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I. ÁÁÁ KKK

1. 3b�4ABC ¥, BC > AC, Γ´	��, D´ AC þ�:, E´± CD

��»��� Γ�,���:. M ´ AB�¥:, CM � Γu,�: Q.� Γ�

�u A, B ü:�ü^���u: P, H ´ P 3 BQþ�Rv.: K ´ HQ

þ��:,÷v Q3 H, K �m.y²: ∠HKP = ∠ACE ��=� KQ
QH

= CD
DA
.

2. � a, b´ü��Ûê.y²: é?¿ n ∈ N,�3��m ∈ N,¦� 2n�

��Ø amb2 − 1Ú bma2 − 1¥���ê.

3. Ω´��d A = {1, 2, · · · , 100}��
f8|¤�8x,÷v

(1)?Û�� A� 99−�f8Ñ3 Ω¥;

(2)é?¿����8Ü C ∈ Ω,Ñ�3���� c ∈ C ¦� C\ {c} ∈ Ω.

¦ |Ω|�U÷v����.

4. `3�Ü n × n�Ú�þ�g{��
Úf,5KXe: e���f´

��,¿�Ó1Ó���e 2n− 2��f¥Úf��ê�óê,@o`�±3ù

��f¥���Úf.3�
M �Úf��,`uy¦Ã{2�\?ÛÚf
,

�¯M ����U�´õ�?

5. �¼ê f : R→ R÷vé?¿ x, y ∈ RÑk

|f (x+ y)− f (x)− f (y)| ≤ 1.

?¾FÏ: 2020-08-29.
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y²: �3�����¼ê g : R→ R÷vé?¿ xÑk

|g (x)− f (x)| ≤ 1,

�é?¿ x, y ∈ RÑk

g (x+ y) = g (x) + g (y) .

6. 3 4ABC ¥, BC > AC, IB ´ B−�%,L C �²1u AB ����

BIB u F.:M ´ AIB �¥:, A−������ AB �u: D.: E �:

C 3Ó�ý,�÷v ∠BAC = ∠BDE, DE = BC.� Q´ EC, FM ��:, P

� EC, AB��:.y²: P, A, M, Q��.

///. )))������µµµ555

1. 3b�4ABC ¥, BC > AC, Γ´	��, D´ AC þ�:, E´± CD

��»��� Γ�,���:. M ´ AB�¥:, CM � Γu,�: Q.� Γ�

�u A, B ü:�ü^���u: P, H ´ P 3 BQþ�Rv.: K ´ HQ

þ��:,÷v Q3 H, K �m.y²: ∠HKP = ∠ACE ��=� KQ
QH

= CD
DA
.

y² ·�ky

∠HKP = ∠ACE ⇒ KQ

QH
=
CD

DA
.

e®� ∠HKP = ∠ACE.� QZ⊥PK u Z,L P � PY � AB � CQu Y,K

C, Q, M, Y NÚ.d PM⊥PY ��

∠CPM = ∠QPM ⇒ ∠APC = ∠BPQ.
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Ï� ∠PBQ = ∠BCQ = ∠ACP,¤±4PAC ∼ 4PQB.�

∠AEC = π−∠CBA = ∠CAP = ∠PQB = π−∠HQP = π−∠HZP = ∠HZK,

Ïd4HZK ∼ 4AEC.Ï� DE⊥EC, QZ⊥ZK,¤± Q� D��qé¡:.

=
KQ

QH
=
CD

DA
.

e¡·�y²

KQ

QH
=
CD

DA
⇒ ∠HKP = ∠ACE.

e®� KQ
QH

= CD
DA
,du

∠PQH = ∠ABC > ∠ACE,

K HQ�ò��þ7�3:K ′÷v ∠HK ′P = ∠ACE,dc¡�y²��

K ′Q

QH
=
CD

DA
,

=K ′�K �Ó�:. �

µ5 ∠HKP = ∠ACE ⇒ KQ
QH

= CD
DA
�y²¥,'�N´é��qn�/,

 KQ
QH

= CD
DA
⇒ ∠HKP = ∠ACE �y²K'�g,U
��Ó�{.

