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I. ÁÁÁ KKK

1. � {an} ´î�üN4O�Ã¡��êê�, ÷vé?¿��ê n,

an ≤ n+ 2020,� an+1 | n3an − 1. y²: é?¿��ê n, an = n.

2. Xã, ω´4ABC �	��,K,L,M ©O´> AB,BC,CAþ�:,÷

v CM · CL = AM · BL. ò� LK,CA�u: P ,4KMP �	���� ω�

ú�u��ã AM �u: S. y²: SK � BC.

3. éu¢Xêõ�ª Q(x) = knx
n + kn−1x

n−1 + · · ·+ k0,e

|k0| = |k1|+ |k2|+ · · ·+ |kn|,

?¾FÏ: 2020-09-23.
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K¡§´“rå�”; e k0 ≥ k1 ≥ · · · ≥ kn,K¡§´“�O�”.

� P (x) = adx
d + ad−1x

d−1 + · · · + a0 ´��Xê�"�¢Xêõ�ª,÷

v ad > 0. ®��3�K�ê s, t,¦� s+ t > 0,�õ�ª P (x)(x− 1)t(x+ 1)s

´rå�,y²: õ�ª P (x)Ú (−1)dP (−x)¥��k��´�O�.

4. y²: é?¿��êm,�3��ê n,¦�²¡þ?¿ n�ØÓ�:�

±�©¤m����:8,÷v§��à�k��ú�:.

5: k�:8 X �à�´�¤kº:þ� X ¥�:,��¹ X ¥¤k:

�àõ>/. ùp��¹� X ¥�:þ3ù�àõ>/�>.½SÜ. ù�à

õ>/�±òz��ã½:,àõ>/�?¿n�º:Ø��.

///. )))������µµµ555

1. � {an} ´î�üN4O�Ã¡��êê�, ÷vé?¿��ê n,

an ≤ n+ 2020,� an+1 | n3an − 1. y²: é?¿��ê n, an = n.

y² 1 Ï� {an} ´î�üN4O���êê�, ¤± an ≥ n. P

bn = an − n,Kd^�, 0 ≤ bn ≤ 2020.

d an+1 > an,�

bn+1 = an+1 − (n+ 1) > an − (n+ 1) = bn − 1,

?
d {bn}´�ê�,� bn+1 ≥ bn.

Ï�ê� {bn}kþ. 2020,¤±�3��ê N Ú�ê 0 ≤ c ≤ 2020,¦�

� n ≥ N �, bnð�u c,l
 an = n+ c.

ù�,� n ≥ N �,

n+ c+ 1 | n3(n+ c)− 1.

Ï�

n3(n+ c)− 1 ≡ (c+ 1)3 − 1 (mod n+ c+ 1),

¤±

n+ c+ 1 | (c+ 1)3 − 1.

� n¦� n + c + 1 > (c + 1)3 − 1,K (c + 1)3 − 1 = 0,)� c = 0. u´�

n ≥ N �, an = n.

qd {an}î�üN4O,�� n < N �,�k an = n.

nþ,·K�y. �
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y² 2 Ï� {an}´î�üN4O���êê�,¤± an+1 ≥ n + 1. qd

^�, an+1 ≤ n+ 2021,¤± n+ 1 ≤ an+1 ≤ n+ 2021.

d an+1 | n3an − 1,� (an+1, n) = 1. � 2021! | n�, (an+1, 2021!) = 1,¤±

an+1 6= n+ 2, n+ 3, · · · , n+ 2021,� an+1 = n+ 1.

d {an}î�üN4O,�� i ≤ n�,�k ai = i.

Ï�kÃ¡õ���êU� 2021!�Ø,¤±·K�y. �

µ5 5¿� an�����k�,�ê�î�4O,��3 n���(½ an

���,2�í n�����/. þãkïÄ��� n,2�í��{3éõê

�¯K¥þ���.

