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I.ÁÁÁKKK

1©Xã, 3o>/ ABCD ¥, AB = AD, CB = CD, ∠ABC = 90◦, :

E,F ©O3�ã AB,AD þ, : P,Q 3�ã EF þ( P 3 E,Q �m), ÷v
AE

EP
=
AF

FQ
©: X, Y ©O3�ã CP,CQþ, ÷v BX ⊥ CP , DY ⊥ CQ©y

²µ X, P , Q, Y o:��© (uÀ���ÆÛÁ$øK)

YX
D

C

A

B

E

F
P

Q

2©�½�ê n ≥ 2, � x1, x2, · · · , xn´?¿¢ê, ¦

2
X

1≤i<j≤n

[xixj]− (n− 1)
nX

i=1

[x2i ]

����, Ù¥ [x]L«Ø�L¢ê x����ê©

(H��E�ÆG�ÊøK)

3©�kn��?, z�Tk n¶ÓÆ, ù 3n¶ÓÆ��püüØÓ©y

òù
ÓÆ©¤ n|, z| 3¶ÓÆ©O5gØÓ��?, ¿òz|¥�p�p
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�ÓÆ¡�/p�f0©®�ÃØXÛ©|, z�Ñ��k 10¶ÓÆ´/p�

f0©y²µ n����U�´ 40© (H��E�ÆG�ÊøK)

4©� p, q´ü�ØÓ��ê, p > q©y²µp!− 1� q!− 1���ú�ê

Ø�L p
p
3© (E��Æ6åøK)

5©¦÷ve¡ü�^��¤k¢êS� {bn}n≥1Ú {cn}n≥1µ

(i) é?¿��ê n, bn ≤ cn¶

(ii) é?¿��ê n, bn+1� cn+1´���g�§ x2 + bnx+ cn = 0�ü�©

(uÀ���ÆY�uøK)

6©� p, qþ´�u1��ê, � p� 6qp�©y²µ
q−1X
k=1

�
pk

q

�2
≡ 2p

q−1X
k=1

k

�
pk

q

�
(mod q − 1),

Ù¥ [x]L«Ø�L¢ê x����ê© (H®���ÆVSkøK)

7©Xã, 3 4ABC ¥, AB < AC, ∠BAC = 120◦, 	��
J
O 3:

A,B ?�����u: P , 3: A,C ?�����u: Q. � H Ú I ©O´

4POQ�R%ÚS%,M ´lúBAC �¥:, N ´�ã OI �¥:, D ´��

MN �
J
O�,���:©y²µ IH ⊥ AD© (uÀ���Æ�UàøK)

D

N

M

H I

Q

P

O

B C

A

8©�½��ê n©��k����ê� (a1, · · · , am)¡�“ n -óê�”µ

e n = a1+ · · ·+am,��kóê��êé (i, j)÷v 1 ≤ i < j ≤ m
 ai > aj©

¦ n -óê���ê©

~X, �k8� 4-óê�µ(4)!(1,3)!(2,2)!(1,1,2)!(2,1,1)!(1,1,1,1)©

(uÀ���ÆÇ£´øK)
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II.)))���

1©©©Xã, 3o>/ ABCD ¥, AB = AD, CB = CD, ∠ABC = 90◦, :

E,F ©O3�ã AB,AD þ, : P,Q 3�ã EF þ( P 3 E,Q �m), ÷v
AE

EP
=
AF

FQ
©: X, Y ©O3�ã CP,CQþ, ÷v BX ⊥ CP , DY ⊥ CQ©y

²µ X, P , Q, Y o:��©

K
S

T

YX
D

C

A

B

E

F
P Q

yyy²²². d^��4ABC �4ADC 'u AC é¡, �

∠ABC = ∠ADC = 90◦.

� AC� EF �u:K, d AK²© ∠EAF �
AE

AF
=
KE

KF
, q

AE

AF
=
EP

FQ
,

¤±
KE

KF
=
EP

FQ
, =

KE

EP
=
KF

FQ
.

ò�CP �AEu: S,ò�CQ�AF u: T . é4KPC���ESA$

^rrNd½n, �
KE

EP
· PS
SC
· CA
AK

= 1.

Ón�
KF

FQ
· QT
TC
· CA
AK

= 1.

u´
CS

PS
=
KE

EP
· CA
AK

=
KF

FQ
· CA
AK

=
CT

QT
,

�
CS

CP
=
CT

CQ
, =

CP

CQ
=
CS

CT
.

