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��{,���3�|þ���){Ñ'�E,.�©�Ñ 2020c USAMO Á

K�)�.4uY²,Ø��?3¤J�,¹�ÖöØ�f�.

I. ÁÁÁ KKK

1. �½b�4ABC, ω´Ù	��, O´ ω��%, X ´ ω¥�l AB þ

���Ä:, D´�ã CX � AB��:, O1, O2©O´4ADX,4BDX �	

%.¦¤k�: X,¦4OO1O2�¡È�����.

2. �½���%� 2020× 2020× 2020��á�N,3�á�N� 6 �¡

þ�x�� 2020× 2020���L.¡“�”´�� 1× 1× 2020���N,3�á

�NS��eZ (> 0) ��,÷ve�^�:

(1) z��¥,ü� 1× 1�¡©O´�á�N¥ü��é�¡þ����

(ù�����k 3 · 20202«�U� �);

(2) ¤k��SÜ«� (Ø¹¡) üüØ��;

(3) z��¥, 4� 1× 2020�¡ (Ø¹c) þ-��á�N�¡½,���

�¡ (Ø¹c).

¦���ê����U�.

3. �½Û�ê p.¡���ê x´“�²��{”,XJé?¿�ê t, pØ�

Ø x− t2. A´¤k÷v 1 ≤ a < p� a, 4− aþ´�²��{��ê a|¤�

8Ü,¦ A¥¤k���¦È� p�{ê.

?¾FÏ: 2020-08-18.
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4. � (a1, b1), (a2, b2), · · · , (a100, b100)´üüØÓ�kS�K�êé,N ´

÷v 1 ≤ i < j ≤ 100� |aibj − ajbi| = 1��êé (i, j)��ê.¦ N ����

U�.

5. 3²¡���IX xOy¥,¡��k�:8 S´“�½�”,XJ |S| ≥ 2

��3��gêØ�L |S| − 2��"¢Xêõ�ª P (t),÷vé S¥�z�:

(x, y),þk P (x) = y.

�½�ê n ≥ 2,¦���ê k = k(n),¦��3�� n�:8Ø´�½�,

�ù�:8k k��½�f8.

6. � n ≥ 2´���ê, x1 ≥ x2 ≥ · · · ≥ xn, y1 ≥ y2 ≥ · · · ≥ yn´ 2n�¢

ê,÷v
n∑
i=1

xi =
n∑
i=1

yi = 0,�
n∑
i=1

x2i =
n∑
i=1

y2i = 1.y²:

n∑
i=1

(xiyi − xiyn+1−i) ≥
2√
n− 1

.

///. )))������µµµ555

1. �½b�4ABC, ω´Ù	��, O´ ω��%, X ´ ω¥�l AB þ

���Ä:, D´�ã CX � AB��:, O1, O2©O´4ADX,4BDX �	

%.¦¤k�: X,¦4OO1O2�¡È�����.

) �Ä4ABC, 4AXD,Ù¥ O, O1 ©O´	%.d A, B, C, X ���

∠ABC = ∠AXD,? ∠AO1D = ∠AOC,�4AO1D ∼ 4AOC.u´

AO · AD = AO1 · AC

�

∠OAO1 = ∠DAO1 + ∠OAD = ∠CAO + ∠OAD = ∠CAD.
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�

4OAO1 ∼ 4CAD. ¬

Ón��

4OBO2 ∼ 4CBD. 

(Ü¬�:

OO1 = CD · AO
AC

, OO2 = CD · BO
BC

®

�

∠O1OO2 = ∠AOB − ∠AOO1 − ∠BOO2

= 2∠ACB − ∠ACD − ∠BCD

= ∠ACB. ¯

(Ü®¯�:

S4OO1O2 =
1

2
·OO1 ·OO2 · sin∠O1OO2

=
1

2
· CD2 · AO

AC
· BO
BC
· sin∠ACB.

w, A, B, C, Oþ�½:,� AO
AC
· BO
BC
· sin∠ACB ´½�.l S4OO1O2 ��

�du CD2��, CD23 CD⊥AB������.�A/,�K¤¦X =�

¦ CX⊥AB�:. �

µ5 5¿�4OO1O2�>�9�Ýþ�±w�é�Ù,�K´x©K.

2. �½���%� 2020× 2020× 2020��á�N,3�á�N� 6 �¡

þ�x�� 2020× 2020���L.¡“�”´�� 1× 1× 2020���N,3�á

�NS��eZ (> 0) ��,÷ve�^�:

(1) z��¥,ü� 1× 1�¡©O´�á�N¥ü��é�¡þ����

(ù�����k 3 · 20202«�U� �);

(2) ¤k��SÜ«� (Ø¹¡) üüØ��;

(3) z��¥, 4� 1× 2020�¡ (Ø¹c) þ-��á�N�¡½,���

�¡ (Ø¹c).

¦���ê����U�.

