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I. ÁÁÁ KKK

1. ¦N� f : R→ R,¦�é ∀ a, b ∈ R,þk

f
(
a2 + ab+ f

(
b2
))

= af(b) + b2 + f
(
a2
)
.

2. �½ n ∈ N∗.ò {1, 2, · · · , 2n}y©�ü� n�f8 A, B.e�3~ê

cn,¦�·�ÃØNoy©,�½�3 A¥���ü� a1 ∼ anÚ B¥���ü

� b1 ∼ bn,¦�
n∑

i=1

(ai − bi)
2 ≥ cn.

¦ cn����.

3. ¦¼ê f : R→ R,¦�é ∀ x, y ∈ R,þk

f(x+ yf(x)) + f(xy) = f(x) + f(2019y).

?¾FÏ: 2020-07-06.
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1. ¦N� f : R→ R,¦�é ∀ a, b ∈ R,þk

f
(
a2 + ab+ f

(
b2
))

= af(b) + b2 + f
(
a2
)
.

) 1 (1) - a = 0,k

f
(
f
(
b2
))

= b2 + f(0). ¬

- a = −1, b = 1,k

f(f(1)) = −f(1) + 1 + f(1) = 1. 

d¬� f(f(1)) = 1 + f(0).Ïd

f(0) = 0. ®

d¬, ®�

f
(
f
(
b2
))

= b2. ¯

(2)3 b 6= 0�.� a = −f(b2)
b

,K ab+ f (b2) = 0.Ïd

f
(
a2 + ab+ f

(
b2
))

= f
(
a2
)
.

d�

−f (b2)

b
f(b) + b2 = 0⇒ f(b)f

(
b2
)
= b3. °

q b = 0�°E¤á.Ïd f(b)f(b2) = b3ð¤á.

- a+ b = 0,k

f
(
f
(
b2
))

= b2 − bf(b) + f(b2). ±

ò¯�\±,� f (b2) = bf(b).(Ü°� f(b) = ±b.

(3)e f(a) = a, f(b) = −b,� a, b 6= 0,Kd°� f (a2) = a2, f (b2) = −b2.

�£�ª,k

f
(
a2 + ab− b2

)
= −ab+ b2 + a2.

(i).e f (a2 + ab− b2) = a2 + b2 − ab,K b = 0½ a = bgñ.

(ii).e f (a2 + ab− b2) = b2 − ab− a2,K a = 0gñ.

¤± f(x) = xé ∀x¤á½ f(x) = −xé ∀x¤á.

²u� f(x) ≡ xÚ f(x) ≡ −xþ���§�). �

) 2 ^ P (a, b)L«��§.
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�Ä�§ P (a, b)Ú P (−a− b, b),����

f
(
(a+ b)2

)
− f

(
a2
)
= (2a+ b)f(b).

Pù��§� Q(a, b).�Ä Q(a, b)Ú Q(a,−2a− b),���

(2a+ b)f(b) = −bf(−2a− b).

=
f(b)

b
=

f(−2a− b)

−2a− b

é ∀ a, b¤á.

Ïd ∃ c¦ f(x) ≡ cx,�£�Ku�,� c = ±1.

¤±�§�)� f(x) = x½ö f(x) = −x. �

µ5 ù´���é'�{ü�¼ê�§,�{�é'�~5.y{´��

~5�{,1�Ú�� f(0) = 0,1�Ú�� f(x) = ±x,��)Ñ��§�).

y{�K�é|©,��ÏL��)Ñ f(x) = cx,L§�é'�á,�%¿ØN

´��Ù¥���.

2. �½ n ∈ N∗.ò {1, 2, · · · , 2n}y©�ü� n�f8 A, B.e�3~ê

cn,¦�·�ÃØNoy©,�½�3 A¥���ü� a1 ∼ anÚ B¥���ü

� b1 ∼ bn,¦�
n∑

i=1

(ai − bi)
2 ≥ cn.

¦ cn����.

) P

Cn =


13

12
n3 − 1

3
n, n´óê

13

12
n3 − 1

12
n, n´Ûê

.

é {1, 2, · · · , 2n}�?¿��y© (A, B),� A¥��÷v

a1 < a2 < · · · < as ≤ n < as+1 < · · · < an;

B¥��÷v

b1 > b2 > · · · > bs > n ≥ bs+1 > · · · > bn.

ey:
n∑

i=1

(ai − bi)
2 ≥ Cn.
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é 1 ≤ i ≤ n,P xi = |ai − bi|.5¿�

x1 ≥ x2 + 2 ≥ · · · ≥ xs + 2(s− 1),

xn ≥ xn−1 + 2 ≥ · · · ≥ xs+1 + 2(n− s− 1).