5¿� BX ⊥ CP , DY ⊥ CQ9 ∠ABC = ∠ADC = 90◦, �

CX · CP
CY · CQ

=
CX · CS
CY · CT

=
CB2

CD2
= 1,

¤± X,P,Q, Y o:��. �
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2.�½�ê n ≥ 2, � x1, x2, · · · , xn´?¿¢ê, ¦

2
X

1≤i<j≤n

[xixj]− (n− 1)
nX

i=1

[x2i ]

����, Ù¥ [x]L«Ø�L¢ê x����ê©

))). 5¿� 2
X

1≤i<j≤n

[xixj]− (n−1)
nX

i=1

[x2i ] =
X

1≤i<j≤n

�
2[xixj]− [x2i ]− [x2j ]

�
©

Ï�

2[xixj] ≤ 2xixj ≤ x2i + x2j < [x2i ] + [x2j ] + 2,

�þª��>Ú�m>Ñ´�ê, �

2[xixj] ≤ [x2i ] + [x2j ] + 1.

�Ò7L3 [x2i ]Ú [x2j ]Ûó5ØÓ�â�U¤á£Ï��>´óê¤©Ïd,

� [x2i ]Ú [x2j ]Ûó5ØÓ�,

2[xixj]− [x2i ]− [x2j ] ≤ 1;

� [x2i ]Ú [x2j ]Ûó5�Ó�,

2[xixj]− [x2i ]− [x2j ] ≤ 0.

� [x21], [x
2
2], · · · , [x2n]¥k k�Ûê, n− k�óê, KX
1≤i<j≤n

�
2[xixj]− [x2i ]− [x2j ]

�
≤ k(n− k) ≤

�
n2

4

�
.

,��¡, �m =
�n
2

�
©XJ

x1 = x2 = · · · = xm = 1.4, xm+1 = xm+2 = · · · = xn = 1.5,

@o� 1 ≤ i < j ≤ m½m+ 1 ≤ i < j ≤ n�,

2[xixj]− [x2i ]− [x2j ] = 0;


� 1 ≤ i ≤ m�m+ 1 ≤ j ≤ n�,

2[xixj]− [x2i ]− [x2j ] = 1.

d� X
1≤i<j≤n

�
2[xixj]− [x2i ]− [x2j ]

�
= m(n−m) =

�
n2

4

�
.

nþ¤ã, ¤¦�����

�
n2

4

�
© �
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3©©©�kn��?, z�Tk n¶ÓÆ, ù 3n¶ÓÆ��püüØÓ©y

òù
ÓÆ©¤ n|, z| 3¶ÓÆ©O5gØÓ��?, ¿òz|¥�p�p

�ÓÆ¡�/p�f0©®�ÃØXÛ©|, z�Ñ��k 10¶ÓÆ´/p�

f0©y²µ n����U�´ 40©

yyy{{{���. Äké n = 40 �Ñ�«�E©�n��©O� A �, B �

Ú C �©¤kÆ)dp�$©O� 1, 2, · · · , 120 Ò, Ù¥ 1, 2, · · · , 10 Ò

Ú 71, 72, · · · , 100 Ò3 A �; 11, 12, · · · , 30 ÒÚ 101, 102, · · · , 120 Ò3 B �;

31, 32, · · · , 70Ò3 C �.