) (1)�½�
PÒ:

ò 2020× 2020× 2020�á�Nw��� 2020× 2020× 2020�áNL�,

K“�”=� 1× 1× 2020�fL�(�^=).
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·�^kSn�| (x, y, z) (1 ≤ x, y, z ≤ 2020)IPL�¥�z���

á�N,Ù¥ (x, y, z)L«pÝ� z���¥1 x11 y���á�N.

^n�| (x, y, #)L«�¹�á�N

(x, y, 1), (x, y, 2), · · · , (x, y, 2020)

��,aq½Â (x, #, z) , (#, y, z).

·�¡“�¡”��� 1 × 2020 × 2020�fL�(�^=),w,“�¡”k 3 ·

2020�.^n�| (x, #, #)½ö (#, y, #)½ö (#, #, z) (1 ≤ x, y, z ≤ 2020)

5IP���¡,Ù¥“ # ”´��ÎÒ, (x, #, #)L«d�á�N

(x, i, j) (1 ≤ i, j ≤ 2020)

|¤��¡,aq½Â (#, y, #) , (#, #, z).

P�K¥� 3 �^��g� ¬, , ®.

(2)£��K,(Ø´: “�”�ê���� 3030.k�Ñ�E: �Ñ 3030�

�: (2k − 1, 2k, #), (2k, #, 2k − 1), (#, 2k − 1, 2k) (1 ≤ k ≤ 1010) .

�y�E: w,� (2k − 1, 2k, #) (1 ≤ k ≤ 1010) üüØ��, �é 1 ≤

k, k′ ≤ 1010,� (2k − 1, 2k, #) , (2k′, #, 2k′ − 1)Ø�(�Ä1��©þ=�).

aq/,�� 3030��üüØ��,ÎÜ^� .

é 1 ≤ k ≤ 1010,� (2k − 1, 2k, #)o�¡©O-��

(2k − 2, #, 2k − 3) , (2k, #, 2k − 1) , (#, 2k + 1, 2k + 2) , (#, 2k − 1, 2k) .

Ù¥,�½ (0, #, −1) , (#, 2021, 2022)�L«L�>..aq/,�� 3030�

�þÎÜ^� ®.

^� ¬w,÷v,� 3030�“�”�±��.

(3) 2�Ñy²: =y��I� 3030�“�”.

?����,Ø��� (x0, y0, #) (ÄK·�^=L�).�Ä (x0, y0, #)�

��¡ (x0 + 1, #, #)�>�¡,Ó��½ (0, #, #), (2021, #, #)�L«L

�>..

d ® ��¡ (x0 + 1, #, #)¥���¹���.Ón,�¡ (x0 − 1, #, #),

(#, y0 − 1, #) , (#, y0 + 1, #) ¥�Ñ���¹���.

dþãL§��: e�¡ (t, #, #), (1 ≤ t ≤ 2020)���¹���,K�

¡ (t− 1, #, #), (t+ 1, #, #)þ���¹���. (∗)

l (x0, y0, #)m©,ØäA^ (∗)��: �¡ (1, #, #) , (2, #, #) , · · · ,

(2020, #, #) , (#, 1, #) , (#, 2, #) , · · · , (#, 2020, #)¥þ���¹���.
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±e©ü«�/:

�/ 1: �3/X (x, #, z)½ (#, y, z)��.

d (∗)�¤k 3 · 2020��¡¥þ���¹���,,��¡,w,z�

�T�¹3ü��¡¥,����ê ≥ 3×2020
2

= 3030.

�/ 2: Ø�3/X (x, #, z)½ (#, y, z)��.

d�é 1 ≤ s, t ≤ 2020,e�3� (s, t, #) ,Kd^�®��3�

(s− 1, t, #) , (s+ 1, t, #) , (s, t− 1, #) , (s, t+ 1, #) . (∗∗)

l (x0, y0, #)m©,�E|^ (∗∗)�: ¤k/X (x, y, #) (1 ≤ x, y ≤ 2020)�

�þ�3,���� 20202 > 3030��.

nþ,ok�� 3030��,�“�”�ê���� 3030. �

µ5 �K´��á�NL�¯K, �K�'�´I�n)�Ù�K^

�(3)�.´�o,���y²ÒØJ
,�K��ElAÛ�*þØ�Ðn),

�lX�ê��Ý��Ðn).

3. �½Û�ê p.¡���ê x´“�²��{”,XJé?¿�ê t, pØ�

Ø x− t2. A´¤k÷v 1 ≤ a < p� a, 4− aþ´�²��{��ê a|¤�

8Ü,¦ A¥¤k���¦È� p�{ê.

) (1)� p��� g.� X+ ´ 1, 2, · · · , p − 1¥¤k� p�²��{|

¤�8Ü, X−´ 1, 2, · · · , p− 1¥¤k� p��²��{|¤�8Ü.

