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1n�ÊÏ¯K�))��:µ

+¡)

1�K �4ABC ¥, BC ¥R���� AC,AB uD,E. - Ia �4ADE

�î.�, aq½Â Ib, Ic. - T ´�� Ia, Ib, Ic �¤�n�/�	%. y²: T

34ABC �î.�þ.

(=²�¥Æ) Ï¯ó øK)

y² (�âøKö�)��n):

� AC ¥R�©O� AB,BC u F,G, � AB ¥R�©O� BC,AC u

K,L.d

∠OAE = 90◦ − ∠ACB = ∠ODA⇒ OA2 = OD ·OE.

Ón,

OB2 = OF ·OG;OC2 = OK ·OL.

Ï D,O2, Gn��:, ? D,O1, O2, G��.

Ón O1, E,K,O3��, O2, F, O3, L��.

5¿�:

4AO1E ∼ 4BO2F ∼ 4EO3F ∼ 4ACG,
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K
AE

DO1

=
EF

EO3

=
FB

O2G
=
AC

AG
.

Ó�

∠CGA = ∠CDB(2∠ADE)⇒ D,G,B,Ao:��⇒ AB

DG
=
AC

AG
.

Ï

AE

DO1

=
EF

EO3

=
FB

O2G
=
AB

DG
⇒ EF

O1O2

=
EF

EO3

⇒ O3E = O1O2.

� Ia, Ib, Ic¤�¤�n�/�4XY Z.�4ABC, 4ADE, 4BFG, 4CKL

�Ê:��%©O� N,N1, N2, N3,� O'u BC �é¡:� OA,Ù�:

AH = OOA ⇒ A,N,OAn:��.

5¿�

4BHC(N,OA) ∼ 4DAE(N1, O1)⇒ EN1 ⊥ CN � ANOA ⊥ N1O1.

Ón CN ⊥ XY, ?

EN1 �XY.

Ï
O1N1

O1Z
=

DO1

O1O2

=
EO1

EO3

=
O1N1

N1Y
⇒ O1Z = N1Y.

Ón

O2Z = N2X,O3X = N3Y.
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� OH,AC �u: J,5¿�: 4AHC � DOL q, K J � q¥%, ?

 JA
JC

= JD
JL

= AD
CL
.L T � O1N1, O3N3 �R�©O� AC u U, V,5¿�®y

(Ø:

AN ⊥ O1N1, CN ⊥ O2N3,

Ï

TU �NA, TV �NC.

Ï

T,N, J��⇔ JU

JV
=
JA

JC
⇔ AU

CV
=
JA

JC
.

Ï�I

AU

CV
=
AD

CL
⇔ AU

UD
=
CV

V L
.

� O'u AB�é¡:� OC ,5¿�

4BHC(N,OA) ∼ 4DAE(N1, O1),

4AHB(N,OC) ∼ 4CKL(N3, O3).

Ï�I: NOA, NOC �¥R�© BH ¤�'~��, = 4NOAOC �	%3

BH þ.

5¿�: BH R�²© OAOC ,(Øw,¤á. y.! �

1�K �½¢ê t > 1
2
, ±9¢ê a, b, c ÷v ab+ bc+ ca > 0. y²:

(a2 + t− 1

3
)(b2 + t− 1

3
)(c2 + t− 1

3
) ≥ t3(ab+ bc+ ca)

1
t .

(���¥Æ) �¡n øK)

y² (�â�â½Hä¥Æ�½HÓÆ�)��n):

�Ø�ª�duy² 
1 +

a2 − 1
3

t

!2t

·
 
1 +

b2 − 1
3

t

!2t

·
 
1 +

c2 − 1
3

t

!2t

≥ (ab+ bc+ ca)2.

du t > 1
2
, ·�k

a2− 1
3

t
> −1� 2t > 1. ¤±dËã|Ø�ª�� 

1 +
a2 − 1

3

t

!2t

≥ 1 + 2(a2 − 1

3
) = 2a2 +

1

3
.

aq�ªfé b, c �¤á. ¤±��y²

(2a2 +
1

3
) · (2b2 + 1

3
) · (2c2 + 1

3
) ≥ (ab+ bc+ ca)2.
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Ø���5, Ø�� a2 − 1
3
� b2 − 1

3
Ó�K, = a2b2 + 1

9
≥ 1

3
a2 + 1

3
b2. K

(2a2 +
1

3
) · (2b2 + 1

3
) ≥ 3a2b2 + a2 + b2.

u´d�ÜØ�ª,

(2a2 +
1

3
) · (2b2 + 1

3
) · (2c2 + 1

3
) ≥ (3a2b2 + a2 + b2)(

1

3
+ c2 + c2) ≥ (ab+ bc+ ca)2.