l
 A�� 1, 2, · · · , 10Ò7,´/p�f0¶B �� 11, 12, · · · , 30Ò¥

�õk 10¶ÓÆ� 1, 2, · · · , 10Ò��Ó|, �e��k 10¶ÓÆ´/p�

f0¶C �� 31, 32, · · · , 70Ò¥�õk 30¶ÓÆ� 1, 2, · · · , 30Ò����Ó

|, �e��k 10¶ÓÆ´/p�f0©Ïdù��E÷vK8�¦©

e¡y² 40 ´���. ò 3n ¶ÓÆU�pdp�$^g?Ò�

1, 2, · · · , 3n, ·�ky²��Ún©

ÚÚÚnnn. �n���Æ)÷vK8¥�^�, Kéuz��, Ñ�3�� k,

¦�?Ò� 1, 2, · · · , k�Æ)¥, T�¤Ó�<ê'Ù§ü��¤Ó�<ê�

Ú��õ 10<©

Ún�y². �Ä���£Ø��� A�¤, �T��¤kÓÆ�?Òd

���ü�� a1 < a2 < · · · < an, Ù{ü���¤kÓÆ?Òd���ü��

x1 < x2 < · · · < x2n©

é 1 ≤ i ≤ n − 9, ò?Ò� ai+9 � A�ÓÆÚ?Ò� xi � B ½ C �Ó

Æ©��|, ,�òk A�Ú C �ÓÆ�|¥V\����©|� B �ÓÆ,

òk A�Ú B �ÓÆ�|¥V\����©|� C �ÓÆ, �eÓÆUìz

| A,B,C ���<©|, d�Ø?Ò� a1, a2, · · · , a9 �ÓÆ	, A����

k�¶ÓÆ´/p�f0, �Ù?Ò� am, @o am < xm−9, ù`²3?Ò�

1, 2, · · · , am�ÓÆ¥, A�km<, B,C ü�\3�å�õm− 10<, ÏdÚ

n�y©

£��¯K, � A,B,C �éA�Ún¥� k ©O� k1, k2, k3, �Ø��

k1 ≤ k2 ≤ k3,@o3 1, 2, · · · , k1Ò¥, A���k 10<¶3 1, 2, · · · , k2Ò¥, B

���k 10+10 = 20<¶3 1, 2, · · · , k3Ò¥, C���k 10+20+10 = 40<©

Ïd 40´���U�© �
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yyy{{{���.éÆ)�?ÒÚ�EÓy{�, e¡=y² 40´���, =y²

n < 40�Ø�U÷vK8¥�^�©

b��±÷v^�, duz��Ñ��k 10¶p�f, � n ≥ 30©�Ä

an−19, bn−19, cn−19,Ø�� an−19´n�ê¥���,�?Ò� a1, a2, · · · , an−19�

Æ)Ñpu?Ò� b20, b21, · · · , bn, c20, c21, · · · , cn�Æ)©

y3é 1 ≤ i ≤ n − 19, ò ai, bi+1, ci+19 ©��|, ù
|¥�p�fÑ´

A��, �e�Æ)Uìz��<©|, K B,C ���Ø�L 19¶p�f, g

ñ�Ïd 40´���U�© �

4©©©� p, q´ü�ØÓ��ê, p > q©y²µp!− 1� q!− 1���ú�ê

Ø�L p
p
3©

yyy²²².P D = gcd(p!− 1, q!− 1)©´�y 2!− 1, 3!− 1, 5!− 1, 7!− 1üü

p�, � p ≤ 7�·K¤á©

±e� p ≥ 11©5¿� p! − q! � D �Ø, 
 q! � D p�, � D �Ø
p!

q!
− 1©u´ D ≤ p!

q!
≤ pp−q©XJ q ≥ 2

3
p, KcªíÑ D ≤ p

p
3 , ®�y©�±

e� p >
3

2
q©

5¿�D | (p!− q!2), ¿� p!− q!2 6= 0£Ï� p!− q!2Ø��ê p�Ø¤©

XJ p > 2q, K p!� q!2kúÏf q!2, §�Dp�, l
D�Ø
p!− q!2

q!2
=

p!

q!2
− 1, ùíÑ D ≤ p!

q!2
.q D | (q!− 1)íÑ D ≤ q!, u´

D ·D2 ≤ p!

q!2
· q!2 = p! ≤ pp,

� D ≤ p
p
3 , ·K�y©

�e��¹´
3

2
q < p ≤ 2q, d� p!� q!2kúÏf q!(p− q)!, §�Dp�,

� D�Ø
p!− q!2

q!(p− q)!
6= 0, ùíÑ

D ≤
����� p!

q!(p− q)!
− q!

(p− q)!

����� ≤ max

¨
p!

q!(p− q)!
,

q!

(p− q)!

«
.

du
p!

q!(p− q)!
≤ 2p ≤ 11

p
3 ≤ p

p
3 ,



q!

(p− q)!
�±�¤ 2q − p�Ø�L p�ëY��ê�¦È, �

q!

(p− q)!
≤ p2q−p ≤ p

p
3 ,
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Ù¥����Ø�ª´Ï�
3

2
q < p .u´ D ≤ p

p
3 , �y© �

5©©©¦÷ve¡ü�^��¤k¢êS� {bn}n≥1Ú {cn}n≥1µ

(i) é?¿��ê n, bn ≤ cn¶

(ii) é?¿��ê n, bn+1� cn+1´���g�§ x2 + bnx+ cn = 0�ü�©

))).d^�(i),(ii)��, bn+1� cn+1d bn, cn��(½, �d��½n, k

bn = −(bn+1 + cn+1), (1)

cn = bn+1cn+1. (2)

e b1 = c1 = 0, ´�é¤k n ≥ 1, þk bn = cn = 0, ·���÷vK8^��

S� {bn}n≥1Ú {cn}n≥1, é?¿��ê n, bn = cn = 0.