�ÄXe 4�Ó{�§| ('u x, y)

Ω1 :

x+ y ≡ 4 (mod p)

(x, y) ∈ X− ×X−
, Ω2 :

x+ y ≡ 4 (mod p)

(x, y) ∈ X+ ×X−
,

Ω3 :

gx
2 + gy2 ≡ 4 (mod p)

x, y ∈ {1, 2, · · · , p− 1}
, Ω4 :

x
2 + gy2 ≡ 4 (mod p)

x, y ∈ {1, 2, · · · , p− 1}
.

w,,d Ω3�¤k) (x, y)���ØÓ� (gx2, gy2)=� Ω1�¤kØÓ),d

Ω4�¤k) (x, y)���ØÓ� (x2, gy2)=� Ω2�¤kØÓ).

é i = 1, 2,P Si� Ωi�¤kØÓ)¥ y�¦È.w, S1S2 =
∏

j∈X−
j,��

K¤¦=� S1� p�{ê.Ù¥

S1S2 =
∏
j∈X−

j ≡

p−1
2∏
j=1

g2j−1 ≡ g( p−1
2 )

2

(mod p). ¬
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(2)±eO� S2 :� Ω4�¤k)¥, y�¤kØÓ�� y1, y2, · · · , ym.w

, 0 /∈ {y1, y2, · · · , ym} ,�

{−y1, −y2, · · · , −ym} = {y1, y2, · · · , ym} (mod p¿Â).

� 2 | m,���

{y1, y2, · · · , ym} =
{
z1, −z1, z2, −z2 · · · zm

2
, −zm

2

}
(mod p¿Â),

K

S2 ≡
m
2∏
j=1

gz2j ≡
m
2∏
j=1

−g · zj · (−zj) ≡ (−g)
m
2 · y1y2 · · · ym (mod p). 

(3)±e¦m9 y1, y2, · · · , ym.5¿�, Ω4���(xy−1)
2

+ g ≡ (2y−1)
2

(mod p)

x, y ∈ {1, 2, · · · , p− 1}
.

Ù¥,^ α−1L« α ( pØ�Ø α )� p�_�.�(
xy−1

)2
+g ≡

(
2y−1

)2
(mod p)⇔

(
2y−1 + xy−1

) (
2y−1 − xy−1

)
≡ g (mod p).

�¦Ñ y�¤kØÓ�U�,�I��Ä

2y−1 + xy−1 ≡ gk (mod p), 2y−1 − xy−1 ≡ gp−k (mod p) ®

��/,Ù¥ 1 ≤ k ≤ p−1
2
.d pØ�Ø 2y−1, xy−1�

gk 6= ±gp−k (mod p),

= k 6= p+1
4
.

(4)© p� 4{ê?Ø:

�/ 1 p ≡ 1 (mod 4).d�m = p−1
2

(Ï� p+1
4

/∈ Z ),�

y1y2 · · · ym ≡
(
y−11 y−12 · · · y−1m

)−1
≡

 p−1
2∏

k=1

((
gk + gp−k

)
· 4−1

)−1(d® )

≡ 4
p−1
2 ·

p−1
2∏

k=1

(gk + gp−k)−1

≡ 4
p−1
2 · (

p−1
2∏

k=1

(g2k−1 + 1)
−1

) · (

p−1
2∏

k=1

gk−1)

≡ (

p−1
2∏

k=1

(g2k−1 + 1)
−1

) · g
1
2
· p−1

2
· p−3

2 (mod p). ¯
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Ù¥d¤ê�½n,k

4
p−1
2 = 2p−1 ≡ 1 (mod p).

 g2k−1 + 1
(
1 ≤ k ≤ p−1

2

)
T�'u x�õ�ª (x− 1)

p−1
2 + 1� p¿Âe�¤

kØÓ�,d��½n�¦È� 2 .�d¯�

y1y2 · · · ym ≡ 2−1 · g
1
2
· p−1

2
· p−3

2 (mod p).

2�\�

S2 ≡ (−g)
p−1
4 · 2−1 · g

1
2
· p−1

2
· p−3

2 (mod p).

2�\¬�

S1 ≡ S1S2 · S−12

≡ 2 · (−1)
p−1
4 · g( p−1

2 )
2
− p−1

4
− 1

2
· p−1

2
· p−3

2

≡ 2 · g
(
( p−1

2 )
2
− p−1

4
− 1

2
· p−1

2
· p−3

2 )
)
+ p−1

4
· p−1

2

≡ 2 · g( p−1
2 )

2

≡ 2 (mod p).

Ù¥���Ú´du(
p− 1

2

)2

= (p− 1) · p− 1

4
≡ p− 1 (mod p− 1).

