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I. ÁÁÁ KKK

1. ®���ê k, N ÷v: k > 1, N > 2k + 1.yk N �<�7�S�¤

��,Ù¥z�<�o´ä¬([�`ý{)�o´¢f([�`b{),�z�<

Ñ�±w�¦�ý(^����)� k�<Úmý(_����)� k�<.XJz

�<Ñ`“·Uw���ý�ä¬<êÚmý�ä¬<ê��õ”.@o,´Äz

�<Ñ�½´ä¬?

2. �½��ê n ≥ 2.·�3�� 3n × 3n�IS�ÚÚ��,�ü��

¥���qÚf“�”,®�“�”3z�Ú�±�þ£Ä��,½�m£Ä��,

½�Ù�e�£Ä��.e²L kÚ��,TÚf£�
Ð© �,¿�£ÄL

§¥z�ü���õ²L�g.Á¦ k����.

3. �½Ûê n > 1,é 1, 2, · · · , n���ü� p1, · · · , pn,P S�÷v: �

1 ≤ i ≤ j ≤ n�,k n | pi + pi+1 + · · ·+ pj �êé (i, j)�ê8.¦ S����.
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1. ®���ê k, N ÷v: k > 1, N > 2k + 1.yk N �<�7�S�¤

��,Ù¥z�<�o´ä¬([�`ý{)�o´¢f([�`b{),�z�<

Ñ�±w�¦�ý(^����)� k�<Úmý(_����)� k�<.XJz

�<Ñ`“·Uw���ý�ä¬<êÚmý�ä¬<ê��õ”.@o,´Äz

�<Ñ�½´ä¬?

) � (N, 2k + 1) = 1�,z�<�½´ä¬; � (N, 2k + 1) > 1�,Ø�

½z�<Ñ´ä¬.

��¡,� (N, 2k + 1) = d > 1�,?1�E:

éu 1 ≤ i ≤ N,� i ≡ 1 (mod d)�,-1 i<�ä¬,ÄK-1 i<�¢

f.

d�éuz��¢f,5¿�ëY 2k + 1<¥T 2k+1
d
�ä¬,@o¢fw

��ä¬ê� 2k+1
d
Ûê�,�müýw��ä¬êÛó5ØÓ,@o¢fg�,

÷v�¦.éuz��ä¬,¦�ý k<�mý k<´é¡�,¦`
ý{,÷

v�¦.

,��¡,·�y² (N, 2k + 1) = 1�,z�<7�ä¬.-

f(i) =

1, 1 i<�ä¬ ,

0, 1 i<�¢f ,

(1 ≤ i ≤ N), � f(i+N) = f(i), (i ∈ Z).

-

g(i) =
i∑

j=i−k

f(j)−
i+k∑
j=i

f(j),

d^��, f(i) = 0�, g(i) 6= 0; f(i) = 1�, g(i) = 0.d g(i)L�ª�,

g(i+ 1)− g(i) = f(i+ 1) + f(i)− f(i− k)− f(i+ k + 1), (∗)

Äk, f(i)Ø�� 0.Ø,,(Ü g(i)L�ª�, g(i)�� 0,� f(i) = 0�, g(i) 6= 0

gñ!

eé g(i+ 1)− g(i)��©a?Ø.

¬� f(i) = f(i+ 1) = 0�,(Ü (∗),k

g(i+ 1)− g(i) = −f(i− k)− f(i+ k + 1) ≤ 0.

� f(i) = 0, f(i+ 1) = 1�,k g(i+ 1) = 0, g(i) 6= 0.(Ü (∗),k

−g(i) = g(i+ 1)− g(i) = 1− f(i− k)− f(i+ k + 1).
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 f(i− k) ∈ {0, 1}, f(i+ k + 1) ∈ {0, 1},¤±

1− f(i− k)− f(i+ k + 1) ∈ {−1, 0, 1},

(Ü g(i) 6= 0�, g(i) ∈ {−1, 1}, g(i+ 1)− g(i) ∈ {−1, 1}.