e¡y²Ù¦S�þØ÷v^�.

b� b1, c1¥Tk���"©e b1 = 0, K c1 > 0, �§ x2 + b1x+ c1 = 0Ã

¢�, Ø÷v^�©e c1 = 0, K b1 < 0, �§ x2 + b1x+ c1 = 0�ü�� b2 = 0,

c2 = −b1 > 0, �§ x2 + b2x+ c2 = 0Ã¢�, Ø÷v^�©

b� b1, c1 þØ�"©e bn > 0, cn > 0, Kd�ª (1),(2) �� bn+1 <

0, cn+1 < 0©e bn < 0, cn < 0, Kd�ª (1),(2)�� bn+1 < 0, cn+1 > 0©e

bn < 0, cn > 0, Kd�ª (1),(2)�� bn+1 > 0, cn+1 > 0©l
 (bn, cn)�ÎÒ

± 3�±Ïµ · · ·!��!KK!K�! · · · .

e bn > 0, cn > 0, ���g�§ x2 + bnx + cn = 0 k¢�, �Oª

b2n − 4cn ≥ 0, = b2n ≥ 4cn ≥ 4bn, � cn ≥ bn ≥ 4.

e bn > 0, cn > 0, � n > 3©d�ª(1)(2), ¿(Ü cn ≥ bn ≥ 4, ·�k

bn−1 = −(bn + cn) < 0, cn−1 = bncn > 0,

bn−2 = −(bn−1 + cn−1) = bn + cn − bncn < 0,

cn−2 = bn−1cn−1 = −(bn + cn)bncn < 0,

bn−3 = −(bn−2 + cn−2) ≥ −cn−2 = (bn + cn)bncn ≥ 4bn,

� i ∈ {1, 2, 3}, ¦� bi > 0, ci > 0©u´é?¿��ê k, bi+3k > 0, ci+3k > 0©

�E|^þãØ�ª��

bi ≥ 4kbi+3k ≥ 4k+1.


 k´?¿�, ùØ�U©

nþ¤ã, ¤k÷v^��S� {bn}n≥1Ú {cn}n≥0�kð�"�~ê�.�
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6©©©� p, qþ´�u1��ê, � p� 6qp�©y²µ
q−1X
k=1

�
pk

q

�2
≡ 2p

q−1X
k=1

k

�
pk

q

�
(mod q − 1),

Ù¥ [x]L«Ø�L¢ê x����ê©

yyy²²².é α ∈ R, P {α} = α− [α]©

2p
q−1X
k=1

k

�
pk

q

�
= 2q

q−1X
k=1

pk

q

�
pk

q

�
= q

q−1X
k=1

 �
pk

q

�2

+

�
pk

q

�2
−
�
pk

q
−
�
pk

q

��2
!

= q
q−1X
k=1

�
pk

q

�2

+ q
q−1X
k=1

�
pk

q

�2
− q

q−1X
k=1

¨
pk

q

«2

. (1)

du (p, q) = 1, p · 1, p · 2, · · · , p · (q− 1)Ø± q�{ê�H 1, 2, · · · , q− 1©l
,
q−1X
k=1

¨
pk

q

«2

=
q−1X
k=1

�
k

q

�2

.

�\ (1)ª, �

2p
q−1X
k=1

k

�
pk

q

�
=
p2 − 1

q

q−1X
k=1

k2 + q
q−1X
k=1

�
pk

q

�2

=
(p2 − 1)(q − 1)(2q − 1)

6
+ q

q−1X
k=1

�
pk

q

�2
.

(2)

du (p, 6) = 1, � 6 | p2 − 1©Ïd, d (2)�

2p
q−1X
k=1

k

�
pk

q

�
≡

q−1X
k=1

�
pk

q

�2
(mod q − 1).

�

7©©©Xã,
J
O ´ 4ABC �	��, AB < AC, ∠BAC = 120◦©�M ´

lúBAC �¥:, : P,Q ¦� PA, PB,QA,QC þ�
J
O ��, H, I ©O´

4POQ�R%ÚS%,N ´�ã OI �¥:,D´��MN �
J
O�,���

:©y²µ IH ⊥ AD©

yyy²²².ò� BP , CQ��u: L©

d®�^��� ∠ABC = 30◦ + θ, ∠ACB = 30◦ − θ©ØJ��

∠OPA = 90◦ − ∠POA = 90◦ − ∠ACB = 60◦ + θ,

Ón ∠OQA = 60◦ − θ, Ïd ∠POQ = 60◦, ?