·K�y! �

µ5 <�N¥�bëÓÆ��Ñ
�K��()�.

1nK � a1, a2, . . . , an ´ú�� d �4O���ê��ê� (n > 2), ÷

v

a1 > d · lcm(1, 2, . . . , n− 1).

y²: �3üüpÉ��ê p1, p2, . . . , pn, ¦� pi | ai, ∀i.

(ì�N¥Æ) �fÍ øK)

y² (�â<�N¥�bëÓÆ�)��n):

Ø�� a1 � d p�, ÄK�±r��ê�Ø� gcd(a1, d), ØK�^��(

Ø. �Ä lcm(1, 2, . . . , n− 1) ��Ïf©):

lcm(1, 2, . . . , n− 1) =
kY
j=1

q
αj

j .

é 1 ≤ i ≤ n, XJ ai ¹k,��u�u n ��Ïf q, K� pi = q. ÄK ai ¤

k��ÏfÑ3 qj ¥, =

ai =
kY
j=1

q
βj
j .

db� ai > lcm(1, 2, . . . , n − 1), ¤±�3,� j ¦� βj > αj. d�·��

pi = qj.

e¡·�y²ù«�{÷v p1, . . . , pn üüØÓ. ^�y{, b� pi1 =

pi2 = q. duz� ai � d p�,  q �Ø ai, � q � d p�. 5¿�

q | ai1 − ai2 = (i1 − i2) · d.

¤± q | i1 − i2, �Ñ q < n. d�� q = qj, Kd pi1 , pi2 ��{� ai1 , ai2 Ñ´

q
αj+1
j ��ê. ? q

αj+1
j �Ø i1− i2, �� q

αj+1
j �Ø lcm(1, 2, . . . , n− 1), gñ!

�(Ø¤á. �

µ5 (1). �®��Æ�w�Õ, S��N¥���, �Hm¥Æñ�h,
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�H��N¥�UR, Æ�¥ÆDÛg, ìÜ�£1�¥Æ?î�Ú�u�Æ

î���ÓÆ��Ñ
�K��()�.

(2). d�ê½n� lcm(1, 2, . . . , n− 1) = (e+ o(1))n, ¤±�K�^���

� a1 > d · en. ùp� e ´ÄU�U?´����ïÄ�¯K.

1oK ò�� n× n xÚÚ�þ�eZ��f/ç, ,�rÓ1Ó�þ�

��ç�^�ã�ë, ����±ç��º:, �ã�>)¤�ã G.

(1) e G ¥Ã�, ¦ç��ê����;

(2) e G ¥Ãó�, ¦ç��ê����.

555: “��”�ç��ü�ç��mvkç�.

(�e¥ÆÆ) ³hó §p� øK)

y² (�âøKö�)��n):

3±e�)�¥, ·�r¯K��z, �Ä x× y�Ú�, {e¯KØC.

(1)é x× y�Ú�, eéA�ã¥Ã�, ·�y²ç���ê ≤ x+ y − 1,

é x+ y8By², x+ y = 2�,7k x = y = 1·Kw,.

e�é x + y ≤ k�Ú�, eéA�ã¥Ã�, ç���ê ≤ x + y − 1.é

x+ y = k + 1�Ú�, e x = 1½ y = 1,·Kw,.

e¡·�� x, y ≥ 2,·��Ñ±e¯¢:

duã GÃ�, l´��Ü�, K7kÝê ≤ 1�º:, �Äù�ç� v,

éÙÝê©a?Ø"

(I)Ýê� 0, KÙÓ1½Ó�þÃÙ¦ç�, �Äí�T1T�, òÚ�{

eÜ©©�¤� (x− 1)× (y− 1)�#Ú� (�±�Ü©�é �ØC), �Ùé

Aã� G0,ØJuy G0¢Sþ´ Gí� v���Ñfã, Ù¥g,Ã�, d8

Bb�, #Ú�þç�ê ≥ x+ y − 3,\\í����ç�8B(Ø¤á.