2. � a, b´ü��Ûê.y²: é?¿ n ∈ N,�3��m ∈ N,¦� 2n�

��Ø amb2 − 1Ú bma2 − 1¥���ê.

y² � ν2 (a2 − 1) = x, ν2 (b2 − 1) = y,Ø�� x ≤ y.e¡y²: é?¿

n ∈ N,�3��m ∈ N,¦� 2n | a2mb2 − 1.

Ï�

a2
n−x+1 − 1 =

(
a2 − 1

) (
a2 + 1

) (
a4 + 1

) (
a8 + 1

)
· · ·
(
a2

n−x

+ 1
)
,

� i ≥ 1�, ν2

(
a2

i
+ 1
)

= 1,� ν2 (a2 − 1) = x.¤±k

2n||a2n−x+1 − 1.

e��ê t÷v 2n−x+1 | t,Kk 2n | at − 1.e��ê t÷v 2n | at − 1.b�

u = ν2 (t) ≤ n− x,K

2n | a(2n−x+1, t) − 1.

= 2n | a2u − 1,ù� 2u+x−1||a2u − 1gñ.Ïd 2n−x+1 | t,=

2n|at − 1⇔ 2n−x+1|t.
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¤± a2, a4, a6, · · · , a2n−x+1
ù 2n−x�ê� 2npØÓ{.

a2k ≡
(
a2
)k ≡ 1 [2x] .

�§�7�

1, 2x + 1, 2 · 2x + 1, 3 · 2x + 1, · · · ,
(
2n−x − 1

)
2x + 1

���ü�.d b2 ≡ 1 [2x]�� (b2)
−1 ≡ 1 [2x] ,ùp (b2)

−1
´ b2� 2n¿Âe

��ê.¤±�3 k,¦

a2k ≡
(
b2
)−1

[2n] ,

=

2n|a2kb2 − 1. �

µ5 �K�	��3 p = 2 ��í2,
)��ù���£:��±'�

�t/�¤y².

3. Ω´��d A = {1, 2, · · · , 100}��
f8|¤�8x,÷v

(1)?Û�� A� 99−�f8Ñ3 Ω¥;

(2)é?¿����8Ü C ∈ Ω,Ñ�3���� c ∈ C ¦� C\ {c} ∈ Ω.

¦ |Ω|�U÷v����.

) |Ω|����� 673.

éz�ÎÜ^�� Ω,�E��éA� Φ,÷vé8Ü A�?¿f8 S,Ñ

k S ∈ Φ��=� A\S ∈ Ω,d� Φ÷v�5��:

¬ {1} , {2} , · · · , {100} ∈ Φ;

é?¿ S ∈ Φ(S 6= A),�3 c /∈ S(c ∈ A),¦ {c} ∪ S ∈ Φ.

d��du¦ |Φ|����.

·�^ f (x)L«d {1, 2, · · · , x}��
f8|¤�÷v^�¬, �8x

����ê����,=¦ f (100) .

·�ky² f (2x+ 1) ≤ f (x) + f (x+ 1) + 2x

f (2x) ≤ 2f (x) + 2x− 1

.

k�Ä8Ü {1, 2, · · · , 2x+ 1} ,òÙ©¤ü�8Ü

{1, 2, · · · , x} , {x+ 1, x+ 2, · · · , 2x+ 1} .
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éuz�8Ü�����ÎÜK¿����ê���8x,�ùü�8x�¿

8,2\\

{1, 2, · · · , i} (i > x) Ú {i, i+ 1, i+ 2, · · · , 2x+ 1} (2 ≤ i ≤ x)

ù 2x�8Ü,K����éu {1, 2, · · · , 2x+ 1}�ÎÜ^��8x.¤±k

f (2x+ 1) ≤ f (x) + f (x+ 1) + 2x.