�/ 2 p ≡ −1 (mod 4).d� p+1
4
∈ Z,�m = p−3

2
�

y1y2 · · · ym ≡

( ∏
1≤k≤ p−1

2

k 6= p+1
4

((
gk + gp−k

)
· 4−1

))−1

≡ 4
p−3
2 ·

( ∏
1≤k≤ p−1

2

k 6= p+1
4

(
g2k−1 + 1

)−1) ·( ∏
1≤k≤ p−1

2

k 6= p+1
4

gk−1

)

≡ 4
p−3
2 ·

( ∏
1≤k≤ p−1

2

k 6= p+1
4

(
g2k−1 + 1

)−1) · g 1
2
· p−1

2
· p−3

2
− p−3

4 (mod p). °

Ù¥ g2k−1 + 1
(
1 ≤ k ≤ p−1

2
, k 6= p+1

4

)
T�'u x�õ�ª (x−1)

p−1
2 +1

x
�¤k

ØÓ�,d��½n�¦È� p−1
2
.�\°�

y1y2 · · · ym ≡ 4
p−3
2 ·
(
p− 1

2

)−1
· g

1
2
· p−1

2
· p−3

2
− p−3

4

≡ 2p−3 · (−2) · g
1
2
· p−1

2
· p−3

2
− p−3

4

≡ 2−1 · (−1) · g
1
2
· p−1

2
· p−3

2
− p−3

4 (mod p).
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þªÓ�^�¤ê�½n,�\k

S2 ≡ (−g)
p−3
4 · 2−1 · (−1) · g

1
2
· p−1

2
· p−3

2
− p−3

4

≡ 2−1 · (−1)
p+1
4 · g( 1

2
· p−1

2
· p−3

2
− p−3

4 )+ p−3
4

≡ 2−1 · (−1)
p+1
4 · g

1
2
· p−1

2
· p−3

2 (mod p).

2�\¬k

S1 ≡ S1S2 · S−12

≡ g( p−1
2 )

2
− 1

2
· p−1

2
· p−3

2 · (−1)
p+1
4 · 2

≡ g( p−1
2 )

2
− 1

2
· p−1

2
· p−3

2
+ p+1

4
· p−1

2 · 2

≡ g
p2−1

4 · 2

≡ g(p−1)·
p+1
4 · 2 ≡ 2 (mod p).

nþ,ü«�/¥,þk¤¦ S1 ≡ 2 (mod p). �

µ5 ��²;�¯K´: ¦ |A|�� (T²;¯K�){¥,'�Ü©��

²��,=�K)�¥ª®�@�Ú),|^ù��{N´ò�K¤¦¦Èz�

O�
∏

1≤k≤ p−1
2
,k 6= p+1

4

(
gk + gp−k

)
.3?nù�¦È��ÿ,·�a'
?nEê

ü �¯K¥�Ã{: Eê¥�²;¯K´¦L�ª sin 1◦ · sin 2◦ · · · · · sin 89◦�

�,){´z�ü �,¿�Eõ�ª,A^��½n(Eêü ���ê��k

éõ�q�?).

�K�k,��|©�){: P

V + = {x | x, 4− x ∈ X+ (mod p)}

V − = {x | x, 4− x ∈ X− (mod p)}

Ù¥, X+, X−��)�¥½Â�Ó.K∏
x∈V +

x =
∏
x∈V +

(4− x) =
∏

4−x2∈X+

x 6=0, 2

1≤x≤ p−1
2

(4− x2)

=
∏

4−x2∈X+

x 6=0, 2

1≤x≤ p−1
2

(2 + x)(2− x) =
∏

4−x2∈X+

x 6=2, −2 (mod p)
1≤x≤p−1

(2 + x)

=
∏

x(4−x)∈X+

x 6=0, 4 (mod p)
3≤x≤p+1

x =
∏

x∈V +∪V −
x 6=0, 2, 4 (mod p)

1≤x≤p−1

x
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=
1

2
·
∏
x∈V +

x ·
∏
x∈V −

x

�k ∏
x∈V −

x ≡ 2 (mod p).

4. � (a1, b1), (a2, b2), · · · , (a100, b100)´üüØÓ�kS�K�êé,N ´

÷v 1 ≤ i < j ≤ 100� |aibj − ajbi| = 1��êé (i, j)��ê.¦ N ����

U�.

) (Ø: N ���� 197.

(1)k�Ñ�E: -

(ai, bi) = (i− 1, i) (1 ≤ i ≤ 99) , (a100, b100) = (1, 1) .

d�é 1 ≤ i ≤ 98,k

|aibi+1 − ai+1bi| =
∣∣(i− 1) (i+ 1)− i2

∣∣ = 1.

é 1 ≤ i ≤ 99,k

|aib100 − a100bi| = |(i− 1)− i| = 1.

� N ≥ 98 + 99 = 197,��
��¦ N ≥ 197��E.

(2)2y²ok N ≤ 197.

Ø��é i = 1, 2, · · · , 100, ai, bi�� 0½�Ø� 0,ÄK^ (ai + bi, ai + 2bi)

O� (ai, bi) (1 ≤ i ≤ 100) .d�é 1 ≤ i ≤ j ≤ 100,

(ai + bi) (aj + 2bj)− (aj + bj) (ai + 2bi) = aibj − ajbi,

(ØØC.w,d� (ai + bi, ai + 2bi)EüüØÓ.