(II)Ýê� 1, KÙ¤31½�þ�kÙ��ç�, �Äí�T1½�, ò{

eÚ�©�3�å (�±���m½þe'X),�� x− 1× y½ö x× y− 1�

#Ú�, �ÙéA�ã� G0,ØJuy G0¢Sþ´ Gí� v���Ñfã, Ù

¥g,Ã�, d8Bb�, #Ú�þç�ê ≤ x+ y − 2,\\í����ç�8

B(Ø¤á.

l8B¤á, eéA�ã¥Ã�, ç���ê ≤ x+ y − 1,�Ò´N´�

��, �I�Äò�1Ú���Ü/ç=�.

(2)·�òæ^aq�8Bg´5?nd¯K, ��
�BLã, ·��Ú
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\�
#�½Â:

½ÂÂÂ 1 éãGº:f8 v1��ÑfãG1,e v1÷vXe5�:“é v1¥�

?¿ü�ç�, eÙÓ1½Ó�, Kü�ç��m¤kç�þ3 v1 ¥”(P�Ú

�5), K¡ÙéAÚ��1�ê�º:8 v1¥ç�¤3�1êmÚ�ê n.

ù�½Â�¿Â3u, ·��±/çéAÚ�þeZç�, UìK8¥�ë

�5K, �����Ó�ã G,äNö�L§Xe: �Ä��Ú�þ v1¥ç�¤

3�1Ú���/¤� m × n��L, lþ�e©O¡�1 1 −m1, l��

m¡�1 1 − n�, � v1 ¥�?�ç�31 x1 y �, KòéAÚ��1 x1

y�éA/ç, duÚ�5, ��éAÚ�þ�ç�UìK�5K�¤�ãT´

ã G1.ùL«º:8 v1 ¥ç��êØ�LÙéAÚ�3��¯^�eç�ê

����.

½½½ÂÂÂ 2 ò3��¯^�e x × yÚ�þç�ê����P� t(x, y).du

ç�ü��ªk�, d�����35w,.

e¡�²'uã G��
¯¢:

¯̄̄¢¢¢ 1 éã G¥º: v,e v�Ýê ≥ 3,K G�K v����Ñfã, ë

Ï©|ê ≥ 2.

y² �y�, e�ÑfãëÏ, �Ä v��: x, y, z��, e�ã¥ i, j L

« x, y, z¥?�ö.

�Ä�Ñfã�| ä, �3: r,¦� r� x, y, z 3| äþ�´üü�

�u r (r�U� x, y, z Ü), òùn^´P� (r, i),�Ä i� r�3| äþ

�´, P� (i, r),�Ä±en�� v − (i, r) − (r, j) − v (iØÓu j,ò (i, r)�

(r, j)E�º: r�K��), K7k��ó�, gñ. y.!

¯̄̄¢¢¢ 2 t(x, y) ≥ t(x, y − 1) + 1.

y² �Ey², 3�ý x× y − 1�Ú�¥�â x× y − 1����E/ç

t(x, y − 1)�ç�, 3{e���¥?¿/ç��ç�. ùw,´ÎÜK���

E, ç��ê� t(x, y − 1) + 1,l·K¤á.

e¡£��K, é x+ y8By²±e(Ø:

(((ØØØ 1 t(x, y) = max (t(x1, y1) + t(x2, y2)− 1) ,Ù¥ x1 + x2 = x + 1, y1 +

y2 = y + 1, x1, x2, y1, y2 ≥ 1, x, y ≥ 3.

(((ØØØ 2 é?¿ x× yÚ�, �3�«ç�ü��ª,¦�ç��ê����

�, ��3�éé�º:þ�/ç.

(I)�min(x, y) = 1�, w, t(x, y) = max(x, y),���ª´ò¤k�/ç,
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l(Ø 2¤á.

(II)� min(x, y) = 2�, e x = y = 2,qÞ�� t(x, y) = 3,�«���ª

´/�^é��, �?¿��Ø3Té��þ��f. e max(x, y) ≥ 3,·�y

² t(x, y) = max(x, y) + 2,Ø��Ú�/G� 2× y.

¯̄̄¢¢¢ 3 ek���Ü/ç, ¡�ç�, Ké?¿ç�, §��ýÚmýØ

Ó�2kç�.

y² �y{.

�ÄålTç��C��ýÚmý��C�ü�ç� (¡��ç�Úmç

�), @ow,�ç�Úç�9Ù¥m�ç�|¤��� (=lTç�þ��f

Ñu, lm����ç�þ��f, 2��ç�e��f, l��m�Tç�e

��f, ��£�Tç�þ��f), ¡�� 1.