2. Xã, ω´4ABC �	��,K,L,M ©O´> AB,BC,CAþ�:,÷

v CM · CL = AM · BL. ò� LK,CA�u: P ,4KMP �	���� ω�

ú�u��ã AM �u: S. y²: SK � BC.

y² é4PLC 9�� AKB^rrNd½n�,

PK

KL
· LB
BC
· CA

AP
= 1,

¤±
PK

KL
=

BC

LB
· AP
CA

.

d^�, CM · CL = AM ·BL,=

CL

BL
=

AM

CM
.

u´d'~�5�,
BC

BL
=

CA

CM
.
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ù�,
PK

KL
=

CA

CM
· AP
CA

=
AP

CM
. �

�4KMP �	���� ω�ú�u� DE. d��u½n,

SA · SC = SD · SE = SP · SM,

=
SA

SM
=

SP

SC
.

u´d'~�5�,
SP

SC
=

SP − SA

SC − SM
=

AP

CM
. �

(Ü�!��,
PK

KL
=

SP

SC
,

� SK � BC. �

µ5 �K��´��.¯K,�	é>'~�=z. ��±òü�'~�

�Ä�þ,^§�L«Ù¦�'~,ù«�{��ê�
,ØXþ¡��{{*.

3. éu¢Xêõ�ª Q(x) = knx
n + kn−1x

n−1 + · · ·+ k0,e

|k0| = |k1|+ |k2|+ · · ·+ |kn|,

K¡§´“rå�”; e k0 ≥ k1 ≥ · · · ≥ kn,K¡§´“�O�”.

� P (x) = adx
d + ad−1x

d−1 + · · · + a0 ´��Xê�"�¢Xêõ�ª,÷

v ad > 0. ®��3�K�ê s, t,¦� s+ t > 0,�õ�ª P (x)(x− 1)t(x+ 1)s

´rå�,y²: õ�ª P (x)Ú (−1)dP (−x)¥��k��´�O�.

y² ky² t ≤ 1.

e t ≥ 2,Põ�ª

Q(x) = P (x)(x− 1)t−2(x+ 1)s,

K Q(x)´¢Xêõ�ª,Ä�Xê��,� Q(x)(x− 1)2´rå�.

�

Q(x)(x− 1)2 = knx
n + kn−1x

n−1 + · · ·+ k0,

K kn > 0,� |k0| = |k1|+ |k2|+ · · ·+ |kn|. � x = 1�,

kn + kn−1 + · · ·+ k0 = 0,
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¤±

|k0| = |kn + kn−1 + · · ·+ k1|.

ù�,

|k1|+ |k2|+ · · ·+ |kn| = |kn + kn−1 + · · ·+ k1|,

(Ü kn > 0,� kn−1, · · · , k1þ�K.

�

Q(x)(x− 1) = jn−1x
n−1 + jn−2x

n−2 + · · ·+ j0, (∗)

K

Q(x)(x− 1)2 =(jn−1x
n−1 + jn−2x

n−2 + · · ·+ j0)(x− 1)

=jn−1x
n + (jn−2 − jn−1)x

n−1 + · · ·+ (j0 − j1)x− j0.

dþ¡�Øy, jn−1 > 0� jn−2 − jn−1, · · · , j0 − j1þ�K,¤±

0 < jn−1 ≤ jn−2 ≤ · · · ≤ j1 ≤ j0.

�3 (∗)¥� x = 1�,

jn−1 + jn−2 + · · ·+ j0 = 0,

gñ!

2y² s ≤ 1.

é¢Xêõ�ª R(x) = brx
r + br−1x

r−1 + · · ·+ b0,P

R(x) = (−1)rR(−x) = brx
r + (−1)br−1x

r−1 + · · ·+ (−1)rb0.

d½Â,e R(x)´rå�,K R(x)�´rå�.

5¿�é¢Xêõ�ª A(x), B(x),

A(x)B(x) = (−1)degA+degBA(−x)B(−x) = A(x) ·B(x).

Ï� P (x)(x− 1)t(x+ 1)s´rå�,¤±

P (x)(x− 1)t(x+ 1)s = P (x)(x− 1)t(x+ 1)s = P (x)(x+ 1)t(x− 1)s

´rå�. Óþ¡�Øy,� s ≤ 1.

l
 (s, t) = (1, 1)½ (0, 1)½ (1, 0).

� (s, t) = (1, 1)�,

P (x)(x+ 1)(x− 1) = (adx
d + ad−1x

d−1 + · · ·+ a0)(x
2 − 1)

=adx
d+2 + ad−1x

d+1 + (ad−2 − ad)x
d + · · ·+ (a0 − a2)x

2 − a1x− a0.
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Ï� P (x)(x+ 1)(x− 1)´rå�,¤±

|a0| =|ad|+ |ad−1|+ |ad−2 − ad|+ · · ·+ |a0 − a2|+ |a1|

≥|(a0 − a2) + (a2 − a4) + · · ·+ (a2[ d
2
]−2 − a2[ d

2
]) + a2[ d

2
]|

+ |a1|+ |a1 − a3|+ · · ·+ |a2[ d−1
2

]+1|

≥|a0|+ |a1|+ |a1 − a3|+ · · ·+ |a2[ d−1
2

]+1|,

l


a1 = a3 = · · · = a2[ d−1
2

]+1 = 0,

ù� P (x)�Xê�"gñ!