¤±d.�KFð�ª,

s∑
i=1

x2
i =

1

s

(
s∑

i=1

xi

)2

+
1

s

∑
1≤i<j≤s

(xi − xj)
2

≥1

s

(
s∑

i=1

xi

)2

+
4

s

∑
1≤i<j≤s

(i− j)2

=
1

s

(
s∑

i=1

xi

)2

+
s3 − s

3
.

Ón,
n∑

i=s+1

x2
i ≥

1

n− s

(
n∑

i=s+1

xi

)2

+
(n− s)3 − (n− s)

3
.

�\�,

n∑
i=1

x2
i ≥

1

s

(
s∑

i=1

xi

)2

+
1

n− s

(
n∑

i=s+1

xi

)2

+
s3 + (n− s)3 − n

3
.

q5¿�
n∑

i=1

xi =(b1 − a1) + · · ·+ (bs − as) + (as+1 − bs+1) + · · ·+ (an − bn)

=[(n+ 1) + (n+ 2) + · · ·+ 2n]− (1 + 2 + · · ·+ n) = n2,

¤±d�ÜØ�ª,

1

s

(
s∑

i=1

xi

)2

+
1

n− s

(
n∑

i=s+1

xi

)2

≥

(
s∑

i=1

xi +
n∑

i=s+1

xi

)2

s+ (n− s)
= n3.

��d y = x33 (0, +∞)þ´eà��,

s3 + (n− s)3 ≥
[n
2

]3
+
(
n−

[n
2

])3
.

ù�,

n∑
i=1

(ai − bi)
2 =

n∑
i=1

x2
i ≥ n3 +

[n
2

]3
+
(
n−

[n
2

])3
− n

3
= Cn.

��

A =
{
1, 2, · · · ,

[n
2

]
, n+

[n
2

]
+ 1, · · · , 2n

}
,
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B =
{[n

2

]
+ 1,

[n
2

]
+ 2, · · · ,

[n
2

]
+ n
}

�,Ï�
n∑

i=1

(ai − bi)
2 =

n∑
i=1

(a2i + b2i )− 2
n∑

i=1

aibi =
2n∑
i=1

i2 − 2
n∑

i=1

aibi,

¤±düSØ�ª�,� a1 < a2 < · · · < an, b1 > b2 > · · · > bn�,
n∑

i=1

(ai − bi)
2

��,²O��u Cn.

nþ,¤¦���� Cn. �

µ5 düSØ�ª,5¿�3 A¥��l���ü�, B ¥��l���

ü��,
n∑

i=1

(ai − bi)
2�����.ù��{�'�3u�Ñ |ai − bi|,��|^/

x1 ≥ x2 + 2 ≥ · · · ≥ xs + 2(s − 1)0�ªf?1� .3�ù«a.�K8�,

3� �L§¥��â��^�5� .Ó�,
n∑

i=1

|ai − bi| = n2�´��²;�

(Ø.

3. ¦¼ê f : R→ R,¦�é ∀ x, y ∈ R,þk

f(x+ yf(x)) + f(xy) = f(x) + f(2019y).

) P��§� P (x, y).d P (2019, y)� f(2019 + yf(2019)) = f(2019).

e f(2019) 6= 0,4 y�H R,� f ´~�¼ê,u��ÜK.

e�Ä f(2019) = 0.

(1)e ∃ x0 6= 2019,¦ f(x0) = 0.�Ä P (x, 1),�

f (x+ f(x)) = 0.

�Ä P (x0, y),�

f(x0y) = f(2019y).

P c =
x0

2019
,K

P (y) = P (cy), ∀y¤á.

�Ä P (x, y)Ú P (cx, y)�

f (cx+ yf(x)) = f (x+ yf(x))

¬e ∀ x 6= 0, f(x) = 0.²u�ÜK.

e ∃ x 6= 0, f(x) 6= 0,� f(x) 6= 0.4 y�H R,K z = x + yf(x)���
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H R.d�,k

f((c− 1)x+ z) = f(z), ∀z ∈ R¤á.

Ïd f(x) = f(x+ T )´±Ï¼ê.

�Ä P (x+ T, y)Ú P (x, y),���

f(xy) = f(xy + yT ), ∀x, y ∈ R¤á.

Ïd f ´~�¼ê.²u�ÜK.

(2)e ∀ x0 6= 2019, f(x0) 6= 0.

d P (x, 1)� f (x+ f(x)) = 0.Ïd f(x) = 2019− x.²u�ÜK.

nþ¤ã,��§�)�:

¬ f(x) = c.

 f(x) = 2019− x.

®f(x) =

0, x 6= 0.

c, x = 0(c 6= 0).

�

µ5 ù´ 2019cÛêZæ��m�1ÊK.ù´��'�(J�¯K,�

,k�
ØÓ��{,�g´Ñ���Ó,Ù¥���(Ø(�) f(2019) = 0

Ú±Ï5�y²)�ÑI�.Ó�,ù�K�éN´�)¦).
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