Ø�� b1 ≤ b2 ≤ · · · ≤ b100,ÄK#ü�.¡ÎÜ�K^�� (i, j)�“Ð

é”.

eyé�½� j ∈ {3, 4, · · · 100} ,�õ�3 2� i¦ (i, j)´“Ðé”. ¬

^�y{,b�¬Ø¤á,=�3��ê i1, i2, i3, j,Ù¥ i1, i2, i3 ´«m

[1, j)¥�ØÓ��ê,� (i1, j) , (i2, j) , (i3, j)þ´Ðé,=é k = 1, 2, 3,k

aikbj − ajbik ∈ {−1, 1} ,

dÄT�n,�3 1 ≤ u < v ≤ 3,¦�

aiubj − ajbiu = aivbj − ajbiv ∈ {−1, 1} .
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Ø�� u = 1, v = 2.w,,��ú�ê

(aj, bj) = (bi1 , bj) = (bi2 , bj) = 1, 

�

ai1bj − ajbi1 = ai2bj − ajbi2 ⇒ bj (ai1 − ai2) = aj (bi1 − bi2) . ®

du (aj, bj) = 1,�d®���

ai1 − ai2 = haj, bi1 − bi2 = hbj, (h ∈ Z) ,

�dêé (ai1 , bi1) 6= (ai2 , bi2)� h 6= 0� aj, bj Ø�� 0.d h 6= 0�

|bi1 − bi2| = |hbj| ≥ |bj| ,

d i1, i2 ∈ [1, j)� bi1 , bi2 ∈ [0, bj] ,��U {bi1 , bi2} = {0, bj} .AO/,e bj

= 0,K bi1 = bi2 = 0.2(Ü=���ú�ê

(0, bj) = (bj, bj) = 1,

�U bj = 1.?Ø�� bi1 = 0, bi2 = 1.d“Ø��é i = 1, 2, · · · , 100, ai, bi

�� 0½�Ø� 0 ”�: ai1 = 0.u´

ai1bj − ajbi1 = 0 /∈ {−1, 1} ,

gñ!��yØ¤á,(Ø¬�y!

w, j = 2��õ�3 1� i¦ (i, j)´“Ðé”,(Ü¬=�:

N ≤ 1 + 2 · 98 = 197.

nþ,¤¦ N ���� 197. �

µ5 �K��E�ÏLe�²;¯K��:

� a, b, c, d ∈ Z+,e ∣∣∣∣∣a b

c d

∣∣∣∣∣ = 1,

K
a

c
>
a+ b

c+ d
>
b

d
,

� ∣∣∣∣∣a a+ b

c c+ d

∣∣∣∣∣ =

∣∣∣∣∣a+ b b

c+ d d

∣∣∣∣∣ = 1

y²Ü©�ØJ.
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5. 3²¡���IX xOy¥,¡��k�:8 S´“�½�”,XJ |S| ≥ 2

��3��gêØ�L |S| − 2��"¢Xêõ�ª P (t),÷vé S¥�z�:

(x, y),þk P (x) = y.

�½�ê n ≥ 2,¦���ê k = k(n),¦��3�� n�:8Ø´�½�,

�ù�:8k k��½�f8.

) (Ø´: k���� 2n−1 − n.� n�:8� T.

(1)k�Ñ�E:- T = T ′∪{(0, 0)} ,Ù¥ T ′ = {(i, 1) | i = 0, 1, · · · , n− 2} .

��¡,dué?¿õ�ª P , P (0) = 0� P (0) = 1ØÓ�¤á,w, T

Ø´“�½�”.,��¡,- P (t) = 1=� T ′�?¿ ≥ 2�f8þ´“�½�”.

�

k ≥
n−1∑
j=2

(
n− 1

j

)
=

(
n−1∑
j=0

(
n− 1

j

))
−
(
n− 1

1

)
−
(
n− 1

0

)
= 2n−1 − n.

Ù¥,�½
1∑
j=2

L«�¦Ú.l k ≥ 2n−1 − n�±��.

(2) y²ok k ≤ 2n−1 − n).

� T �¤k”�½�”f8|¤8x F. P F2, F3, · · · , Fn ©O´ F ¥

2, 3, · · · , n�8Ü|¤�8x.w,

|F | = |F2|+ |F3|+ · · ·+ |Fn| ,

� |Fn| = 0.

·�y²��Ún

ÚÚÚnnn é I ⊆ T,9 β, β′ ∈ T \ I (I 6= ∅, β 6= β′) .e

I ∪ {β} , I ∪ {β′} ∈ F,

K

I ∪ {β, β′} ∈ F.

y² d F �½Â�,�3¢Xêõ�ª P, Q,÷v

degP, degQ ≤ |I| − 1,

�é?¿ (x, y) ∈ I ∪{β} ,k P (x) = y.é?¿ (x, y) ∈ I ∪{β′} ,kQ (x) = y.

u´é?¿ (x, y) ∈ I,k P (x) = Q (x) = y.w, I ¥:�î�IüüØÓ,Ä

K P, QØ�3.�(Ü degP, degQ ≤ |I| − 19.�KF��úª�: �U

P = Q.?é?¿ (x, y) ∈ I ∪ {β, β′} ,k P (x) = y,� I ∪ {β, β′} ∈ F,Ún

�y!

