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1. é?¿��ê n,y²: �½�3��õ>/ (Ø�½´à�),Ù?¿n

�º:Ø��,�Tk n«�{éÙ?1n�¿©.

5: n�¿©�,^õ>/�é��òÙ©��eZn�/,ù
n�/ü

ü�mÑvkú��SÜ:,�vkú���õ>/�>.

2. b�4ABC ¥, BM �¥�.L C �4BMC 	�����,¿3Ùþ

��: K,¦� ∠KBC = 90◦.�ã AK � BM �u J.y²:4BJK �	%3
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3. b�4ABC ¥,L C ��� AC �R�,� ∠ABC �	�²©��u
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: D.L D � BC R�,Rv� H,L H � AC ²1�,� AB u K.eM �

AK ¥:,y²: MC = MB + BH.
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4. b� 4ABC ¥, AB 6= AC, I Ú O ©O�ÙS%Ú	%.ÙS���

BC, CA, AB ©O�u: D, E, F,L I � EF ²1�,L D� AO²1�,ü

ö�u: H.e AH ⊥ BC,y²: H �4ABC R%.
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5. � Ω�b�4ABC	��, D� Ωþ�løAB¥:.±D��%,��

ω,� AB�u: E.L C � ω���,��ã AB©O�u:K, L,Ù¥K 3

�ã ALþ.� Ω1� AL, CL��,� Ω�u:M.Ó��,� Ω2� BK, CK

��,� Ω�u: N.�� LM �KN �u: P.y²: ∠KCE = ∠LCP.
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5. (,,,???���) � Ω�b� ∠ABC 	��,34ACB �²©�þÀ�: D,

¦�DÚ C 3�� AB�üý.±D��%,�� ω,� AB�u: E.L C �

ω���,��ãAB�O�u:K, L,Ù¥K3�ãALþ.� Ω1�AL, CL

��,� Ω�u:M.Ó��,� Ω2� BK, CK ��,� Ω�u:N.�� LM

�KN �u: P.y²: ∠KCE = ∠LCP.

6. � I S�uo>/ ABCD. 3o>/S�Éu I ��: P, ¦�

4PAB,4PBC, 4PCD, 4PDA±���.±P ��%��Γ,���PA, PB,

PC, PD©O�u: A1, B1, C1, D1.y²: �� PI, A1C1, B1D1�:.

///. )))������µµµ555

1. é?¿��ê n,y²: �½�3��õ>/ (Ø�½´à�),Ù?¿n

�º:Ø��,�Tk n«�{éÙ?1n�¿©.

555: n�¿©�,^õ>/�é��òÙ©��eZn�/,ù
n�/ü

ü�mÑvkú��SÜ:,�vkú���õ>/�>.

. . .

H

H0

A1 A2

B1 Bn
B2 Bn-1

y² 3���Oþ��ã�lúB1Bn,Ù (n−1)�©:�B2, B3, · · · , Bn−1,

B1B2 ∩Bn−1Bn = H0.

3B1Bn�¥R�þ��:H, H3�O	, H�B1Bn�ål�uH0�B1Bn

�ål.L H � B1Bn�²1� A1A2, HA1 = HA2 = d,�±¦ d¿©�,��

B1H0,�� BnH0ÑØ��ã A1A2��.Ïdé i = 1, 2, · · · , n, 4A1A2Bi�

�3õ>/ B1B2 · · ·BnA2A1 S.·�y²: B1 · · ·BnA2A1 Tk n«n�¿©.

¯¢þ,é i ∈ {1, 2, · · · , n},e��n�¿©¹4A1A2Bi,K�eÜ©�n�

¿©´�3����.Ïd�� n«n�¿©,y.. �

µ5 �){¥�?�«¿©,7¹4A1A2Bi.
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2. b�4ABC ¥, BM �¥�.L C �4BMC 	�����,¿3Ùþ

��: K,¦� ∠KBC = 90◦.�ã AK � BM �u J.y²:4BJK �	%3

�� AC þ.
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y² � C 3�(BMC)¥�é»:� C ′, AC ′2g��(BMC)�u: T,

K4ATC ���n�/.qM � AC �¥:,ÏdMT = MC.

∠C ′BC = ∠KBC = 90◦ ⇒ C ′, B, K ��

é C ′BMCCT A^ Pascal½n�� AK, BM, CT �u�:.d�:� J.Ïd

∠MCJ = ∠MTC = ∠KCS( S � AC ò��þ�: ).