� (s, t) = (0, 1)�,

P (x)(x− 1) = (adx
d + ad−1x

d−1 + · · ·+ a0)(x− 1)

= adx
d+1 + (ad−1 − ad)x

d + · · ·+ (a0 − a1)x− a0.

Ï� P (x)(x− 1)´rå�,¤±

|a0| =|ad|+ |ad−1 − ad|+ · · ·+ |a0 − a1|

≥|(a0 − a1) + (a1 − a2) + · · ·+ (ad−1 − ad) + ad|

=|a0|.

l


ad, ad−1 − ad, · · · , a0 − a1

Ó�K,¤±

a0 ≥ a1 ≥ · · · ≥ ad,

= P (x)´�O�.

� (s, t) = (1, 0)�, P (x)(x+ 1)´rå�,¤±

P (x)(x+ 1) = P (x) · (x+ 1) = P (x)(x− 1)

´rå�. ù�d (s, t) = (0, 1)��/�, P (x)´�O�.

nþ,·K�y. �

µ5 �KL§��,'�3uuy x+1Ú x−1äk�P (x)Ú (−1)dP (−x)

�Ó�'X,'�Xê�� s� tþ�U� 0½ 1,2?Ø=�.

4. y²: é?¿��êm,�3��ê n,¦�²¡þ?¿ n�ØÓ�:�

±�©¤m����:8,÷v§��à�k��ú�:.
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5: k�:8 X �à�´�¤kº:þ� X ¥�:,��¹ X ¥¤k:

�àõ>/. ùp��¹� X ¥�:þ3ù�àõ>/�>.½SÜ. ù�à

õ>/�±òz��ã½:,àõ>/�?¿n�º:Ø��.

y² ém8By²,�3��ê nm÷v�¦.

�m = 1�,� n1 = 1=�.

� m = 2�,� n2 = 4. éu²¡þ� 4�ØÓ�: A,B,C,D,e§��

à�´o>/ ABCD,K:8 {A,C}, {B,D}÷v�¦; e§��à�´n�

/ ABC,K:8 {A,B,C}, {D}÷v�¦.

b�m ≥ 2�·Ké¤kØ�Lm���êþ¤á,5wm+1���/.

- nm+1 = 3nm. e¡y²²¡þ?¿ 3nm �ØÓ�:�±�©¤ m + 1

����:8,÷v§��à�k��ú�:.

�Äù 3nm�:�à�,©ü«�/?Ø.

�/ 1: �à�þ�º:�êØ�L 2nm�,òà�þ�¤kº:8\��

:8 A. d8Bb�,à�S�Ø�u nm�:�±�©¤m����:8,§

��à�k��ú�:. Ï�Tú�:3:8 A�à�¥,¤±·K¤á.

�/ 2: �à�þ�º:�êØ�u 2nm + 1�,�à�þ�º:�g�

P1, P2, · · · , Pt,Ù¥ t ≥ 2nm + 1. ò

P1, P3, P5, · · · , P2nm−1, P2nm+1, P2nm+2, P2nm+3, · · · , Pt

9à�S�¤k:8\��:8A. d8Bb�,à�þ{e�º: P2, P4, · · · ,

P2nm �±�©¤ m����:8 X1, X2, · · · , Xm,§��à�k��ú�:

Q, Q3 P1, P2, · · · , Pt�à�¥.

Ï�é 1 ≤ i ≤ nm, 4P2i−1P2iP2i+1 ¥�?¿�:þ�3:8 X1, X2, · · · ,

Xm ¥�� (=¹ P2i�:8)�à�¥,¤±4P2i−1P2iP2i+1�X1, X2, · · · , Xm

�à��ú�«���8´�8,l
 Q3õ>/ P1P3P5 · · ·P2nm+1 ¥,?


Q3:8 A�à�¥,·K¤á.

8By.. �

µ5 �K´���E5�|Ü¯K,Ì��	éà��@£Ú$^. 3é

m8B�L§¥,�à�þ�:���w,¤á,�à�þ:�õ��m�/�

à�þ�:,�yú�:Ø3�N�à��¤À:8�à���8S.
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