2�Ä {1, 2, · · · , 2x} ,òÙ©¤ü�8Ü

{1, 2, · · · , x} , {x+ 1, x+ 2, · · · , 2x}

éuz�8Ü�����ÎÜK¿����ê���8x,�ùü�8x�¿

8,2\\

{1, 2, · · · , i} (i > x) Ú {i, i+ 1, i+ 2, · · · , 2x} (2 ≤ i ≤ x)

ù 2x− 1�8Ü,K����éu {1, 2, · · · , 2x}�ÎÜ^��8x.¤±k

f (2x) ≤ 2f (x) + 2x− 1.

Ï� f (1) = 1, f (2) = 3, f (3) = 6,¤±

f (4) ≤ 9, f (6) ≤ 17, f (7) ≤ 21, f (12) ≤ 45,

f (13) ≤ 50, f (25) ≤ 119, f (50) ≤ 287, f (100) ≤ 673.

� |Φ|�����,eP Φ¥Pk i����8Ük xi�,

ai = xi − xi+1 (i = 1, 2, · · · , 100, x101 = 0) ,

K x1 ≥ x2 ≥ · · · ≥ x100,ÄK |Φ|7½Ø����.

e¡y²

i · a100 + i · a99 + · · ·+ i · a2i−1 + (i− 1) · a2i−2 + (i− 2) · a2i−3 + · · ·+ ai ≥ 100

é?¿ i ≤ 50þ¤á.

Äk·���,é?¿G ∈ Φ,�3H ∈ Φ, h ∈ A\H,¦�G = H∪{h} ,Ä

K�±ò Gí�,E÷vK¿,�ØÎÜ��5.·��ÄM ∈ Φ, |M | = i + k,

��3 S, T ∈ ΦÚ s, t ∈ A, s /∈ S, t /∈ T,÷v

M = S ∪ {s} = T ∪ {t} ,

K�38Ü X, Y ∈ Φ, |X| = |Y | = i,÷v X ⊆ S Ú Y ⊆ T.= S ´lM ¥í

� k���¤, T ´lM ¥í� k���¤,K�õíK
 2k���,�

|X ∩ Y | ≥ max {0, i− k} .
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éu�½� i, ·��Ä¤kþã�8Ü M ∈ Φ, e�3 S, T ∈ Φ Ú s, t ∈

A, s /∈ S, t /∈ T,÷v

M = S ∪ {s} = T ∪ {t} ,

K·�¡ S Ú T Ü¿�M.l Φ¥¤k (i+ k − 1)�8Ü�¤k (i+ k)�8

Ü�L§¥,²L
 ai+k−1 gÜ¿,zgÜ¿·�����k (i− k)�E�

�. ixi − 100L« Φ¥¤k i�8Ü����Eogê,¤±k

ixi − 100 ≥ (i− 1) ai + (i− 2) ai+1 + · · ·+ a2i−2.

�Ä� xi = ai + ai+1 + · · ·+ a100,¤±z{��:

i · a100 + i · a99 + · · ·+ i · a2i−1 + (i− 1) · a2i−2 + (i− 2) · a2i−3 + · · ·+ ai ≥ 100