®� f(i) = 1, f(i+ 1) = 0�,�Ón,� g(i+ 1)− g(i) ∈ {−1, 1}.

I)e¡�Ä¦� f(i) = 0� i.(Ü f(i)Ø�� 0�,�3��� s, t ∈ N∗,

¦�

f(i− s) = f(i+ t) = 1.

(Ü®� g(i− s) = g(i+ t) = 0�,

g(i− s+ 1), g(i+ t− 1) ∈ {−1, 1},

2(Ü¬�,

1 ≥ g(i− s+ 1) ≥ g(i− s+ 2) ≥ · · · ≥ g(i+ t− 1) ≥ −1

d f(i) = 0� g(i) 6= 0,(Ü |g(i)| ≤ 1� 2 - g(i),@o

f(i)− g(i) ≡ 1 (mod 2).

II)2�Ä¦� f(i) = 1� i,d� g(i) = 0,

f(i)− g(i) ≡ 1 (mod 2).

@oéu ∀i ∈ Z, f(i)− g(i) ≡ 1 (mod 2),�\ (∗)�

f(i− k) ≡ f(i+ k + 1) (mod 2),

@o f(i − k) = f(i + k + 1). u´ 2k + 1 � f(i) �±Ï, (Ü N �±Ï�,

(2k + 1, N) = 1�� f(i)�±Ï. f(i)Ø�� 0,¤± f(i)�� 1.

nþ, (N, 2k + 1) = 1�,z�<Ñ�ä¬, (N, 2k + 1) > 1�,Ø�½z<

�ä¬. �

µ5 �K´��l��äkAÏ¿Â�“�”�Ä,²L�½�ín,�é

�'uT“�”�Cz5Æ,lé�g´.

2. �½��ê n ≥ 2.·�3�� 3n × 3n�IS�ÚÚ��,�ü��

¥���qÚf“�”,®�“�”3z�Ú�±�þ£Ä��,½�m£Ä��,

½�Ù�e�£Ä��.e²L kÚ��,TÚf£�
Ð© �,¿�£ÄL

§¥z�ü���õ²L�g.Á¦ k����.

) k����� 9n2 − 3.

3 êÆ#(�



(i) ��¡,�Ñ�E: é 3n1 3n����Lgþ�e,g��m©O�

1!�?Ò 1, 2, · · · , 3n.é1 i1,1 j ���f,P� (i, j)1 ≤ i, j ≤ 3n.é

�3��f (i, j) :

¬ i = 3s(s = 1, 2, · · · , n) 9 j = 1 ½ j = t(t = 3, 4, · · · , 3n + 1) ½

(i, j) = (3n, 2)�,K��mr.

 s = 3n− 1(s = 1, 2, · · · , n)9 j = t(t = 3, 4, · · · , 3n)�½ i = 3s(s =

1, 2, · · · , n)9 j = 3n�,��þr.

®éØ
 (1, 1), (1, 2), (2, 1)9¬, ¥�f	��f�,���er.

ëÑ�1r;,(�l (3n, 1)Ñu),Xã 1,´÷v�¦�,� k = 9n2 − 3.

ã 1

(ii),��¡,b� k > 9n2 − 3,5¿��1r
���,@o�e��e

�r
 tÚ,K7��þ9�mr tÚ.u´�r�Úê� 3��ê,� 3 | k.q

k ≤ 9n2,� k = 9n2.=��²L�Ü��.

@o,·��Ä�þ�Úme� (1, 1), (1, 2), (2, 1); (3n−1, 3n), (3n, 3n−

1), (3n, 3n).5¿��L (1, 1), (3n, 3n)(Ü��U�þ!�m!��er,

u´7k (2, 1)→ (1, 1)→ (1, 2), (3n, 3n− 1)→ (3n, 3n)→ (3n− 1, 3n).

