cos β cos γ, v3 = sinA sinB sinC.du

sinA sinB sinC

=
1

2
(cos(A−B)− cos(A+B)) sinC

≤1

2
(1 + cosC) sinC

=
1

2

√
(1 + cosC)(1 + cosC)(1 + cosC)3(1− cosC) · 1√

3

≤1

2

(
6

4

)2

· 1√
3

(AM −GM)

=
3
√

3

8
.

k v ≤
√

3
2
.q π

2
− α, π

2
− β, π

2
− γ ���n�/nS�.Óþ� u ≤

√
3

2
.�

uv ≤ 3
4
,l¬¤á.

·K�y� �

µ5�4ABC �>�� 3��n�/, �O�»� 1� O�4ABC ¥%

�¬���Ò.=BXd,ØJ���K�êz�´Ø;�,Ï���^��~

��,7,´õg� ��(J.

®´�K�'�,Ù-�
¹ π��,��{z
.|^ù«:“±�´¡È

�,«�ê” ��{(ÜBrunn-MinkowskiØ�ª��±)û�±¯K: ±��

��ã/±�¡È��.
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