Ón, �ç�Úmç�9Ù¥m�ç��¤���, mç�ÚTç�9

Ù¥m�ç��¤���, ©O¡�� 2, � 3. ùn���º:ê�Ú�

2 + 2× (� 2 º:ê), l7kó�, gñ. ¯¢ 3 y.!

�â¯¢ 2, ·�ØJ��ç��õü�, l t(x, y) ≤ max(x, y) + 2.é

2 × yÚ�, �«���ª�/çþ��1�Ü, ±9e��1��Ú�m�ü

�. é x× 2�I^==�, d�(Ø 2¤á.

(III)�T·Ké x+ y ≤ k¤á. �Ä x+ y = k + 1,ÃI3�Ä (I),(II)¥

�¹, ��� min(x, y) ≥ 3.

Äk`², �3 (x1, y1), (x2, y2),¦�

t(x, y) ≤ t(x1, y1) + t(x2, y2)− 1,

Ù¥ x1 + x2 = x+ 1, y1 + y2 = y + 1, x1, x2, y1, y2 ≥ 1, x, y ≥ 3. ((Ø a)

�ãGÎÜK�, �ç�ê�����,éãG¥�ëÏ5Úº:Ýê (w

,þ�u�u 4)©a?Ø.

(i)eã G¥k��ü�ëÏ©|, �Ä±eü�fã, ©O�Ù¥��

ëÏ©|, ±9�{º:��Ñfã, w,þ÷vÚ�5 (Ï�dK�, ü�

fãº:8¥�ç�¤Óâ�1Ú�´Ã��), �§�éAÚ��1�ê�

(x1, y1), (x2, y2),Kk x1 + x2 = x, y1 + y2 = y,l

t(x, y) ≤ t(x1, y1) + t(x2, y2) ≤ t(x1 + 1, y1 + 1) + t(x2, y2)− 1,

(Ø a¤á.

(ii)eã GëÏ, ��3º:Ýê� 1, ·�í�Tº:¤üÕÓâ�1½
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ö�, {e�ç���Ñfãw,÷vÚ�5, éAÚ��1�ê� (x − 1, y)

½ (x, y − 1),¤±

t(x, y) ≤ t(x− 1, y) + 1 = t(x− 1, y) + t(2, 1)− 1,

½öéó�,

t(x, y) ≤ t(x, y − 1) + t(1, 2)− 1,

(Ø a¤á.

(iii)eã GëÏ, ��3º: vÝê� 3, �Ä Gí� v���Ñfã�ë

Ï©|�ê, d¯¢ 1��Ù��� 2, qk vÝê� 3, ¤±��� 3.

eëÏ©|�ê� 2, K�Ä±eü�fã, ©O´ëÏ©| x (vÚ� x�

>ê� 1), ±9�{º:��Ñfã. ØJuyüöþ÷vÚ�5 (Ï�dK

�, ü�fãº:8¥�ç�¤Óâ�1Ú����õ� v¤3�1½�, 3

T1½�þü�fã�ç�� v ©�m
, ÄKü�fã�mÒkº:Ø� v

�>).

�§�éAÚ��1�ê� (x1, y1), (x2, y2),Kk x1+x2 = x+1, y1+y2 = y,

½Ùéó (�ûu v31�´�þ�ÚÑ�^>).l

t(x, y) ≤ t(x1, y1) + t(x2, y2) ≤ t(x1, y1 + 1) + t(x2, y2)− 1,

(Ø a¤á.

eëÏ©|�ê� 3, aq����n�÷vÚ�5�ëÏ©|, ?�Úk

t(x, y) ≤ t(x1, y1) + t(x2, y2) + t(x3, y3) + 1,

Ù¥ x1 + x2 + x3 = x+ 1, y1 + y2 + y3 = y,½Ùéó.

d8Bb�,

t(x1 + x2 − 1, y1 + y2 − 1)− 1 ≥ t(x1, y1) + t(x2, y2).

l|^¯¢ 2,

t(x, y) ≤ t(x1+x2−1, y1+y2−1)+t(x3, y3)+2 ≤ t(x1+x2, y1+y2+1)+t(x3, y3)−1.

(IV)eã GëÏ,�º:Ýêþ�óê, ��3º: vÝê� 4, �Ä Gí

� v���Ñfã�ëÏ©|�ê, d¯¢ 1��Ù��� 2, qk¤kº:Ý

êþ�óê, ¤±dºÃ½n, v�z�ëÏ©|ÚÑ�Ýêþ�óê, ¤±ë

Ï©|êT� 2.