∠PIQ = ∠PHQ = 120◦.

qO´4LPQ��%,¤±∠PLQ = 2(90◦−∠POQ) = 60◦,�L, P,H, I,QÊ

:��©
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T

L

D

N

M

H I

Q

P

O

B C

A

X

du OI ²© ∠POQ, ¿�

∠AOI = ∠POI − ∠POA = 30◦ − (30◦ − θ) = θ,

∠AOM = ∠BOM − ∠BOA = 60◦ − 2(30◦ − θ) = 2θ,

¤± OI ²© ∠AOM , u´

∠AON = ∠AOI =
1

2
∠AOM = ∠ADM = ∠ADN,

?
 A,N,O,Do:��©�	���%´ T©

ò� PH �: X©dS%�R%�5���

∠OHI = ∠IHX+∠OHX = ∠PQI+∠OQP =
3

2
∠OQP =

3

2
(60◦−θ) = 90◦−3

2
θ.

5¿�3��4LOB¥, ∠BLO = 30◦, � LO = 2OB = 2OM , �MN ‖ LI©

du

∠LIO = ∠LIQ+ ∠QIO = ∠LPQ+ 90◦ +
1

2
∠OPQ = 270◦ − 3

2
∠OPQ

= 270◦ − 3

2
(60◦ + θ) = 180◦ − 3

2
θ.

Ïd∠MNI = ∠ANI =
3

2
θ,∠AOD = ∠AND = 180◦−3θ©5¿�OA = OD,

� OT ²© ∠AOD� AD ⊥ OT , �

∠AOT =
1

2
∠AOD = 90◦ − 3

2
θ,

u´ ∠OHI = ∠AOT©
 A,O,H ��, � IH ‖ OT©q AD ⊥ OT , ¤±

IH ⊥ AD© �
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8©©©�½��ê n©��k����ê� (a1, · · · , am)¡�“ n -óê�”µ

e n = a1+ · · ·+am,��kóê��êé (i, j)÷v 1 ≤ i < j ≤ m
 ai > aj©

¦ n -óê���ê©

~X, �k8�4-óê�µ(4)!(1,3)!(2,2)!(1,1,2)!(2,1,1)!(1,1,1,1)©

))).��k����ê� (a1, · · · , am)¡�“ n -ê�”, e n = a1 + · · ·+ am.

e n -ê�Ø´ n -óê�, K¡�“n -Ûê�”©P S(n)� n -óê�� n -Ûê

���ê��, ¿½Â S(0) = 1©e¡y²µé n ≥ 1,

S(n) = 1 +

[n
2
]X

k=1

S(n− 2k). (∗)

¯¢þ, ·��±ò n -ê�©�e¡Aa£� n = 1 �, =k1(i)a¶�

n = 2�, =k1(i)(iii)üa¤µ

(i) (a1) = (n)©da n -óê�� n -Ûê��ê���1¶

(ii) ÷v a1 6= a2�n -ê�©5¿�n -ê� (a1, a2, · · · , am)� (a2, a1, · · · , am)

�Ûó5ØÓ, l
3÷v a1 6= a2� n -ê�¥, n -Ûê�� n -óê��

�ê�Ó©

(iii) ÷v a1 = a2� n -ê�©3÷v a1 = a2 = k (1 ≤ k ≤
�n
2

�
)� n -ê�¥,

du (a1, · · · , am)� (a3, · · · , am)�Ûó5�Ó, � n -óê�� n -Ûê�

��ê��TÐ´ S(n− 2k)£5¿, n = 2k�, S(0) = 1éA (k, k)).

nÜ(i),(ii),(iii)B� (∗)ª¤á©

d (∗)�, � n ≥ 3�,

S(n)− S(n− 2) =

[n
2
]X

k=1

S(n− 2k)−
[n
2
−1]X

k=1

S(n− 2k) = S(n− 2).

= S(n) = 2S(n − 2)©� n = 2�, ½k S(2) = 2 = 2S(0)©Ïd, � n�Ûê

�,

S(n) = 1 + S(1) + S(3) + · · ·+ S(n− 2) = 2
n−1
2 .

� n�óê�,

S(n) = 1 + S(0) + S(2) + · · ·+ S(n− 2) = 2
n
2 .

5¿� n -ê� (a1, · · · , am)�kSê| (a1, a1+a2, · · · , a1+a2+· · ·+am)�

�éA, 
�ö��ê�u {1, 2, · · · , n}¹ n�f8�ê, � n -ê��oê�

2n−1©l
 n -óê��ê�
2n−1 + S(n)

2
= 2n−2 + 2[

n
2
]−1. �
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