3þª¥©O� i = 1, 2, 4, 8, 16, 32,k

a100 + a99 + · · ·+ a1 = 100

2a100 + 2a99 + · · ·+ 2a3 + a2 ≥ 100

4a100 + 4a99 + · · ·+ 4a7 + 3a6 + 2a5 + a4 ≥ 100

8a100 + 8a99 + · · ·+ 8a15 + 7a14 + 6a13 + · · ·+ a8 ≥ 100

16a100 + 16a99 + · · ·+ 16a15 + 15a30 + 14a29 + · · ·+ a16 ≥ 100

32a100 + 32a99 + · · ·+ 32a15 + 31a62 + 30a61 + · · ·+ a32 ≥ 100

�\��

63a100 + 63a99 + · · ·+ 63a63 + 62a62 + 61a61 + · · ·+ a1 ≥ 600. ®

 a100 = 1, e a99 = 0, K x99 = 1. Ø�� Φ ¥����� 99 �8Ü�

{1, 2, · · · , 99},K?¿�� Φ¥� 98�8ÜþØ�¹�� 100.Xdaí�� Φ

¥?¿�����ê�u 100�8ÜþØ�¹�� 100,ù� {100} ∈ Φgñ,

¤± a99 ≥ 1.�

37a100 + 36a99 + · · ·+ a64 ≥ 37a100 + 36a99 ≥ 73. ¯

®¯�\,��

100a100 + 99a99 + · · ·+ a1 ≥ 673,

=

f (100) = x100 + x99 + · · ·+ x1 = 100a100 + 99a99 + · · ·+ a1 ≥ 673.

nþ��, f (100) = 673,= |Ω|����U�� 673. �
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µ5 ùK��E�y²Ñ'�(J,y²L§�L��k�½JÝ,�

éJ=ÏLÙ¥��5ßÑ�Y,´��I�ª�?1}Á�K8.

4. `3�Ü n × n�Ú�þ�g{��
Úf,5KXe: e���f´

��,¿�Ó1Ó���e 2n− 2��f¥Úf��ê�óê,@o`�±3ù

��f¥���Úf.3�
M �Úf��,`uy¦Ã{2�\?ÛÚf
,

�¯M ����U�´õ�?

) � n �Ûê�, M ����� n2+1
2

; � n �óê�, M �����

n2+2n
2

.

Äk,éu?¿��m×m���/,�òÙy©�m|,z|m��f,

�Ó�|��fþüüØÓ1ØÓ�.d��I��g��z�|��f=�

òm×m���/W÷.¤±�EXe:

� n = 2k+ 1�,�±Uìþã�ªò u�þ�� k× k��/Úme�

� (k + 1)× (k + 1)��/W÷,d�Ã{UY�\�õÚf
,d�M = n2+1
2
.

� n = 2k�,·�kUìe¡�^Sò1�1,1��Úl�þ�me�

é��W÷:

(1, 1)→ (2, 2)→ (1, 2)→ (2, 1)→ (1, 3)→

(3, 1)→ (3, 3)→ (4, 4)→ (4, 1)→ (1, 4)→ · · · .

�e5�±éme�� (2k − 1)× (2k − 1)?1Ûê�¹�ö�(ù��þ�m

e�é��®²�\Úf,�UìÛê�¹��ªUYö�).d�M = n2+2n
2

.

·�ky²: ²L igö��,eP ai�kÛê�Úf�1ê, bi�kÛê

�Úf��ê,K ai = bi.

é i8B,� i = 0�w,¤á.

�·Ké i − 1 ¤á, y�Ä1 i gö�. eùgö���f¤31Ú

¤3��Úfêþ�Ûê, Kk ai = ai−1 − 1, bi = bi−1 − 1, d8Bb�

�� ai = bi. eùgö���f¤31Ú¤3��Úfêþ�óê, Kk

ai = ai−1 + 1, bi = bi−1 + 1,d8Bb��� ai = bi.

e¡·�¡kÛê�Úf�1�“Û1”,kÛê�Úf���“Û�”.e

,gö��ØU2�Ú,d�P“Û1”Ú“Û�”��êþ� a,K“ó1”Ú“ó

�”��êþ� n− a.d�z�“Û1”�z�“Û�”�ú��fþ7kÚf,Ä

K�±UY2�Ú.Ón,z�“ó1”�z�“ó�”�ú��fþ�7kÚf,
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¤±� n = 2k + 1�,��k a2 + (n− a)2�Úf.

a2 + (n− a)2 = n2 + 2a (n− a) ≥ n2 + 2k (k + 1) =
n2 + 1

2
.

� n = 2k �,duz�“Û1”�z�“Û�”�ú��fþ7kÚf,¤±“Û

1”Ú“Û�”Ñ��k a�Úf.Ón“ó1”Ú“ó�”Ñ��k n− a�Úf.