� �(JCK)� AC 1���:� O,K

∠OJK = ∠OCK = ∠ACJ = ∠OKJ ⇒ OJ = OK.

�

∠JOK = ∠JCK = ∠TMC = 2∠ATM

= 2∠C ′CM = 2∠C ′BM

= 2(180◦ − ∠JBK).

Ïd B 3± O��%, OJ ��»��þ.¤± O=�4BJK �	%,�3�

� AC þ.y.. �

µ5 �KÄk*	� CM ´ ∠JCK�	�²©�,,�dM ´ AC�¥

:,�±�Ä�E Rt4ATC,2^ Pascal ½nyÑ C, J, T ��.

3. b�4ABC ¥,L C ��� AC �R�,� ∠ABC �	�²©��u

: D.L D � BC R�,Rv� H,L H � AC ²1�,� AB u K.eM �

AK ¥:,y²: MC = MB + BH.

y² � D3 AB þ��K� E,K ∠DBH = ∠DBE.qdu ∠DHB =

∠DEB = 90◦,¤±4DBH ∼= 4DBE.�Iy²: MC = ME.� K, M, A3
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EC þ��K©O� K1, M1, A1,duM � AK ¥:,K K1M1 = A1M1.�y

MC = ME,�Iy EK1 = CA1,=KE · cos∠AEC = AC · cos∠ACE.5¿�

∠AED = ∠ACD = 90◦,¤± A, E, D, C ��.

cos∠AEC = cos∠ADC =
DC

AD
, cos∠ACE = cos∠ADE =

DE

AD
.

��y: KE ·DC = AC ·DE,=y

KE

DE
=

AC

DC
.

ù�Iy4KED ∼ 4ACD.�Iy ∠BKD = ∠CAD=�.

L C � BC R�� BD�u: F,K4KHD, 4ACF  q, q¥%�:

B, ∠BKD = ∠BAF.�Iy AD, AF �'u ∠BAC ��é���=�. (∗)
sinBAD

sinCAD
=

BD

CD
· sinABD

sinACD
=

sin(90◦ − C)

sin(90◦ − 1
2
B)
·

sin(90◦ + 1
2
B)

sin 90◦
= cosC,

sinFAC

sinFAB
=

FC

FB
· sinFCA

sinFBA
= sin(90◦ − 1

2
B) · sin(90◦ + C)

sin(90◦ + 1
2
B)

= cosC.

Ïd (∗)¤á,l
 ∠BKD = ∠BAF = ∠CAD.y.. �

µ5 �K¥M ´ AK �¥:,'�g,/�Ä=z¤n�¼ê�O�.

4. b� 4ABC ¥, AB 6= AC, I Ú O ©O�ÙS%Ú	%.ÙS���

BC, CA, AB ©O�u: D, E, F,L I � EF ²1�,L D� AO²1�,ü

ö�u: H.e AH ⊥ BC,y²: H �4ABC R%.

y² Ï� AH, AO, EF �¤����n�/,¤±4DHI ���n�

/, DH = DI.PD'uHI �é¡:�G,K IG = ID, G3S���I þ,


GHDI �¤��!/,¤±HG � ID,(Ü AH � ID,� A, H, G��.¤± G
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� AH �S����:.du HI � EF ⇒ ∠AIH = 90◦.(Ü GH = GI,��

G� AH �¥:.

ò� DI � �O�u: T,K

AG = GH = ID = IT ⇒ATIG�!/

⇒AT � GI � HD � AO,

� A, T, On:��.P4ABC �: A¤é���3 BC >þ��:� L,K

D, L'u BC ¥:M é¡.Ù� A, T, L��,Ïd A, T, O, L��,duM

� DL�¥:,¤± O� TL�¥:.Ïd OI, DM �²1o>/,k

AH = 2HG = 2ID = 2OM.

(Ü AH ⊥ BC ��, H �4ABC R%.y.. �

µ5 �K¥ A, T, L���d qC��Ñ.