11 êÆ#(�



£��K,é i = n, n− 1, · · · 2,8By²:

|Fi| ≤
(
n− 1

i

)
. ¬

i = n�,du T Ø´“�½�”,�

|Fn| = 0 =

(
n− 1

n

)
,

¬¤á.

i ∈ [2, n− 1]�,b�¬3 i���þ¤á,K |Fi+1| ≤
(
n−1
i+1

)
.P

(
T

i+ 1

)
L

« T �¤k (i+ 1)�f8|¤�8x.�E���Üã G = (V1, V2, E) ,Ù¥

V1 = Fi, V2 =

(
T

i+ 1

)
, E = {(I, J) | I ∈ V1, J ∈ V2, I ⊆ J}

w,, V1¥z�:ÝêT� n− i, V2 ∩ Fi+1¥z�Ýê ≤ i+ 1,�dÚn�:

V2 \ Fi+1¥z�Ýê ≤ 1.

eØ,,K�3 J, J ′ ∈ Fi (J 6= J ′) , L ∈ V2 \ Fi+1,� J, J ′ ⊆ L,3Ún¥-

I = J ∩ J ′, {β} = J \ J ′, {β′} = J ′ \ J,

=�

L = J ∪ J ′ ∈ Fi+1,

gñ! �

|V1| · (n− i) = |E| ≤ (i+ 1) · |V2 ∩ Fi+1|+ |V2 \ Fi+1| ,

=

|Fi| · (n− i) ≤ (i+ 1) · |Fi+1|+
(

n

i+ 1

)
− |Fi+1| .

l

|Fi| ≤
i · |Fi+1|+

(
n
i+1

)
n− i

≤
i ·
(
n−1
i+1

)
+
(
n
i+1

)
n− i

(d8b)

=
i ·
(
n−1
i

)
· n−1−i

i+1
+
(
n−1
i

)
· n
i+1

n− i

=

(
n− 1

i

)
·
i · n−1−i

i+1
+ n

i+1

n− i
=

(
n− 1

i

)
.

�¬é i¤á,d8B{�(Ø¬�y!

d¬�:

k = |F | =
n∑
j=2

|Fj| ≤
n−1∑
j=2

(
n− 1

j

)
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=

(
n−1∑
j=0

(
n− 1

j

))
−
(
n− 1

1

)
−
(
n− 1

0

)
= 2n−1 − n.

nþ,¤¦ k���� 2n−1 − n. �

µ5 �±kïÄ���ééaú,,�ØJ��Ún,ù�Ún�Ð?´

�±ò¯K=z���X|Ü¯K(�$íÐ�´:ù��=zv
�Ñ�K,

�¿Ø�½�¿��),�¡�|ÜÜ©�ØJ,8B+�ügÒ�±
.

6. � n ≥ 2´���ê, x1 ≥ x2 ≥ · · · ≥ xn, y1 ≥ y2 ≥ · · · ≥ yn´ 2n�¢

ê,÷v
n∑
i=1

xi =
n∑
i=1

yi = 0,�
n∑
i=1

x2i =
n∑
i=1

y2i = 1.y²:

n∑
i=1

(xiyi − xiyn+1−i) ≥
2√
n− 1

.

y² P

F =
n∑
i=1

(xiyi − xiyn+1−i) .

d^��

n = n ·
n∑
i=1

x2i −

(
n∑
i=1

xi

)2

=
∑

1≤i≤j≤n

(xi − xj)2 .

Ón

n =
∑

1≤i≤j≤n

(yi − yj)2. (1)

e¡© nÛó?Ø.

�/ 1 n´óê.d�,

F =

n
2∑
i=1

(xiyi + xn+1−iyn+1−i − xn+1−iyi − xiyn+1−i)

=

n
2∑
i=1

(xi − xn+1−i) (yi − yn+1−i).

P

li = xi − xn+1−i, l
′
i = yi − yn+1−i(1 ≤ i ≤ n

2
).

5¿�,d (1)�:

n =
∑

1≤i≤j≤n

(xi − xj)2

13 êÆ#(�



=
∑

1≤i≤n
2

(xi − xn+1−i)
2 +

∑
1≤i<j≤n

2

(
(xi − xj)2 + (xi − xn+1−j)

2

+ (xn+1−i − xj)2 + (xn+1−i − xn+1−j)
2
)
. (2)

Ù¥é 1 ≤ i ≤ j ≤ n,

(xi − xj)2 + (xi − xn+1−j)
2 + (xn+1−i − xj)2 + (xn+1−i − xn+1−j)

2

= (xi − xj)2 + (xi − xj + lj)
2 + (xi − li − xj)2 + (xi − li − xj + lj)

2

=4 ·
(
xi − xj −

li − lj
2

)2

+ l2i + l2j ≤ (li − lj)2 + l2i + l2j . (3)

Ù¥,���Ø�Ò´d xi ≥ xj, xn+1−j ≥ xn+1−ik

0 ≤ xi − xj = li + xn+1−i − lj − xn+1−j ≤ li − lj.