(1)e a�óê,éu?¿��“Û1”,§��k a + 1�Úf,�Ò´`Ø


ù�“Û1”�¤k a�“Û�”� a�ú��fp�	,���k1��fpk

Úf,ù�Úf7½3“Û1”Ú“ó�”�ú��fþ.Ón,éu?¿��“Û

�”,§��k a + 1�Úf,�Ò´`Ø
ù�“Û�”�¤k a�“Û1”� a

�ú��fp�	,���k1��fpkÚf,ù�Úf7½3“Û�”Ú“ó

1”�ú��fþ.¤±oê���

(n− a)2 + a2 + 2a = n2 − 2a (n− a− 1)

≥ n2 − 2k (k − 1) =
n2 + 2n

2
.

(2)e a�Ûê,éu?¿��“ó1”,§��k n − a + 1�Úf,�Ò´

`Ø
ù�“ó1”�¤k n − a�“ó�”� n − a�ú��fp�	,���

k1 ��fpkÚf,ù�Úf7½3“ó1”Ú“Û�”�ú��fþ.Ón,é

u?¿��“ó�”,§��k n − a + 1�Úf,�Ò´`Ø
ù�“ó�”�¤

k n− a�“Û1”� n− a�ú��fp�	,���k1��fpkÚf,ù�

Úf7½3“ó�”Ú“Û1”�ú��fþ.¤±oê���

(n− a)2 + a2 + 2 (n− a) = n2 + 2n− 2a (n− a+ 1)

≥ n2 + 2n− 2k (k + 1)

=
n2 + 2n

2
.

nþ¤ã,� n�Ûê�, M ����� n2+1
2
,� n�óê�, M ����

� n2+2n
2

. �

µ5 �K�,�E'�N´,�´â»�Ù¢3y²,'�3uéu1�

ÚfÛó5�©Û.

5. �¼ê f : R→ R÷vé?¿ x, y ∈ RÑk

|f (x+ y)− f (x)− f (y)| ≤ 1.

y²: �3�����¼ê g : R→ R÷vé?¿ xÑk

|g (x)− f (x)| ≤ 1,
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�é?¿ x, y ∈ RÑk

g (x+ y) = g (x) + g (y) .

y² é?¿��ê n1, n2,k

n2f (n1x) ≤ (n2 − 2) f (n1x) + f (2n1x) + 1

≤ (n2 − 3) f (n1x) + f (3n1x) + 2

· · ·

≤ f (n2n1x) + n2 − 1

≤ f (n2x) + f [(n1 − 1)n2x] + n2

≤ n1f (n2x) + n2 + n1 − 2

< n1f (n2x) + n2 + n1.

¤±
f (n1x)− 1

n1

<
f (n2x) + 1

n2

é?¿��ê n1, n2Ú?¿¢ê x¤á.

�Äê� {an} , {bn} ,

an =
f (nx)− 1

n
, bn =

f (nx) + 1

n
.

K�3 A, B ∈ R,¦� an ≤ A ≤ B ≤ bn.qÏ�

lim
n→+∞

(bn − an) = 0,

¤±é?¿ ε > 0,�3 n0 ∈ N,¦�é?¿ n ≥ n0,Ñk |bn − an| < ε,=

(bn −B) + (B − A) + (A− an) < ε.

Ï� bn−B ≥ 0, B−A ≥ 0, A−an ≥ 0,¤±A = B,� |bn −B| < ε, |an − A| <

ε,=

lim
n→+∞

an = lim
n→+∞

bn = A.

qÏ�

an <
f (nx)

n
< bn,

¤±éu n ∈ N∗, lim
n→+∞

f(nx)
n
�3.

�

g (x) = lim
n→+∞

f (nx)

n
,

9 êÆ#(�



e¡y² g (x)ÎÜK¿. �Ä�∣∣∣∣f (nx)

n
− f (x)

∣∣∣∣
=

1

n
|f (nx)− nf (x)|

≤ 1

n

(
|f (nx)− f [(n− 1)x]− f (x)|+ |f [(n− 1)x]− (n− 1) f (x)|

)
≤ 1

n

(
1 + |f [(n− 1)x]− (n− 1) f (x)|

)
· · ·

≤ 1

n
× n

= 1.