5. � Ω�b� ∠ABC 	��,34ACB�²©�þÀ�:D,¦�DÚ

C 3�� AB�üý.± D��%,�� ω,� AB�u: E.L C � ω���,

��ã AB �O�u: K, L,Ù¥ K 3�ã ALþ.� Ω1� AL, CL��,�

Ω�u:M.Ó��,� Ω2� BK, CK ��,� Ω�u: N.�� LM � KN

�u: P.y²: ∠KCE = ∠LCP.
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y² � 4CKL �S��� ω1, 	��� ω2. 5¿� CK, CL �'u

∠ACB ����, CK, CL üg� �(ABC) u X, Y. Kd øAX = øBY , ��

AB � XY,= XY � KL.Ïd �(CXY )u �(CKL)��u C :,� Ω� ω2�

�u: C, M � Ω, Ω1 �	 q¥%, L� ω1, Ω1 �	 q¥%.Ïd LM L

Ω, ω1�	 q¥%,ÓnKN L Ω, ω1�	 q¥%.Ïd P =� ω1, Ω�	

 q¥%.�34CKL¥, C ¤é��S��� ω3,= ω3� CK, CL��,¿

� ω2S�.du C� Ω, ω2�	 q¥%,¤± CP L ω1, ω3�	 q¥%.q

Ï� C � ω1, ω3�	 q¥%,¤± CP L ω2, ω3�	 q¥%,= ω2, ω3�

�: T.

e¡�Iy: CT, CE ´'u ∠KCL����.

�Ä± C ��ü¥%,
√
CK · Cl ��ü�»��üC��'u ∠KCL

�²©��é¡C��EÜC� ϕ, K3 ϕF, ω2 ↔ KL, ω3 ��E�

CK, CL, KL ��. Ïd ω3 ↔ ω, ω2 � ω3 ��: T C� ω � KL ��:

E.Ïd

∠KCE = ∠LCT = ∠LCP.

y.! �

µ5 �Kk�½JÝ,^�
�©k^��F½n: ?¿n��,§�üü

�	 q¥%��.�g1^Menelaus ½n�ÚyÑ.dd� P ´ ω1,Ω�	

 q¥%,ù�Ú�©'�.��|^�S��y²
���, T, E ´ ϕe�p

�:ù�5��AÙPu%.

6. � I S�uo>/ ABCD. 3o>/S�Éu I ��: P, ¦�

4PAB,4PBC, 4PCD, 4PDA±���.±P ��%��Γ,���PA, PB,

PC, PD©O�u: A1, B1, C1, D1.y²: �� PI, A1C1, B1D1�:.

y² Äk, ´��3�ã AB þ� X ¦ PA + AX = PB + BX (�

X � P �����:=�). 3 BC, CD, DA þ�g� BY = BX, CZ =

CY, DW = DZ,Kd�I �o>/ ABCDS��� AB +CD = AD +BC,?


 AW = AX.d 4PAB � 4PBC ±���� PA + AB = PC + CB,?


PA + AX = PC + CZ.?
k

PA + AX = PB + BY = PC + CZ = PD + DW
P�
= R. ¬

©O± A, B, C, D, P ��%, AX, BY, CZ, DW, R��»��,K �A, �B
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DB A1

��, �A, �P ��.��ö�:� A2,aq½Â B2, C2, D2.

du ∠XAT = ∠WAI, AX = AW, AI = AI ⇒ 4XAI ∼= 4WAI ⇒

IX = IW.?
Ónk

IX = IY = IZ = IW. ­

� X, Y, Z, W ��u ω.

y� XY ∩ ZW = U, XW ∩ Y Z = V,·�k:

äääóóó 1 U � �A, �C 	 q¥%.

y² é �A, �C, �D^�F½n, �A, �C 	 q¥% U ′, �A, �DS

 q¥%W, �C, �DS q¥% Z ��.Ón U ′, X, Y ��.�

U ′ = XY ∩ ZW = U.

äääóóó 2 UB2� �P ��

y² du �P, �A, �C üü�	 q¥%��,� U ∈ A2C2.?
du

U �	 q¥%,�

UX · UY = UA2 · UC2.

ùL² U � �B, �P ��,=3�¶—L B2�ú��þ,� UB2� �P ��.

y3,� B2D2 ∩ A2C2 = T,Kdäó 2 (9Ón�(Ø)�: B2D2� U 'u

�P �4�,� T 3 U 'u�P �4�þ,Ón�3 V �4�þ,� T �4��

UV ⇒ PT ⊥ UV.

qdu UX · UY = UA2 · UC1,� U 3 ω� �P �¶þ,Ón V �3ü�
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��¶þ,

l ≡ UV ⇒ UV ⊥ PI.

nþ, P, I, T ��.

��, du Γ �þã �P Ó%, d P, A1, A2 ��, é B, C, D aq, �

o>/ A1B1C1D1 � A2B2C2D2 'u P  q. � PI, A2C2, B2D2 �: T, =

PI, A1C1, B1, D1�:. �

µ5 �KJÝ�,)K'�´^±���ù�^��E 5��,����

õ����¯K,�){¥õg^��F½n�4�nØ.
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