? (
xi − xj −

li − lj
2

)2

≤
(
li − lj

2

)2

.

ò (3)�\ (2)�

n ≤
∑

1≤i≤n
2

l2i +
∑

1≤i≤j≤n
2

((
l2i + l2j

)
+ (li − lj)2

)

= n ·
∑

1≤i≤n
2

l2i −

 ∑
1≤i≤n

2

li

2

. (4)

u´�� l1 : l2 : · · · : ln
2

= t1 : t2 : · · · : tn
2
�

n = n ·
∑

1≤i≤n
2

t2i −

 ∑
1≤i≤n

2

ti

2

. (5)

w, l1, l2, · · · , ln
2
≥ 0,��- t1, t2, · · · , tn

2
≥ 0.w, li ≥ ti

(
1 ≤ i ≤ n

2

)
.a

q½Â t′1, t
′
2, · · · , tn2

′,K

F =

n
2∑
i=1

lil
′
i ≥

n
2∑
i=1

tit
′
i. (6)

n = 2�,d (5)��U t1 = t′1 =
√

2,�\ (6)� F ≥ 2 = 2√
2−1 ,�Ø�ª

�y.

e� n ≥ 4,PM = t1, M
′ = t′1, S = t1 + · · · + tn

2
, S ′ = t′1 + · · · + tn

2

′. d

(6)9üSØ�ª�

F ≥ t1t
′
1 +

1
n
2
− 1
·

 ∑
2≤i≤n

2

ti

 ∑
2≤i≤n

2

t′i
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= MM ′ +
2

n− 2
· (S −M) (S ′ −M ′)

=
n

n− 2
·
(
M − 2

n
· S
)(

M ′ − 2

n
· S ′
)

+
2

n
· SS ′. (7)

d (5)�

n ≤ n · S2 − S2 ⇒ S ≥
√

n

n− 1
, n ≥ n · S

2

n
2

− S2 ⇒ S ≤
√
n,

�

n ≤ n ·
∑

1≤i≤n
2

Mti −

 ∑
1≤i≤n

2

ti

2

⇒M ≥ n+ S2

nS
≥ 2

n
· S. (8)

Ù¥é 1 ≤ i ≤ n
2
, 0 ≤ ti ≤ M ⇒ t2i ≤ Mti,

n+S2

nS
≥ 2

n
· S ´Ï� S ≤

√
n.a

qk

M ≥ n+ S ′2

nS ′
≥ 2

n
· S ′.

ò (8)�\ (7)�

F ≥ n

n− 2
·
(
n+ S2

nS
− 2

n
· S
)(

n+ S ′2

nS ′
− 2

n
· S ′
)

+ SS ′ · 2

n

=
n

n− 2
·
(

1

S
− S

n

)(
1

S ′
− S ′

n

)
+ SS ′ · 2

n

=
1

SS ′
· n

n− 2
+ SS ′ · 2n− 3

n(n− 2)
− 1

n− 2
·
(
S

S ′
+
S ′

S

)
. (9)

l�Iy²: S, S ′ ∈
[√

n
n−1 ,

√
n
]
�,

G =
1

SS ′
· n

n− 2
+ SS ′ · 2n− 3

n(n− 2)
− 1

n− 2
·
(
S

S ′
+
S ′

S

)
≥ 2√

n− 1
. (10)

�½ SS ′,d� S
S′

+ S′

S
3 S ∈

{√
n
n−1 ,

√
n
}
½ S ′ ∈

{√
n
n−1 ,

√
n
}
�����.

��Iy² S ∈
{√

n
n−1 ,

√
n
}
� (10)¤á.

� S =
√

n
n−1 �,dþ�Ø�ªk

G =
1

S ′
·
√
n√

n− 1
+ S ′ · 1√

n− 1 ·
√
n
≥ 2√

n− 1
.

� S =
√
n�,d S ′ ≥

√
n
n−1 k

G = S ′ · 2√
n
≥ 2√

n− 1
.

l (10)¤á,�\ (9)� F ≥ 2√
n−1 ,�Ø�ª�y.

�/ 2 n´Ûê(��/ 2aq,�ÑkØÓ).

P

li = xi − xn+1−i, l
′
i = yi − yn+1−i(1 ≤ i ≤ n− 1

2
),
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K

F =

n−1
2∑
i=1

li · l′i.

d (1),

n =
∑

1≤i≤j≤n

(xi − xj)2

=
∑

1≤i≤n−1
2

l2i +
∑

1≤i≤n−1
2

(
(xi − xn+1

2
)2 + (xn+1−i − xn+1

2
)2
)

+
∑

1≤i≤j≤n−1
2

(
(xi − xj)2 + (xi − xn+1−j)

2 + (xn+1−i − xj)2 + (xn+1−i − xn+1−j)
2
)

≤
∑

1≤i≤n−1
2

l2i +
∑

1≤i≤n−1
2

l2i +
∑

1≤i≤j≤n−1
2

(
l2i + l2j + (li − lj)2

)