�Ä±eü�fã, ©O´ü�ëÏ©|±9 vÚ�TëÏ©|�>, ØJ

uyÙ÷vÚ�5 (Ï�dK�,ü�fãº:8¥�ç�¤Óâ�1Ú���
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�õ� v¤3�1½�, 3T1½�þü�fã�ç�� v©�m
, ÄKü

�fã�mÒkº:Ø� v�>), �§�éAÚ��1�ê� (x1, y1), (x2, y2),

Kk x1 + x2 = x+ 1, y1 + y2 = y + 1,5¿� v�ÚOüg, l

t(x, y) ≤ t(x1, y1) + t(x2, y2)− 1,

(Ø a¤á.

(V)eã GëÏ, �º:Ýêþ´ 2.

�k a1þ�k��ç�, b�þ�k��ç�, éu?¿��ç�, eÙ

¤31Ú�þþk��ü�ç�,KÙ¯¢þ´¤31Ú�þ�>��ç�,l

ù��ç�Øõu 2×min(x− a, y− b) (©O´k��ü�ç��1Ú�ê).

l�u x+ y − a− b�, u´e3ù«�¹e, ·�¬�� t(x, y) ≤ x+ y.

·��Ñ

x+ y ≤ max (t(x1, y1) + t(x2, y2)− 1) ,

Ù¥ x1 + x2 = x+ 1, y1 + y2 = y + 1, x1, x2, y1, y2 ≥ 1, x, y ≥ 3.

ù´Ï� t(x, y) ≥ x + y.� min(x, y) ≥ 2, (x, y)Ø´ (2,2)�. 5¿��

min(x, y) = 2�, ·�®²y²
dØ�ª. é{e�¹, �E|^¯¢ 2=�.

AO/�Ä (1, 2), (x, y − 1),·��� min(x, y) ≥ 3,l|^þ�ã�Ø

�ª, ·�k

t(1, 2) + t(x, y − 1)− 1 ≥ 2 + x+ y − 1− 1 = x+ y,

u´(Ø a¤á.

nþ¤ã, (Ø a¤á.

� (x1, y1), (x2, y2),¦� t(x1, y1) + t(x2, y2) − 1��.Ù¥ x1 + x2 = x +

1, y1 + y2 = y + 1, x1, x2, y1, y2 ≥ 1, x, y ≥ 3.

@o�ÄXe�E, 31 1� x11, 1� y1�æç8B(Ø 2¥é (x1, y1)

÷v^��ü��ª, ¦��/ç�é�º:� (1,1)Ú (x1, y1);3 x1 � x1,

y1� y�æç8B(Ø 2¥é (x2, y2)÷v^��ü��ª, ¦��/ç�é�

º:� (x, y)Ú (x1, y1).N´�yd�EÎÜK�, �(Ø a(Ü��8B(Ø

1¤á. l�EqN´wÑ8B(Ø 2¤á. l8B¤á!

�¤8B�, ·���'u t(x, y)�4íúª.

t(x, y) = max (t(x1, y1) + t(x2, y2)− 1) .

Ù¥ x1 + x2 = x+ 1, y1 + y2 = y + 1, x1, x2, y1, y2 ≥ 1, x, y ≥ 3.
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�âÑw�¡�¿Ø(J�O�, ·�ØJ�� (O�L§3dÑ�):

t(x, y) = y + 2x− 2 (�y ≥ 2x− 1),

t(x, y) =
�
4x+ 4y − 5

3

�
(�2x− 1 > y ≥ x),

t(x, y) = t(y, x) (�y < x)

±e´l 1 ∗ 1� 10 ∗ 10� t�.

[1, 2, 3, 4, 5, 6, 7, 8, 9, 10],

[2, 3, 5, 6, 7, 8, 9, 10, 11, 12],

[3, 5, 6, 7, 9, 10, 11, 12, 13, 14],

[4, 6, 7, 9, 10, 11, 13, 14, 15, 16],

[5, 7, 9, 10, 11, 13, 14, 15, 17, 18],

[6, 8, 10, 11, 13, 14, 15, 17, 18, 19],

[7, 9, 11, 13, 14, 15, 17, 18, 19, 21],

[8, 10, 12, 14, 15, 17, 18, 19, 21, 22],

[9, 11, 13, 15, 17, 18, 19, 21, 22, 23],

[10, 12, 14, 16, 18, 19, 21, 22, 23, 25].

�d·��¤
y². �
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