ã 2
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Xã 2 ,��´»µ4,���½´l (1, 2)r� (3n, 3n − 1)�l (3n −

1, 3n)r� (2, 1).©O¡Ù�´»M,´» N,KM òL©�
üÜ©, (2, 1),

(3n−1, 3n)�3�Ü©.u´´»N�½�´»M��.ÃØ´»M3�:

?´→½ ↑½↙,�o´31½��?ÒþUC
�� 1.ù�Ø�“ ”X

��,ÄK7k��,���U��e£Ä,�Ø¤á.Ïd k ≤ 9n2 − 3.

nþ, k����� 9n2 − 3. �

µ5 �K'�3uü��¡,��K´kßé�Y,uy= 3��Ø�´

4�'��.ù:l��� n¹¢´�±uy�.,��Ò´84AÏ��,=

�þ�,me�,©ÛÒ�±�õy².

3. �½Ûê n > 1,é 1, 2, · · · , n���ü� p1, · · · , pn,P S�÷v: �

1 ≤ i ≤ j ≤ n�,k n | pi + pi+1 + · · ·+ pj �êé (i, j)�ê8.¦ S����.

) 1 Smax =
(n+1)(n+3)

8
.

(1) ��¡, � (p1, p2, · · · , pn) = (n, 1, n − 1, 2, n − 2, · · · , n−1
2
, n+1

2
). �Ä

n | pi + · · ·+ pj � (i, j)é.ò n, (1, n− 1), (2, n− 2), · · · , (n−1
2
, n+1

2
)w� n+1

2
�

�N.?¿���ëYÚþ���÷v�¦�ü�,¤±

S ≥ C2
n+1
2

+
n+ 1

2
=

(n+ 1)(n+ 3)

8
.

(2),��¡,e¡y² S ≤ (n+1)(n+3)
8

.

��B,P

σij = pi + pi+1 + · · ·+ pj, 1 ≤ i ≤ j ≤ n.

·�òÙ©� 3a.

A =
{
(i, j)

∣∣∣ n | σij � pi = n½ pj = n
}
,

B =
{
(i, j)

∣∣∣ n | σij � n | pi + pj � pi, pj 6= n
}
,

C =
{
(i, j)

∣∣∣ n | σij � n - pi + pj � pi, pj 6= n
}
.

K S = |A|+ |B|+ |C|.

� pt = n, K (t, t) ∈ A, (t − 1, t), (t, t + 1) þØ3 A,B,C ¥. k�Ä

(i, t), i < t− 1,òêüü�é (�U���) Xe:

((t− 2, t), (t− 3, t)) , ((t− 4, t), (t− 5, t)) , · · ·

z�ép�õ��3 A¥,ÄK n | σi,t, n | σi−1,t, (i = t − 2, t − 4, · · · )üª
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�~ n | pi � i 6= tgñ!Ïd (i, t), i < t − 1¥�õ=k
[
t−2+1

2

]
�.aq�

(i, t), i > t+ 1¥�õ=k
[
n−t−1+1

2

]
�.¤±

|A| ≤
[
t− 2 + 1

2

]
+

[
n− t− 1 + 1

2

]
+ 1 ≤ n+ 1

2
(k (t, t) ∈ A )

é B¥?¿�� (i, j)k n | pi + pj.�õ
n−1
2
é,K |B| ≤ n−1

2
.

2�Ä C ¥���,5¿� i, j 6= t,� n | n.� pt 3=é σij � modn�

�ÃK�.Ø�� t = n.P Ki = {2i− 1, 2i}, 1 ≤ i ≤ n−1
2
.5¿� C ¥���

(i, j)÷v n - pi + pj.Ïd (i, j)Ø3Ó��Ku(1 ≤ u ≤ n−1
2
)¥.

� i ∈ Ku1 , j ∈ Ku2 , u1 < u2.�Äσ2u1−1,2u2−1, σ2u1−1,2u2 , σ2u1,2u2−1, σ2u1,2u2 .

eyùo����õk��3 C ¥.