=n ·
∑

1≤i≤n−1
2

l2i −

 ∑
1≤i≤n−1

2

li

2

. (11)

Ù¥,���Úaq (3),é 1 ≤ i ≤ n−1
2
, xi ≥ xn+1

2
≥ xn+1−ik(

xi − xn+1
2

)2
+
(
xn+1−i − xn+1

2

)2
≤ (xi − xn+1−i)

2 = l2i .

aq (5),�� l1 : l2 : · · · : ln−1
2

= t1 : t2 : · · · : tn−1
2
, t1, t2 · · · , tn−1

2
≥ 0,�

n = n ·
∑

1≤i≤n−1
2

t2i −

 ∑
1≤i≤n−1

2

ti

2

. (12)

aq½Â t′1, t
′
2 · · · , tn−1

2

′,K

F ≥
∑

1≤i≤n−1
2

tit
′
i. (13)

n = 3�,d (12)� t1 = t′1 =
√

3
2
, F ≥ 3

2
≥ 2√

3−1 ,e� n ≥ 5 :P

M = t1, M
′ = t′1, S = t1 + · · ·+ tn−1

2
, S ′ = t′1 + · · ·+ tn−1

2

′.

d (13)9üSØ�ª,aq (7)��,

F ≥MM ′ +
2

n− 3
· (S −M) (S ′ −M ′)

=
n− 1

n− 3
·
(
M − 2

n− 1
· S
)(

M ′ − 2

n− 1
· S ′
)

+
2

n− 1
· SS ′. (14)

d (12)�

n ≤ nS2 − S2 ⇒ S ≥
√

n

n− 1
, n ≥ n · S2(

n−1
2

) − S2 ⇒ S ≤
√
n(n− 1)

n+ 1
,
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�aq (8)k

n ≤ n ·
∑

1≤i≤n−1
2

tiM−

 ∑
1≤i≤n−1

2

ti

2

⇒M ≥ n+ S2

nS
≥ 2

n− 1
· S. (15)

ò (15)�\ (14)�

F ≥ n− 1

n− 3
·
(

1

S
− S · n+ 1

n(n− 1)

)(
1

S ′
− S ′ · n+ 1

n(n− 1)

)
+

2

n− 1
· SS ′

=
1

SS ′
· n− 1

n− 3
+ SS ′ · 2n2 − 3n− 1

n2(n− 3)
− (n+ 1)

n(n− 3)
·
(
S

S ′
+
S ′

S

)
. (16)

aq (10),�Iy²: S ∈
{√

n
n−1 ,

√
n(n−1)
n+1

}
�, (16)m> ≥ 2√

n−1 .

� S =
√

n
n−1 �,dþ�Ø�ªk

(16)m> =
1

S ′
·
√
n√

n− 1
+ S ′ · 1√

n− 1 ·
√
n
≥ 2√

n− 1
.

� S =
√

n(n−1)
n+1

�,d S ′ ≥
√

n
n−1 k

(16)m> = S ′ · 2
√
n√

n+ 1 ·
√
n− 1

≥ 2n√
n+ 1 · (n− 1)

>
2√
n− 1

.

� F ≥ 2√
n−1 ,�Ø�ª�y.

nþü«�/¥þk F ≥ 2√
n−1 ,�Ø�ª�y! �

µ5 Äk5¿�(Ø´²£ØC�,ù¿�X^�“
∑
xi = 0,

∑
xi

2 =

1”�I|^Ù¥�“
∑
i<j

(xi − xj)2 = n ”(ù�ÚÙ¢Ø�½´Ð�,�¡~f�

´: IMO 2003 1 5 K: x1 ≤ · · · ≤ xn (n ∈ Z+) ,y²:(
n∑

i. j=1

|xi − xj|

)2

≤ 2 (n2 − 1)

3
·

n∑
i. j=1

(xi − xj)2.

���\þ
∑
xi = 02|^�Ü),�e5N´ò¯K=z�ª (5), (6) (�

´¿��),e�Ú�üSØ�ª���¬�LÞ,�üÕ�Ñ���(`z),�

����¯K�ØJ.

eUd�{�,Ú½Ù¢Ø�õ,�üS`z��Ú'�k¿g,�´�

©Ûó?Ø��4)��Ý��.

�K��`(JXe:

n´óê� Fmin = 2√
n−1 ,�E:

(li) = (

√
n

n− 1
, 0 · · · , 0), (l′i) = (

2√
n
, · · · 2√

n
).

n´Ûê� Fmin = 2n
(n−1)·

√
n+1

,�E:

(li) = (

√
n

n− 1
, 0 · · · , 0), (l′i) = (2 ·

√
n

n2 − 1
, · · · , 2 ·

√
n

n2 − 1
).
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x1 = · · · = x[n+1
2 ], y1 = · · · = y[n+1

2 ].

�K�k��^VÇ� Û�{:�Å� 1, 2, · · · , n���ü� σ,P

S (σ) =
∑

xiyσ(i),

O� S (σ)�²þ,��,±9�������=�(ØI©Ûó).
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