¤± |g (x)− f (x)| ≤ 1.

0 ≤
∣∣∣∣f (nx+ ny)

n
− f (nx)

n
− f (ny)

n

∣∣∣∣ ≤ 1

n
,

¤±

lim
n→+∞

[
f (nx+ ny)

n
− f (nx)

n
− f (ny)

n

]
= 0,

=

g (x+ y) = g (x) + g (y) .

¤± g (x)ÎÜK¿.

e¡y²��5.b�¼ê h (x)ÎÜK¿,��3 x0 ∈ R¦� h (x0) 6=

g (x0) ,K�3 k ∈ Z¦�

|kg (x0)− kh (x0)| > 2.

K

f (kx0) ∈ [g (kx0)− 1, g (kx0) + 1] .

qÏ� g (kx0) = kg (x0) ,¤±

f (kx0) ∈ [kg (x0)− 1, kg (x0) + 1] .

Ón

f (kx0) ∈ [kh (x0)− 1, kh (x0) + 1] .

 |kg (x0)− kh (x0)| > 2,¤±

[kg (x0)− 1, kg (x0) + 1] ∪ [kh (x0)− 1, kh (x0) + 1] = ∅.

¤±Ø�3ù��¼ê h (x) ,=��5�y. �
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µ5 �½Ø��Áã)Ñ f,ké g�/ª?1�½©Û,,��|^ g�

(��EÑ g,2�yù� gÎÜ^����.

6. 3 4ABC ¥, BC > AC, IB ´ B−�%,L C �²1u AB ����

BIB u F.:M ´ AIB �¥:, A−������ AB �u: D.: E �:

C 3Ó�ý,�÷v ∠BAC = ∠BDE, DE = BC.� Q´ EC, FM ��:, P

� EC, AB��:.y²: P, A, M, Q��.

y² � IC ´ C−�%, N � ICI ¥:,3 NB�ò��þ��: X,¦

∠XICA = ∠BAC,

Ï�4ICBA ∼ 4CIBA,

∠XICA = ∠BAC = ∠FCA, ∠XBA = π − ∠ABN = π − ∠AIBB = ∠FIBA,

K ICBAX ∼ CIBAF.� AB¥:� L,K L, M ��qéA:,¤±

∠XLB = ∠FMIB.



P, A, M, Q�� ⇔ ∠FMIB = ∠CPA⇔ ∠XLB = ∠CPA⇔ EC �XL.

=�Iy EC �XL=�.

�²1o>/ CEDY,d BC = DE �4CBY ���n�/.¤±k

∠Y BC =
π

2
− ∠BCY

2
.

� AB� CY �u: G,K

∠BCY = ∠CGA− ∠ABC = ∠EDA− ∠ABC = ∠BAC − ∠ABC.

¤±

∠Y BC =
π

2
− ∠BAC

2
+
∠CBA

2
= ∠CBA+

∠ACB
2

= ∠NBC,
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= Y, B, N ��.

� ICI � AB �u Z, O´4XBIC �	%,K ON⊥BIC ,= ON � BI.¤

±

∠OBX =
π

2
− ∠BICX =

π

2
− ∠IBCF =

π

2
− ∠BCY

2
= ∠CBY,

= O, B, C ��.¤±4BOX ∼ 4BCY,K
XB

XY
=
OB

OC
=
NI

NC
.



DL = DB +BL =
CB + CA− AB

2
+
AB

2
=
CB + CA

2
,

¤±
BL

DL
=

AB

CB + CA
=
AZ

AC
=
NB

NC
=

NI

NC,

=
XB

XY
=
BL

DL
.

� XL �DY � EC,Ïd P, A, M, Q��. �

µ5 ���y²��Ã¦´é(J�,�²L��^=�qéA�Ò�±

��éõ£3�¥�:,�e5�?nÄ�Ò´·Xãß(Ø
,��E�>,

�>E��=�.
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