ÄK,��ü�3 C ¥,du p2u1−1, p2u1 , p2u2−1, p2u2 6≡ 0 (mod n).

e (2u1 − 1, 2u2 − 1) ∈ C,K (2u1, 2u2 − 1) /∈ C, (2u1 − 1, 2u2) /∈ C.l

(2u1, 2u2) ∈ C.u´ p2u1−1 ≡ p2u2 (mod n),gñ!

� (2u1 − 1, 2u2 − 1) /∈ C, Ón (2u1, 2u2) /∈ C K (2u1 − 1, 2u2) ∈

C, (2u1, 2u2 − 1) ∈ C. �d½Â�� (2u1 − 1, 2u2) ∈ B, gñ!� (2u1 −

1, 2u2− 1), (2u1− 1, 2u2), (2u1, 2u2− 1), (2u1, 2u2)�õ��3 C ¥,�òKi

w��N 1 ≤ i ≤ n−1
2
.Ïd |C| ≤ C2

n−2
2

.�

S ≤ |A|+ |B|+ |C| ≤ n+ 1

2
+
n− 1

2
+ C2

n−1
2

=
(n+ 1)(n+ 3)

8
.

nþ,k

Smax =
(n+ 1)(n+ 3)

8
.

�

µ5 �Y´N´�,:3u�O,d«){��Uì�E��{�O,�

é� .�Ñw�¡�4Ùg,,´�üg���éA�“;�”.

) 2 Smax = C2
n+3
2

.

P n = 2k + 1, k ∈ N∗.

��¡,�E p¦ S ≥ C2
k+2.

� p2i−1 = i, p2i = 2k + 1 − i, i = 1, · · · , k, p2k+1 = 2k + 1, K ∀i, j ∈

{0, 2, 4, · · · , 2k, 2k + 1}, i < j,þk pi+1 + pi+2 + · · ·+ pj � 2k + 1��ê(Ï

� 2k + 1 | p2u−1 + p2u, u = 1, · · · , k, 2k + 1 | p2k+1 ).� S ≥ C2
k+2.

,��¡,y² S ≤ C2
k+2.

P σj = p1+p2+· · ·+pj, j = 0, 1, · · · , 2k+1,K ∀t ∈ Z,÷v 1 ≤ j ≤ 2k+1
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� σj − σj−1 ≡ t (mod 2k + 1)� j Tk��.u´, ∀r ∈ Z,÷v 0 ≤ j ≤ 2k + 1

� σj ≡ r (mod 2k + 1)� j �õ k + 2�(Ï�ù�� j ¥��é�õ�é).

9 ∀u, v ∈ Z,÷v 0 ≤ j ≤ 2k + 1� σj ≡ u½ v (mod 2k + 1)� j �õ k + 3

�(Ï�ù�� j ¥��é�õné).

�Ä

σu ≡ σv (mod 2k + 1) (∗)

�kS| (u, v)�ê.?� i ∈ {0, 1, · · · , k}.

e σ2i 6≡ σ2i+1 (mod 2k + 1),K÷v σj ≡ σ2i½ σ2i+1 (mod 2k + 1), 0 ≤

j ≤ 2k+1� j�õ k+3�,K (∗)�÷v v = 2i½ 2i+1�)ê�õ k+3�.

e σ2i ≡ σ2i+1 (mod 2k+ 1),K÷v σj ≡ σ2i (mod 2k+ 1), 0 ≤ j ≤ 2k+ 1

� j �õ k + 2�,K (∗)�÷v v = 2i½ 2i + 1�)ê�õ 2(k + 2)�,�d

a i�õ��.

Ïd, (∗))ê�õ k(k + 3) + 2(k + 2) = k2 + 5k + 4.

u´, σu ≡ σv � u < v�) (u, v)�õ

1

2
((k2 + 5k + 4)− (2k + 2)) =

1

2
(k2 + 3k + 2).

=

s ≤ C2
k+2.

nþ, Smax = C2
n+3
2

. �

µ5 �KòëYeZ��Úz�Ü©ÚUwå5�ß�:,�´~�Ã

{.üX^ü���Oê¬Ø�
,(Ü��,Bò�Ú�Äü��åO.
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